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Preface

Despite the rapid advances in Jordan theory and its diverse applications in
the last two decades, there are few convenient references in book form for
beginners and researchers in the field. This book is a modest attempt to fill part
of this gap.

The aim of the book is to introduce to a wide readership, including research
students, the close connections between Jordan algebras, geometry, and analy-
sis. In particular, we give a self-contained and systematic exposition of a Jordan
algebraic approach to symmetric manifolds which may be infinite-dimensional,
and some fundamental results of Jordan theory in complex and functional
analysis. In short, this book is about Jordan geometric analysis.

Although the concept of a Jordan algebra was introduced originally for quan-
tum formalism, by P. Jordan, J. von Neumann and E. Wigner [64], unexpected
and fruitful connections with Lie algebras, geometry and analysis were soon
discovered. In the last three decades, many more applications of Jordan alge-
braic structures have been found. We expose some of these applications in this
book. Needless to say, the choice of topics is influenced by the author’s predilec-
tions, and regrettable omissions are inevitable if the length of the book is to
be kept manageable. Nevertheless, an effort has been made to cover sufficient
basic results and Jordan techniques to provide a handy reference.

We begin by discussing the basic structures of Jordan algebras and Jordan
triple systems in Chapter 1, and the connections of these Jordan structures to
Lie theory. An important link is the Tits—Kantor—Koecher construction, which
establishes the correspondence between Jordan triple systems and a class of
graded Lie algebras. We discuss some details of classical matrix Lie groups and
their Lie algebras and use them as examples to illustrate these connections, as
well as preparation for the introduction of Banach Lie groups in the following
chapter.

ix



X Preface

Since E. Cartan’s seminal work, Lie theory has been an important tool in the
study of Riemannian symmetric spaces and their classification. It was found
relatively recently that Jordan algebras and Jordan triple systems can be used
to give an algebraic description of a large class of symmetric spaces which
is also accessible in infinite dimension. This is the subject of Chapter 2. We
give a concise introduction to Banach manifolds and Banach Lie groups. We
show the connections between Jordan algebras and symmetric cones, and the
correspondence of Jordan triple systems and Riemannian symmetric spaces in
the infinite-dimensional setting. We complete the discussion by showing that
the bounded symmetric domains in complex Banach spaces are exactly the
open unit balls of JB*-triples which are complex Banach spaces equipped with
a Jordan triple structure.

A large part of Chapter 3 is devoted to the study of JB*-triples. They play
an important role in geometry and analysis, as informed by the previous result.
The open unit balls of JB*-triples can be regarded as an infinite-dimensional
generalisation of the open unit disc in the complex plane and provide a nat-
ural setting for complex function theory. As examples, we discuss distortion
theorems and iterations of holomorphic maps on these open balls, where Jordan
techniques come into play. In a functional-analytic vista, JB*-triples form an
important class of Banach spaces, which includes C*-algebras, spaces of oper-
ators between Hilbert spaces and some exceptional Jordan algebras. We present
a sufficient number of basic properties of JB*-triples as research tools, but a
complete treatment would lengthen the book to excess. From the viewpoint
of JB*-triples, many results in C*-algebras, for example, those on contractive
projections and isometries, can be explained simply in a geometric perspective.
Finally, we discuss Jordan structures in Hilbert spaces, which are important
in the geometry of infinite-dimensional Riemannian symmetric spaces; for
instance, the curvature tensor is related to the Jordan triple product. The last
chapter contains some new results.

It is a great pleasure to thank many colleagues and friends for valuable
conversations concerning the subject matter of this book. I have benefited
especially from inspiring discussions with Wilhelm Kaup and the late Issac
Kantor on many occasions. I thank Pauline Mellon for reading part of the
manuscript and for her useful comments. I much appreciate the sabbatical
leave from Queen Mary College in 2010, which enabled me to complete the
manuscript. I would also like to thank my wife, Yen, and my daughter, Clio,
for their constant support and encouragement.



1
Jordan and Lie theory

1.1 Jordan algebras

We begin by discussing the basic structures and some examples of Jordan
algebras which are relevant in later chapters. One important feature is that
multiplication in these algebras need not be associative.

By an algebra we mean a vector space A over a field, equipped with a
bilinear product (a, b) € A% — ab € A. We do not assume associativity of the
product. If the product is associative, we call A associative.

Homomorphisms and isomorphisms between two algebras are defined as in
the case of associative algebras. An antiautomorphism of an algebra A is a
linear bijection ¢ : A —> A such that p(ab) = ¢(b)p(a) for all a, b € A.

We call an algebra A unital if it contains an identity, which will always be
denoted by 1, unless stated otherwise. As usual, one can adjoint an identity 1
to a nonunital algebra A to form a unital algebra A, called the unit extension
of A.

A Jordan algebra is a commutative algebra over a field F, and satisfies the
Jordan identity

(ab)a® = a(ba®) (a,b e A).

We always assume that IF is not of characteristic 2; however, in later sections,
F is usually either R or C.

The concept of a Jordan algebra was introduced by P. Jordan, J. von Neumann,
and E. Wigner [64] to formulate an algebraic model for quantum mechanics.
They introduced the notion of an r-number system which is, in modern ter-
minology, a finite-dimensional, formally real Jordan algebra. In fact, the term
Jordan algebra first appeared in an article by A. A. Albert [3]. It denotes an
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algebra of linear transformations closed in the product
1
A-B= E(AB + BA).

Although Jordan algebras were motivated by quantum formalism, unexpected
and important applications in algebra, geometry and analysis have been dis-
covered. Some of these discoveries are the subject of discussions in ensuing
chapters.

On any associative algebra A, a product o can be defined by

1
aob:z(ab+ba) (a,b e A,

where the product on the right-hand side is the original product of A. The
algebra A becomes a Jordan algebra with the product o. We call this product
special. A Jordan algebra is called special if it is isomorphic to, and hence
identified with, a Jordan subalgebra of an associative algebra .4 with respect to
the special Jordan product o. Otherwise, it is called exceptional.

It is often convenient to express the Jordan identity as an operator identity.
Given an algebra A and a € A, we define a linear map L, : A —> A, called
left multiplication by a, as follows:

L.(x) =ax x e A).
The Jordan identity can be expressed as
[La, L2l=0  (a €A,

where [-, -] is the usual Lie bracket product of linear maps. Given a, b € A, we
define the quadratic operator Q, : A — A and box operatoran b : A —
Aby

Qa =2L2 -

a

Lz, aob=La+[La Lyl (1.1)

These operators are fundamental in Jordan theory, as is the linearization of the
quadratic operator:

Oup = Qutp — Qu — Op.

Let A be an algebra and let a € A. We define a® = 1if A is unital,

a'=a, a"t'=ad" n=1,2,...).

The following power associative property depends on the assumption that the
scalar field IF for A is not of characteristic 2.
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Theorem 1.1.1 A Jordan algebra A is power associative; that is,

ama" = g™t (aceA;mn=12..).

In fact, we have [Lym, Lgn] = 0.
Proof For any «, B in the underlying field F, we have

[La+ab+ﬂcv L(a+ab+ﬂc)2] =0

for all a, b, ¢ € A. Expanding the product, we find that the coefficient of the
term af is

Z[Lm Lbc] + 2[Lb7 Lca] + 2[Lc‘a Lab]s
which must be 0. Since F is not of characteristic 2, we have
[La’ Lbc] + [va Lca] + [Lw Lab] =0.

Applying this operator identity to an element x € 4 and using commutativity
of the Jordan product yields
(LaLpe + LpLea + LeLap)(x)

= (LpcLa+ LeaLp + LapLe)(x)

= LypcLx(a) + LyxLc(a) + LycLp(a)

= (LpcLx + LexLp + LipLe)(a)

= (LxLpc + LpLex + LcLip)a)

= (L(pcya) + LyLaLe + Lo Lo Lp)(x).

Putting b = a" and ¢ = a in this identity, we obtain a recursive formula,
Lyw> =2LgLgwt + Lgn L — Ly L2, —L2 L,

which implies that each L, is a polynomial in L, and L, which commute. It
follows that L,» commutes with L,» for all m, n € N. In particular, we have

L La(am) = LyLgn (am)’
and power associativity follows from induction. O

Corollary 1.1.2 Let A be a Jordan algebra and let a € A. The subalgebra
Al(a) generated by a in A is associative.

In fact, we have the following deeper result. It can be derived from
Macdonald’s theorem, which states that if an identity in 3 variables is linear in
1 variable and holds in all special Jordan algebras, then it holds in all Jordan
algebras. We omit the proof, which can be found, for instance, in the books
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by Jacobson [62], McCrimmon [88], and Zhevlakov et al. [123]. We remark,
however, that for Jordan algebras over a field of characteristic 2, a Jordan
algebra with a single generator need not be special.

Shirshov—Cohn Theorem Let A be a Jordan algebra and let a, b € A. Then
the Jordan subalgebra B generated by a, b (and 1, if A is unital) is special.

One can use the Shirshov—Cohn theorem to establish various identities in
Jordan algebras. For instance, in any Jordan algebra A, we have the identity

2L} —3LpeL,+ Ly =0 (1.2)
for each a € A. In other words, we have
2a(a(ab)) — 3a*(ab) + a’b =0

for a, b € A. To see this, let B be the Jordan subalgebra of A generated by a
and b. Then it is special and hence embeds in some associative algebra (A’, x)
with

1
ab:z(axb—i—bxa).
In B, we have
1
2a(a(ab))=Z(a3xb+3a2xbxa+3axbxa2+bxa3)
2 1.3 2 2 3
3a (ab):Z(?aa Xb+4+3a“xbxa+3axbxa" +3bxa’),

which, together with 2a3b = a® x b + b x a3, verifies the identity.

Definition 1.1.3 Two elements a and b in a Jordan algebra A are said to
operator commute if the left multiplications L, and L, commute. The centre
of Aistheset Z(A)={ze€ A: L,L, =L,L,,Va € A}.

We observe that L, L, = L,L, if, and only if, (ax)b = a(xb) for all x € A.
Evidently, the centre Z(A) = {z € A : (za)b = z(ab), Va, b € A} is an asso-
ciative subalgebra of A.

Example 1.1.4 The Cayley algebra O, known as the octonions, is a complex

nonassociative algebra with a basis {ey, ey, . . ., e7} and satisfies
a*b = a(ab), ab* = (ab)p  (a,b € O), (1.3)
where ¢y is the identity of O, e% = —e¢g for j # 0, and the multiplication is

encoded in the following Fano plane, consisting of seven points and seven
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lines. The points are the basis elements but ey, and the lines are the sides of
the triangle, together with the circle. Each line has a cyclic ordering shown by
the arrow. If ¢;, e; and ¢; are cyclically ordered, then e;e; = —e;e; = ¢;. For
instance, eger = (—eger)er = —eses = ey.

Octonion multiplication

The algebra O is an alternative algebra in the sense that the associator

[x, y,z] = (xy)z — x(yz2)

is an alternating function of x, y, z: exchanging any two variables entails a sign
change of the function. This condition is a reformulation of the multiplication
rules in (1.3).

We will denote by O the real Caylay algebra, which is the real subalgebra of
O with basis {e, . . . , e7}. Historically, octonions were discovered by a process
of duplicating the real numbers R. Indeed, the complex numbers arise from R
as the product R x R with the multiplication

(a,b)(c,d) = (ac — db, bc + da) (a,b,c,d € R).

The real associative quaternion algebra H can be constructed by an analogous
duplication process. One can define H as C x C with the multiplication

(a, b)(c,d) = (ac — db, bé + da) (a,b,c,d € C),

which is isomorphic to the following real non-commutative algebra of 2 x 2

matrices:
{(a_ ?):(a,b)e(Cx(C}. (1.4)
—-b a

In the identification with this algebra, H has a basis

10y . (i 0y . (0 1 0 i
R e A N S N )
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satisfying
iP=j=k*>=ijk=—1, ij=—ji=k
Likewise, O can be defined as the product H x H with the multiplication
(a, b)(c,d) = (ac — db, b + da) (a,b,c,d € H),
where the conjugate ¢ of a quaternion ¢ = a1 + xi + yj + zKk is defined by
¢ =ol —xi—yj—zk,

so that the real part of cisRec = %(c + ¢) = «al. A positive quaternion is one
of the form «1 for some « > 0. The basis elements of H x H are

e =(1,0), e=(@10), e=(0, e=(k0),
et =(0,1), es=(0,0), e =(0,j), e7=(0k.

The algebras C, H and O are guadratic; that is, each element x satisfies the
equation x> = ax + A1 for some «, B € R, where 1 denotes the identity of the
algebra. If x = (ay, a;) € H x H with

a, = a1+ x,i+ y,j + z,.k (n=1,2),
then we have
x? = 2a1x — (x12 + ylz + z% + x§ + y% + Z%)eo-

Example 1.1.5 A well-known example in Albert [2] of an exceptional Jordan
algebra is the 27-dimensional real algebra

H3(0) = {(aij)1<i,j<3 : (a;;) = @}ji), a;; € O}

of 3 x 3 matrices over O, Hermitian with respect to the usual involution ~ in
O defined by

(aoe + - - - + aze7) = ageg — - - - — azer.
The Jordan product is given by
1
AoB= E(AB + BA) (A, B € H3(0)),

where the multiplication on the right is the usual matrix multiplication. We
refer to Jacobson [62] and McCrimmon [88] for a more detailed analysis of
H3(0). The exceptionality of H3(Q) involves the so-called s-identities, which
are valid in all special Jordan algebras but not all Jordan algebras. One such
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identity was first found by Glennie [43]:

20:(2)0y:0:00) — 0:0.0:.,0,(2)
=20,(2)0x,y0:(x*) — 0,0.0, .. 0:(2),

which does not hold in H3(0). An alternative proof of exceptionality bypassing
s-identities can be found in Hanche-Olsen and Stgrmer [47].

Definition 1.1.6 Anelement e in an algebra A is called an idempotent if ¢* = e.
Two idempotents e and u are said to be orthogonal if eu = ue = 0. An element
a € Ais called nilpotent if a" = 0 for some positive integer n.

Lemma 1.1.7 Let A be a unital Jordan algebra with an idempotent e. Let
a € A. The following conditions are equivalent:

(1) a and e operator commute.
(i) Q.(a) = Lea.

(iii) a and e generate an associative subalgebra of A.
Proof (i) = (ii). We have
Q.(a) = 2(L§ — L,)(a) = 2e(ea) — ea = 2¢%a — ea = ea.

(ii) = (iii). Let BB be the subalgebra generated by a and e. By the Shirshov—
Cohn theorem, 5 is isomorphic to a Jordan subalgebra B’ of an associative
algebra (A’, x) with respect to the special Jordan product. Identify a and e as
elements in B'. Then

1
Leazi(exa—i—axe):Qe(a)zexaxe,

2

since e = ¢~ = e X e. Multiplying the above identity on the left by e, we get

e X a = e x a x e. Multiplying the identity on the right by e givesa x e = e x
a x e . Hencee x a =a x e and ea = e x a. Hence (BB, x) is a commutative
subalgebra of (A, x) and the special Jordan product in 3’ is just the product x
and is, in particular, associative.

(iii) = (1). In the proof of Theorem 1.1.1, we have the operator identity

[Le, Lpe]l + [Lpy Leel + [Ley Ll =0
for all b, ¢ € A. Putting ¢ = e, we have

[Le, Lpel +[Lps L]l + [Les Lep]l =0,
which gives

2[L., Lye] = [Le, Lp). (1.5)
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2

Since e* = e, in the special Jordan algebra A(a, e, 1) generated by a, ¢ and 1,

it can be verified easily that

a= Q.(a)+ Q1-.(a)

and Qj_.(a)e =0, as well as Q.(a)e = Q.(a). Substituting Q;_.(a) for b in
(1.5),weget[L., Lo, ] = 0.Puttingd = Q.(a)in(1.5)gives[L,, Lo, )] =
0. It follows that

[Lev La] = [Le’ LQg(a)] + [Lev LQl,e(a)] =0. 0

Lemma 1.1.8 Let A be a finite-dimensional associative algebra containing an
element a which is not nilpotent and not an identity. Then A contains a nonzero
idempotent, which is a polynomial in a, without constant term.

Proof We may assume that .4 has an identity 1. Finite dimensionality implies
that there is a nonzero polynomial p of least degree and without constant term,
such that p(a) = 0. Write p(x) = x*g(x), where k > 1 and ¢ is a polynomial,
such that g(0) # 0. The degree degq of ¢ is strictly positive, since a is not
nilpotent. There are then polynomials ¢; and g, with deg q; < degg and

g1 (%) + g2(x)g(x) = 1,

where the nonzero polynomial g(x) = x*g;(x) has no constant term and
degg < degp. Hence e = g(a) # 0. We have e?> =e, since a*q(a)+
a*gx(a)q(a) = a* and

g(a)* — g(a) = a*q1(a)* — d*q1(a) = d* (a)q(a)gi(a) = 0.

Lemma 1.1.9 Let A be a Jordan algebra. Then an element a € A is nilpotent
if and only if the left multiplication L, : A —> A is nilpotent.

Proof If L, is nilpotent, then a"*! = L"(a) implies that a is nilpotent. Con-
versely, foranya € Awitha” = 0, we show that L, is nilpotent by induction on
the exponent n. The assertion is trivially true if n = 1. Given that the assertion
is true for n, we consider a”*! = 0. We have (¢*)" = 0 = (¢)", and therefore
L, and L, are nilpotent, by the inductive hypothesis. It follows from the
identity

2L} =3L,L, — Ly

that L, is nilpotent. O
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Given an idempotent ¢ in a Jordan algebra A, the left multiplication
L, : A — Asatisfies the equation

2L 312+ L, =0 (1.6)
by the identity (1.2). Hence an eigenvalue « of L, is a root of
20 =3’ +a =0

and is 0, % or 1. If A is associative, then Lg = L, and % is not an eigenvalue of
L.. Nevertheless, we denote the eigenspaces of 2L, by

Ai(e) = {x € A:2ex = kx} *k=0,1,2)

and call A (e) the Peirce k-space of e. The earlier remark implies that A, (e) =
{0} if A is associative.
We define two linear operators, Q, : A —> A, and Qj :A— A, by

Q. =2L2—L,, QF=4L,—LD. (1.7)

Evidently, L, commutes with both O, and Qj-. Using the equation (1.6),
one can easily establish

1 1
LQ.=0Q.,=0) LQr= EQi = §<Qj>2, LI —-Q,— QF)=0,

where 1 is the identity operator on A and Q, and Q7 are mutually orthogonal.
It follows that

Axe) = Qe(A),  Ai(e) = Q. (A),  Ag(e) = (I = Qe — Q)(A), (1.8)
which gives rise to the following Peirce decomposition of A:
A= Agle) ® Aie) ® Ax(e).

We will return to the Peirce decomposition with more details in the more
general setting of Jordan triple systems. We note for the time being that the
Peirce spaces Ag(e) and A;(e) are Jordan subalgebras of A, as shown below.
We also note that A,(e) never vanishes.

Lemma 1.1.10 The Peirce spaces of an idempotent e in a Jordan algebra A

satisfy
Aog(e)Ap(e) C Agle), Aj(e)Ai(e) C Aoe) ® Asx(e), Ax(e)Ax(e) C Ase).
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Proof We first prove the second inclusion. Let x,y € A (e) and let xy =
ap + a; + a, be the Peirce decomposition of xy. We have

0= [Lya Lex] + [Le’ Lx_v] + [LXa Lye]

1 1
= E[Lya L)c] + [Lea ny] + E[an Ly]
= [Le» ny]~

In particular, [L., L,,](e) = 0 gives

0 = e(xy) — e(e(xy))
1 1
=a + Eal —e (az-l- 5%)

. 1 11
=a 2611 aj 4a1 = 4611.

Hence xy € Ag(e) @ Aj(e).

Let x,y € Aj(e), where j = 0, 2. Then we have [L,, L,2] = 0 by the first
equation earlier in the proof. Using this and expanding ((x + e)y)(x + ¢)*> =
(x + e)(y(x + e)?), we obtain

2(xy)(xe) + (xy)e + 2(ey)(xe) = 2x(y(xe)) + x(ye) + 2(ey)(xe),
which gives (xy)e = %x y. This proves the first and the last inclusion. O

Definition 1.1.11 An idempotent ¢ in a Jordan algebra A is called maximal if
the Peirce 0-space Ag(e) is {0}. A nonzero idempotent e is called primitive if
there are no nonzero orthogonal idempotents u and v satisfying e = u + v.

Lemma 1.1.12 Let A be a finite-dimensional Jordan algebra which contains
no nonzero nilpotent element. Then A contains a maximal idempotent.

Proof Ignore the trivial case A = {0}. Applying Lemma 1.1.8 to an associative
subalgebra of A generated by a nonzero element, one finds a nonzero idempo-
tent e. If Ay(e) # {0}, then again one can pick a nonzero idempotent u € Ay(e).
Thene’ = e + uisanidempotentand Ag(e) C Ap(e’). Sinceu € Ag(e’ )\ Ap(e),
we have dim Ag(e) < dim Ay(e’). By finite dimensionality of A, this process
of increasing dimension must stop, yielding a maximal idempotent. O

Proposition 1.1.13 Let A be a finite-dimensional Jordan algebra which con-
tains no nonzero nilpotent element. Then A has an identity.

Proof By Lemma 1.1.12, A contains a maximal idempotent e such that

.A = A](é‘) &) ./42(8).
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We show that A;(e) = {0}. Let x € A;(e). Then x? € Ay(e) @ Ax(e) = Ax(e),
and we have

1
§x3 = ()ce))c2 = x(exz) = x3,

which implies that x = 0. Hence A = A;(e), in which e is the identity. O

A real Jordan algebra A is called formally real if ai+---+a} =0
impliesa; = --- =a; = 0foray, ..., a; € A. By Proposition 1.1.13, a finite-
dimensional formally real Jordan algebra has an identity. The exceptional
Jordan algebra H3(Q) is formally real.

Theorem 1.1.14 Let A be a finite-dimensional real Jordan algebra. The fol-
lowing conditions are equivalent:

(1) A is formally real.
() a>+b*=0=a=>b=0foranya,b e A
(iii) Each x € A admits a decomposition x = aje; + - - - + a,e,, where
ay,...o, € Randey, ..., e, are mutually orthogonal idempotents in A.
(iv) The bilinear form (x, y) € A> — Trace (xO y) € R is positive definite.

Proof (ii) = (iii). Let x € A. Then the subalgebra A(x) generated by x is
associative and has an identity e by Proposition 1.1.13. Finite dimensionality
implies that

e=e +---t+e,

for some mutually orthogonal primitive idempotents in A(x). Hence we have,
by associativity of A(x),

X =ejxe + -+ e,xe,.

We show that the associative algebra e;.A(x)e; reduces to Re;. Indeed, by
primitivity, there is no nonzero idempotent in e;A(x)e; other than e;, and
it follows from Lemma 1.1.8 that each a € e;A(x)e;\{0, e;} gives rise to
a polynomial g(a) that has no constant term and satisfies g(a) = e;, which
implies that a is invertible in e;A(x)e;. Hence e;A(x)e; is a field over R
and must be either R or C. Since C is not formally real, we conclude that
ejA(x)e; = Re; and therefore

X = E ocjej
Jj

for some «y, ..., a, € R.
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(i) = (iv). Given x = «oje; + - - - + e, for some mutually orthogonal
idempotents ey, ..., e,, we have

Trace (xO x) = Za?Trace(ejD ej) > 0.

J

If Trace (x O x) = 0, then Trace (¢;0 e;) =0, and e; = 0, since e;0 e; = Lo,
has eigenvalues 0, % or 1, forall j.

(ivy = (). Let aj+---+a;=0. Then ) Trace(a;0a;)=
Trace(@0a; +---+aOar) =0. Hence Trace(ajoa;)=0 implies
aj =0forall j. O

A subspace I of a Jordan algebra A is called an ideal if a € A and x € |
imply ax € I, in which case [ is also an ideal in the unit extension .4; of A
and the quotient space A/ is a Jordan algebra with the natural product

a4+ Db+ =ab+1 (a,b e A).

A Jordan algebra .4 with nontrivial multiplication (i.e., ab # 0 for some a, b €
A), is called simple if the only ideals of A are {0} and A itself.

To avoid confusion, homomorphisms and isomorphisms between Jordan
algebras are sometimes called Jordan homomorphisms and Jordan isomor-
phisms to distinguish them from the ones for other algebraic structures. The
kernel ¢ ~'(0) of a Jordan homomorphism ¢ : A — B is an ideal of A. Given
an ideal / of a Jordan algebra A, the quotient map ¢ : A —> A/I is a homo-
morphism with kernel g=1(0) = 1.

Finite-dimensional formally real Jordan algebras have been classified in the
seminal article by Jordan et al. [64]. Jordan algebras of any dimension were
classified by Zelmanov in [120] and [121]. There are three different types of
simple Jordan algebras: namely, Hermitian, Clifford and Albert.

Example 1.1.15 Jordan algebras of the Hermitian type are special Jordan
algebras obtained from associative algebras. They are of the form

HA x)={ac A:a" =a)},

where A is an associative algebra with involution x and H (A, %) is equipped
with the special Jordan product

1
aob= E(ab—}—ba).

It is simple if A is simple. The special Jordan algebra (A, o) constructed at the
beginning of the section from an associative algebra A is of this type. Indeed, let
A°P denote the opposite algebra (i.e., AP has the same vector space structure
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as A, but the multiplication is reversed) and define an involution * on A & A%
by (a ® b)* = b @ a. Then (A, o) is isomorphic to H(A @& A7, *).

Example 1.1.16 Of the Clifford type are Jordan algebras of a symmetric
bilinear form. They are special Jordan algebras of the form V @ F, where
V is a vector space over a field I, equipped with a symmetric bilinear form
f:V xV — F.Thedirect sum V @ FF forms a Jordan algebra in the product

(x @)y ®p) = (ax + By) ® (f(x,y) + ap).
We call V @ F a spin factor. It is simple if f is non-degenerate and dim V > 2.

Example 1.1.17 The Albert type Jordan algebras are the exceptional Jordan
algebras which are 27-dimensional over the centre. For example, H3(Q).

1.2 Jordan triple systems

A real or complex vector space V equipped with a triple product {-, -, -} :
V3 — Viscalled aJordan triple if the triple product is trilinear and symmetric
in the outer variables and satisfies the following identity:

{a,b,{x,y,z}} = {{a, b, x}, y, 2} — {x,{b,a, y}, 2} + {x, ¥, {a, b, z}}.
(1.9)

A complex vector space V with a triple product {-, -, -} which is linear and
symmetric in the outer variables, but conjugate linear in the middle variable,
and satisfies (1.9), is called a Hermitian Jordan triple. By a Jordan triple system
V, we mean a Jordan triple or a Hermitian Jordan triple V. By restricting to the
real scalar field, a complex Jordan triple or a Hermitian Jordan triple can, and
will, be regarded as a real Jordan triple.

A vector subspace W of a Jordan triple system V is called a subtriple if
x,y,z € Wimplies {x, y, z} € W. Given subsets A, B and C of V, we define

{A,B,C}={{a,b,c}:ae€ A,be B,c eC}.

A linear map f : V — W between two Jordan triple systems V and W is
called a (Jordan) triple homomorphism if it preserves the triple product:

fla,b,ct ={f(@), f), f(o)}  (a,b,ceV).

tive. A bijective triple homomorphism is called a (Jordan) triple isomorphism.
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We call the identity (1.9) the main triple identity of a Jordan triple system.
It is often written as

{{a’bvx}v Y, Z} - {X, {b,a, y}’ Z} = {avb7 {xv Y, Z}} - {)C, Y, {a’b’ Z}}
(1.10)

Example 1.2.1 The complex space C" can be given various Jordan triple
structures; for instance, one can define a Jordan triple product by

{x,y,2} =xyz (x,y,z€Ch,

which turns C" into a complex Jordan triple, where the product on the right is
the coordinatewise product. On the other hand, the triple product

{x,y,z} =xyz (x,y,zeC"

makes C" into a Hermitian Jordan triple. We can also equip C" with the
Hermitian Jordan triple product

.y, 2t =, y)z+ (2, y)x,
where (-, -) denotes the usual inner product.

The concept of a Jordan triple system was originally derived from the gener-
alization of Jordan algebras relating to Lie algebras and differential geometry.

In a real or complex Jordan algebra .4, we define a canonical (Jordan) triple
product by

{a, b, c} = (ab)c + a(bc) — b(ac) (1.11)

fora,b,c € A. If A is a complex Jordan algebra equipped with a conjugate
linear algebra involution s, the canonical Hermitian (Jordan) triple product is
defined by

{a, b, ¢} = (ab*)c + a(b*c) — b*(ac). (1.12)

Equipped with one of these triple products, a real or complex Jordan algebra is
a Jordan triple system.
We first prove three basic identities in a Jordan triple system.

Lemma 1.2.2 Given x, y, z in a Jordan triple system, we have

{tx, v, x}, y. 23} = {x, {y, x, v}, 2} (1.13)
Proof This follows by putting a = x and b = y in the main triple identity. [J
Lemma 1.2.3 Given x, y, z is a Jordan triple system, we have

{x, v, {x,z,x}} = {x, {y, x, 2z}, x}. (1.14)
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Proof Applying the triple identity repeatedly yields

{x,y. ozl = e, yoxh 203 = I, vy >, zh ) + {2, {x, s x )
=2{x, z, {x, y, x}} — {x, {y, x, 2}, x}
=2{{x, z,x}, y, x} = 2{x, {z, x, y}, x}
+2{x, y, {x, z, x}} = {x, {y, x, 2}, x}
=4, y, {x, 2, 0} = 3{x, {y, x, 2}, x}

={x,{y, x, 2}, x}. 0
This proof also yields the identity
{x,y, {x,z,x}} = {{x, y, x}, z, x}. (1.15)
Lemma 1.2.4 Given that x, v, z is a Jordan triple system, we have
{fe, v, xh oz o,y xdh = {x {y {x, 2,0 ) x) (1.16)

Proof Adding the two triple identities

v.x,{y.x.zg}} ={y.x. yhx, z} = {y. {x, y, x}, 2} + {y, x. {y. x, 2}
{z,x, {y,x, y}} = {z, x, y}, x, y} = {y, {x, 2, x}, v} + {y, x, {z, x, 1},

we obtain

{y, {x, y, x} 2} =2{y, x, {y, x, z}} — {y, {x. 2, x}, y}.

It follows that

{{x, yoxh 2, e,y ol = 2{{{x, yoxh 2o xh v b — {x {2, {x, y, xh vh xd
=2{{{x, y,xh 2, x} y, 0} = 2{x, {y, x, {y, x, 2}}, x}
+{x, {y, {x, z, x}, y}, x}
= {x, {y, {x, 2z, x}, ¥}, x},

where the last identity follows from repeated applications of (1.13):

{{{'x7 y’ x}’ Z’ x}’ y’ 'x} = {{x7 {y’ x’ Z}’ ‘x}’ y’ x}
= {x, {{y,x, 2}, x, y}, x}

= W05 4 X, Yy, X

{x, {y, {x. 2, x}, y}, x} 0
In place of the triple identity (1.9), one can also use the basic identities

(1.13), (1.14) and (1.16) as the defining identities for a Jordan triple system, as

in Loos [84], in which case the triple identity can be derived.
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The arguments in the proof of Lemma 1.2.4 can be repeated to yield the
following identities.

Lemma 1.2.5 Given a, x, y, z in a Jordan triple system, we have

2{x,a,{y,a,z}} = {x,{a,y,a}, 2} + {x, {a, z, a}, y} (1.17)
a, x,{a,y,z}} = {a, x,a}, y, z} + {a, {x, z, y}, a} (1.18)
2{a, {x,a,y},z} = {{a, x,a}, y, 2} + {{a, y,a}, x, z}. (1.19)

Proof The first identity follows from adding the two triple identities

{v,a,{x,a,z}} = {{y,a,x},a,z2} — {x,{a,y,a}, 2} + {x,a,{y,a,z}}
{z.a,{x,a,y}} = {{z,a,x},a,y} — {x,{a,z,a}, y} + {x,a, {z,a, y}}.

‘We obtain the third identity by adding the two triple identities

{la.x {a,y. 2}y ={la.x,a}, y, 2} —{a. {x,a, y}, 2} +{a, y. {a, x, z}}
{av Y, {a,x, Z}} = {{Cl, ) a},x, Z} - {av {yv a,x}, Z} + {aaxv {Cl, Y, Z}}

The second identity follows from the triple identity

{ta.x.a}. y.z} ={a,x. {a. y. 2}} = {a. {x.z, y}. a} + {{a. y. 2}, x, a}.
O

In a Jordan triple system V, we define the odd powers of an element x by
induction as follows:

xl=x, xF={x,xx},
By (1.14) and induction, we have
X2 = (21 x x). (1.20)

One often makes use of the following polarization in a Jordan triple system
V:

2x, v,z =x+z,y, x+ 2z} —{x,y,x} — {z, ¥y, z}. (1.21)

It follows that the triple product in a Jordan triple system is completely deter-
mined by the symmetrized product {x, y, x}.
If V is a Hermitian Jordan triple, we also have the polarization identity

Moy, 2y =0+ + -2 - +i2l -y —iz) (122

and the triple product in V is determined by the cubes x*.
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Given a real Jordan triple (V, {-, -, -}), it can be complexified to a complex
Jordan triple or a Hermitian Jordan triple. If the complexification V, = V @iV
of the real vector space V is furnished with the triple product

(x®iu,y®iv,x diu}. = {x,y, x} —{u, y,u} —2{x, v, u})
@Di({x,v,x}—{u,v,ul +2{x,y,u}), (1.23)

then (V,, {-, -, -}c) is a complex Jordan triple, called the complexification of
(V,{-, -, -}). On the other hand, the following triple product turns V, into a
Hermitian Jordan triple:

x®iu,y®iv,x ®iuly = ({x,y,x} —{u, y, u} +2{x, v, u})
D i(—{x,v,x}+ {u,v,u} +2{x, y,u}). (1.24)

We shall call (V,, {-, -, -}») the hermitification of V.

Jordan triple systems are equivalent to Jordan pairs with involution. The
concept of a Jordan pair was introduced by Loos [84] in connection with a pair
of mutually dual Riemannian symmetric spaces. A pair (V_;, V) of real or
complex vector spaces is called a Jordan pair if there are two trilinear maps,

(e Vax Vg x Vg — V, (@ = +1),
which are symmetric in the outer variables and satisfy

{aa ba {-xv }’» Z}O{}(x - {{av ba x}oﬁ y’ Z}O(
_{xv{b,a,y}faaZ}a‘i‘{x»Y: {a’b’Z}a}a (125)

fora,x,z€ Vyand b,y € V_,.
An involution 6 of a Jordan pair (V_j, V}) is a linear isomorphism
6 : V_; — Vj satisfying

O{x, 0y, x}_1 = {0x,y,0x}h (x,y € Vo).

If instead, such 6 is conjugate linear for a complex Jordan pair (V_;, V}), then
it is called a Hermitian involution.

Evidently, if (V_;, V) is a Jordan pair with involution 6, then V_; is a
Jordan triple with triple product {x, 8y, z}_; for x, y,z € V_;. Also, V_; is a
Hermitian Jordan triple if the involution 6 is Hermitian.

Conversely, given a Jordan triple (V, {-,-,-}), let V_; =V, = V. Then
(V_1, V1) is aJordan pair with trilinear maps {x, y, z}, = {x, y, 7} fora = £1.
For a Hermitian Jordan triple (V, {-, -, -}), we let V_; = V and V; be the com-
plex vector space obtained from V but replacing its scalar multiplication by
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(B,v) € C x V > Bv € V. Then the identity map 0 : V_; —> V; is conju-
gate linear and is a Hermitian involution of the Jordan pair (V_;, V) with the
trilinear map {x, y, z}, = {x, Gi"‘y, z}.

Example 1.2.6 Let M,,,(C) be the vector space of m x n complex matrices.
Then (M,,,(C), M,,,,(C)) is a Jordan pair with trilinear maps

1
{A,B,C}, = E(ABC—i—CBA) (A,CeV_, BeV,)),
where V_; = M,,,(C) and V| = M,,,,,(C). The pair has a Hermitian involution
9 : an((C) e Mnm((c)

given by 0(B) = B*, where B* = (b_ji) is the adjoint of the matrix B = (b;;).
The complex vector space M,,,(C) is a Hermitian Jordan triple with triple
product

{A,B,C}=1{A,0(B),C}_, = %(AB*C + CB*A)

and M,,,,(C) is a Jordan algebra with involution * and Jordan product A o B =
(AB + BA)/2. We shall write M,,(C) for M,,,,(C) hereafter.

One can consider an infinite-dimensional extension of this example. Let H
and K be complex Hilbert spaces and let L(H, K) be the Banach space of
bounded linear operators between H and K. Then it is a Hermitian Jordan
triple in the triple product

1
{R,S, T} = E(RS*T—i—TS*R) (R,S,T € L(H, K)),
where S* : K —> H is the adjoint of S.

In fact, for any associative algebra A with special Jordan product a o b =
(ab 4+ ba)/2, the canonical Jordan triple product of the Jordan algebra (A4, o)
is given by

1
{a, b, c} = g(abc + cbha).

If Ais over C and equipped with an involution *, then the canonical Hermitian
Jordan triple product is given by

1
{a,b,c} = E(ab*c + cb*a).
Example 1.2.7 Let M3(O) = {(z1, z2) : 21, 22 € O} be the complex vector
7

space of 1 x 2 matrices over O. Given y = (yy, y;) with y; = Zalgkek and
0
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7 7
= E oy ek, we define y;* = o oep — E ojre for j =1,2,and
0 1

* _ yl*
Y <Y2*>'

The space M »(O) is a 16-dimensional Hermitian Jordan triple in the following
triple product:

1
{x,y, 2} = E(x(y*z) + z2(y*x)).

Example 1.2.8 Let H3(O) be the complex vector space of 3 x 3 matrices over
the Cayley algebra O, Hermitian with respect to the standard involution in O;
that is, (a;;) belongs to H3(O) if and only if

(a;j) = (@jp),

where the usual linear involution ~ on O is defined by

~

7 7
E Urer | = Xoeo — E 8734
k=0 k=1

for ZZ:O arer € O. We always equip H3(O) with the Jordan product

AoB= %(AB + BA) (A, B € H5(0)),

where the multiplication on the right is the usual matrix multiplication. The
product o makes H3(O) into a complex exceptional Jordan algebra. There is a
natural conjugate linear involution  on O defined by

7 B
(Z Olk€k> = Z&keky

k=0 k=0

which induces a conjugate linear involution * on H3(O):
(@i))* = (a];).
We always equip H3(QO) with the triple product
{A,B,C}=(AoB")oC+Ao(B*oC)— B*o(AoC).
With this triple product, H3(O) becomes a Hermitian Jordan triple.
The exceptional real Jordan algebra H3(Q) in Example 1.1.5 is the real form
of H3(O) with respect to the involution * : H3(O) — H3(O); that is,
H3(0) = {(a;j) € H3(O0) : (a;j)* = (a;j)}

and H3(O) = H3(0) + i H3(0) is the complexification of H3(Q).
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We can embed M ,(O) as a Hermitian subtriple of H3(O) via the triple
monomorphism

0 z1 2
(21,22 e Mp(O)— |71 0 0 | € H5(O).
> 0 0

For each element a in a Jordan triple system V, we define a binary product
o, 1n V by

xo,y={x,a,y} (x,yeV).

This product is clearly commutative. It also satisfies the Jordan identity which
follows from the identities (1.9), (1.17) and (1.14):

x% 0, (x 04 y) = {{x, a, x}, a, {x, a, y}}
= {{{x,a,x},a,x},a, y} - {X, {a, {x,a,x},a}, y}
+{x,a, {{x,a,x},a, y}}

= x 04 (x% 04 y),
where, by identities (1.17) and (1.14), we have

{x.{a.{x,a,x},a}, y}
=2{x,a,{x,a,x}},a, y} —{{x,a,x},{a, x, a}, y}
=2{{x,a, {x,a,x}},a,y} —2{x, {{a, x,a}, x, a}, y}
+{{x.{a, x,a},x},a, y}
=3{{x,a, {x,a,x}},a,y} —2{x, {a, {x,a, x},a}, y}
= {{x,a, {x,a,x}},a,y}

Definition 1.2.9 Let V be a Jordan triple system and a € V. The a-homotope
V@ of V is defined to be the Jordan algebra (V, o,).

Using identities (1.13) and (1.17), we see that the canonical triple product
{-, -, -}a in the a-homotope V@ = (V, o,) is given by

{X,y,x}a =2(x o4 Y)og X —(xo04x)0,y
=2{{x,a, y},a,x} —{{x,a, x},a, y}
= {x,{a, y, a}, x}.
In particular, if {a, y, a} = y forall y € V, then we have {x, y, x}, = {x, y, x}

for all x, y € V and the Jordan triple system (V@ {., -, .},) is just V itself.
Therefore Jordan triple systems generalize Jordan algebras in that unital Jordan
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algebras are the Jordan triples containing a unit element, that is, an element e
satisfying {e, y, e} = y for all elements y.
One can deduce power associativity in V via homotopes.

Lemma 1.2.10 Let V be a Jordan triple system and let a € V. For odd natural
numbers m, n and p, we have

{am,an’ap} — am-‘rn+p'
Proof Let V@ be the a-homotope and x™ the nth power of x in the Jordan
algebra (V@, o,). By (1.20) and induction, we have

(12”71 — a(n).
By (1.13) and power associativity in Jordan algebras, we have
{a" {a.a,a),a’} = ({a",a,a},a,a’y = a3 o, a P

— a(m+3+p+l/2) — am+3+p.

One concludes the proof by induction, using the identity

2k—1 2k—1 2k—1
{a" {a,a™" ", a},a’} = {{a,a,a™},a™ ", a’} +{a",a" ", {a,a,a}}

—{a,a,{a", a* ", a"}).
O

Definition 1.2.11 Let V be a Jordan triple system and x, y € V. Extending the
definition of a box operator on a Jordan algebra, we define the box operator
xo0y:V — Vby
(xoy)) ={x,y,v}  (veV)

The triple identity (1.10) can be written in terms of Lie brackets of box

operators:
[acob,xoy]={a,b,x}oy —xoO{y,a,b}. (1.26)
Definition 1.2.12 A Jordan triple system V is called abelian or commutative
if
[acbh,xDy]=0

forall a, b, x, y € V; in other words, if the operators a0 b and x O y commute

foralla,b,x,y e V.Wecall V flatif xoy =yox forallx,y e V.

Lemma 1.2.13 Let V be a Jordan triple system. Then V is abelian if, and
only, if
{a, b, {x,y,2}} = {a, {b, x, y}, 2} = {{a, b, x}, y, 2}

foralla,b,x,y,z€V.
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Proof By the triple identity (1.26), the stated identities are equivalent to
[xOy,zobla)=0=[xab,an yl(z)
foralla,b,x,y,z€ V. O]

Example 1.2.14 Let V be a Jordan triple system and leta € V. Itis plain from
power associativity in Lemma 1.2.10 that the linear span V(a) of odd powers
of a is the subtriple of V generated by a, that is, the smallest subtriple of V
containing a. Moreover, power associativity implies that V() is abelian. If V
is real, then V(a) is flat, a consequence of power associativity again.

Example 1.2.15 Flat Jordan triple systems must be abelian. However, an
abelian Jordan triple system need not be flat. For instance, C with the triple
product {x, y z} = xyz is abelian but not flat.

Apart from the box operator, there are two important basic operators on
Jordan triple systems, namely, the quadratic operator and the Bergmann oper-
ator. Let V be a Jordan triple system and let a, b € V. The quadratic operator
Q,: V — V,induced by a, is defined by

Qu(x) ={a,x,a}  (xeV),

which is linear if V is real or complex, but conjugate linear if V is Hermitian.
The Bergmann operator B(a, b) : V — V, induced by (a, b), is defined by

B(a,b)(x) =x —2(at b)(x) + Q,0p(x) (x eV).
In terms of quadratic operators, the identity (1.14) can be formulated as
Q.,(boa)=(aob)Q, (a,beV). (1.27)
One also deduces from (1.14) that
B(a,b)Qa = Qa—0,0)  (a,beV).
The identity (1.16) can be formulated as

Qo,) = Qa0vQua  (a,beV). (1.28)

We need to derive a few more identities for later applications. Givena, b € V,
let us define the map Q(a,b): V — V by

Q(a, b)(x) = {a, x, b} (x eV).
We have of course Q, = Q(a, a), and it is easy to verify that

Qa+tx,a+1tx)= Q,+2t0(a, x)+ >0,
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for all scalars #. Hence we have, from the identity (1.28),
Q(Qct+tx(b)a Qa+tx(b)) = Qa+lx Qb Qa+tx
= (Qa +2tQ(a, x) + 1 0:)(QpQu + 21 0 Qa, x) + 12 0}, Q).

Comparing the coefficients of ¢ on both sides, we obtain

20(Qa(b). {a, b, x}) = Q(a, x)0pQa + Qa QpQ(a, x). (1.29)

Also, comparing the coefficients of ¢> on both sides of the previous identity,
we obtain

20(Qa(D), Qx(b)) +40(a, b, x},{a, b, x})
= 0a0p0x + 0:0p0Qa +40(a, )05 Q(a, x). (1.30)

Replacing b by b + c in (1.29) and expanding, we get

Q(Qu(D), {a, ¢, x}) + Q(Qu(c), {a, b, x})
= 040(b,0)Q(a, x) + Q(a, x) (b, ¢)Qa. (1.31)

Lemma 1.2.16 For a, ¢ and x in a Jordan triple system V, we have

20(040c(x), {a, ¢, x}) = 0.0 0x(cta)+ (atc) 0,0 Q-
Proof Substituting Q.(x) for b in (1.31), we have

20(QaQc(x), {a, c, x})
=20,0(0:(x), c)Q(a, x) +20(a, x) Q(Q(x), ©)Qa
—20(Qa(0), {a, Qc(x), x})
=20,0c(x0¢)0(a, x) +20(a, x)(cO x)Q:Qu
—20(Qa(0), {a, ¢, Q:(O)}),

where the second identity follows from (1.13). When (1.18) and (1.19) are
applied to the first two terms, the last formula becomes

QaQc(Q(Qc(x), a) + Ox(cDa)) + (Q(Qc(x), a) + (a0 ) 0:) 0 O
—20(Qa(0), {a, ¢, Qx(0)})
= 040:0:(cDa)+ (@D c)Q:0c 0
+040:0(0c(x), a) + Q(Qc(x), a)Qc Qu — 20(Qu(c). {a, ¢, Qx(c)})
= 040:0x(coa)+ (atc)Q:QcQa,

where the last three terms in the second formula sum to 0, by (1.29). O]
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Lemma 1.2.17 For a, ¢ and x in a Jordan triple system V, we have
20(x, Q4 Qp(x)) +40(a, b, x}, {a, b, x})
= 0,00+ 0:0,0, +4av b)Q,(bT a).

Proof Considering the last term in the equation and applying (1.19), we have
2(anb)Q.(boa) =4Q(x,a)(bo x)(b0 a) —20(Qx(b), a)(bO a),
which, by (1.18), equals

20(x, a)(Qp(x)0a) +20(x,a)Qp Q(x, a) —20(Q:(b), a)(bD a),
and by (1.19) again, this is equal to
0(x, QaQp(x)) + (x0 Qp(x))Qa +20(x, a) 0 O(x, a)

— 0(Qa(D), Q:(b)) — (Qx(b)1 b)Qq
= 0(x, Qa0p(x)) +20(x,a) 0 Q(x, a) — O(Qau(b), Q«(b)),
where the last identity follows from (1.13). It follows from (1.30) that
4(aob)Q,(boa)
=20(x, Q0 0p(x)) +40(x,a)Qp Q(x, a) — 20(Q4(b), Qx(b))
=20(x, QaQv(x)) +40Wa, b, x},{a, b, x}) = Qe Q» Ox — QxQpQas
which completes the proof. O

We are now ready to prove an important identity for the Bergmann operator.

Theorem 1.2.18 Let V be a Jordan triple system and let x,y,z € V. The
Bergmann operator B(x, y) satisfies

Q(B(x, y)z, B(x, y)z) = B(x, y)Q:B(y, x). (1.32)

Proof The identity can be proved by comparing the expansions of both sides.
Indeed, the left-hand side is equal to

Q. —40(z, {x,y,z2}) +20(z, 0+ 0,(2)) +40({x, y, 2}, {x, y, z})
—40(0x Qy(z)a {x,y,2}) + 00, Qy(z)’ Ox Qy(z))a
whereas the right-hand side equals
0:—2(x0y)Q; —20:(yox)+ 0:0,0: + 0:0,0x +4(x0 y)Q-(yO x)
- 20, Qy 0.(yox)—2(x0 y)Qz Qny + O« QszQy O,

which is identical to the left-hand side by the triple identity (1.9), Lemma 1.2.4,
Lemma 1.2.16 and Lemma 1.2.17. O
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Definition 1.2.19 A Jordan triple system V is called non-degenerate if
0,=0=a=0
foreacha e V.

Lemma 1.2.20 Let V be a non-degenerate Jordan triple system and leta € V.
Ifxoa=0forallx € V, thena = 0.

Proof We have
0={x,a {y a y}}

={{x,a,y},a,y} —{y,{a,x,a}, y} + {y,a, {x,a, y}}
= _{y9 {a,x, a}v y}

forall y € V,whichimpliesthat Q(, , . = Oforally € V.Hence{a, y,a} =0
forally € Vanda = 0. O

Lemma 1.2.21 Let V be a non-degenerate Jordan triple system andleta € V.
If{x,a,x} =0forallx € V, thena = 0.

Proof We have {x + v, a, x + v} =0forall x, v € V, which implies xO a =
Oforall x € V. Hence a = 0. O

Let V be a finite-dimensional real or complex Jordan triple. We define a
bilinear form (-, -) : V x V — F, where F is the underlying scalar field, by

(x,y) = Trace (xO y).
If V is a finite-dimensional Hermitian Jordan triple, then
(x,y) = Trace(xo y)

is a complex sesquilinear form. We call (-, - ) the trace formon V.

If the trace form on a Jordan triple system V is non-degenerate, that is,
(x,y) =0 for all y € V implies x = 0, then every linear map 7 : V — V
has an adjoint T* : V — V with respect to the trace form:

(Tx,y)=(x,T") (x,y€eV).

In this case, the quadratic form ¢(x) = Trace (x O x) is also called the trace
form, as g determines (-, -) completely. We call g, or (-, -), positive definite if
q(x) > O forall x # 0.

Lemma 1.2.22 Let V be a Jordan triple system which admits a non-degenerate
trace form. Then we have, for everya,b € V,

(aab)" =b0Oa,
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and hence the trace form (-, -) is symmetric if V is real or complex. If V is
Hermitian, the trace form (-, -) is Hermitian.

Proof By the triple identity (1.26), we have
((ao b)x,y) — (x,(boa)y) = Trace (ao b)xo y) — Trace (xO (bT a)y)
= Trace[an b, x0 y] = 0.

Hence (a, b) = Trace (a0 b) = Trace (a0 b)* = Trace (b0 a) = (b, a) if V is
real or complex, whereas Trace (a0 b) = Trace (a0 b)* = Trace (b a) if V
is Hermitian. O

Lemma 1.2.23 Let V be a real or complex Jordan triple. The following con-
ditions are equivalent.

(1) The trace form is non-degenerate.
(ii) The bilinear form (x,y) € V? — Trace(xO y + yO x) is
non-degenerate.

Proof (i) = (ii). This follows from Lemma 1.2.22.

(i1)) = (1). The bilinear form < x,y > = Trace(xOy 4+ yoOx) on V is
non-degenerate and symmetric. Using Trace [xO y, u0 v] = 0 and the triple
identity (1.26) as before, we have

L (xOoyu,v > =Trace((xO y)uo v) +vOa (xO y)u)
= Trace (o (yoO x)v+ (yoO x)vD u)
=<Lu,(yox)v>.

Hence the box operator y 0 x is the adjoint of x O y with respect to the bilinear
form < -, - >. Therefore Trace (yD x) = Trace (x O y) and (i) follows. O]

Definition 1.2.24 A Jordan triple system V is called semisimple if for each
a € V, we have

ao x isnilpotent forallx € V = a = 0.
We say that V is weakly semisimple if ac x = 0 for all x € V implies a = 0.

Definition 1.2.25 A Jordan triple system V is called anisotropicif {x, x,x} =0
implies x = 0 foreachx € V.

Lemma 1.2.26 Let V be a Jordan triple system which admits a positive definite
trace form. Then V is anisotropic.

Proof Let x € V and {x, x, x} = 0. Using the identities (1.17) and (1.15), we
deduce that the box operator x O x is nilpotent; in fact, (x 0 x)* = 0. Therefore
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Trace (x 0 x) = 0 which implies that x = 0, since the trace form is positive
definite. O

For finite-dimensional Jordan triples, semisimplicity is equivalent to non-
degeneracy of the trace form.

Lemma 1.2.27 Let V be a finite-dimensional Jordan triple system. The follow-
ing conditions are equivalent:

(i) V is semisimple.
(i1) The trace form on V is non-degenerate.

These conditions imply that V is non-degenerate.
Proof We show that
{aeV:aoxisnilpotentVx € V} ={a € V : Trace(ao x) =0Vx € V},

from which the equivalence of (i) and (ii) follows immediately.

Indeed, if a O x is nilpotent, then Trace (a 0 x) = 0. If the operator a O x is not
nilpotent for some x € V, then the left multiplication L, : V® —s V® onthe
x-homotope V™ is not nilpotent, as the two operators are identical. Therefore a
is not nilpotent in the Jordan algebra V), by Lemma 1.1.9. From Lemma 1.1.8,
there is an idempotent e in the subalgebra A(a) of V) generated by a, and e
is of the form e = )", aya™™. It follows that Trace (e0 x) = Trace L, > 0 and
the triple identity gives

Trace (e0 x) = <Z axa™, x>
k

=Y (@™ Vo x)a), x)
k
= <a, Zak(xtl a(”kl))(x)>
k
= Trace (aD ZOlk(XD a(”kl))(x)) ,

k

and hence a does not belong to the above set on the right. This proves the
equality of the two sets.

Assume condition (i) and let Q, = 0 for some a € V. Forevery x € V, we
have

2aox)’ = Q,x)0x + 0,0, =0
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by the identity (1.18). Hence ao x is nilpotent for all x € V and a = 0 by
semisimplicity. This proves non-degeneracy of V. O

Example 1.2.28 A non-degenerate Jordan triple system V is necessarily
weakly semisimple, since a0 x(a) = Q,(x). However, weak semisimplicity
is strictly weaker than non-degeneracy. Let

vz{<g £>:a,ﬂeR}

be equipped with the triple product
{a, b, c} = abc + cba (a,b,ceV),

where the product on the right is the matrix product. Then V is a weakly

semisimple Jordan triple system in which @, = 0 fora = (8 (1))

Definition 1.2.29 A finite-dimensional Jordan triple system V is called positive
if xo x : V — V has a non-negative spectrum for each x € V.

If V is a complex Jordan triple and positive, then ix 0 ix = —x O x implies
that each x 0 x has zero spectrum. We will therefore only be interested in
positive real or Hermitian Jordan triples.

Example 1.2.30 A positive Jordan triple need not be non-degenerate. Let

[

be equipped with the triple product
{a, b, c} = abc + cba (a,b,ceV),

where the product on the right is the matrix product. Then V is a positive real

Jordan triple. Indeed, for x = (O

0 ;), the eigenvalues of the box operator

x0 x are B2 and 282%. However, Q, = 0 fora = (8 (1)>

The role of idempotents in a Jordan algebra is played by tripotents in a Jordan
triple system.

Definition 1.2.31 Anelement e in aJJordan triple system V is called a tripotent if
e = {e, e, e}. A tripotent e is said to be orthogonal to a tripotent f ifen f = 0.
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For tripotents e and f in a Jordan triple system V, it will be shown that
the condition ed f = 0 is equivalent to f O e = 0. Two elements a, b € V are
defined to be orthogonal to each otherifato b = boa = 0.

Lemma 1.2.32 Let V be an anisotropic Jordan triple system and leta, b € V.
Then a and b are orthogonal to each other if, and only if, ato b = 0.

Proof Letan b = 0. By the triple identity (1.26), we have
xO0{b,a,y}={a,b,x}oy—[aob,xoy]=0 (x,yeV),
which gives
{boa(y).boa(y),boa(y)l=0  (yeV).
Hence b0 a = 0 by anisotropy. O

Lemma 1.2.33 Let e be a tripotent in a Jordan triple system V. Then the box
operator et e : V. —> V has eigenvalues in {0, 1/2, 1}.

Proof Let V© be the e-homotope of V. Then e is an idempotent in the Jordan
algebra V© with the Jordan product

ao,b=/V{a,e,b}.

The box operator ede: V — V is the left multiplication operator L, :
V© — V© which has eigenvalues 0, 1/2 or 1 by (1.6). O

We now show the existence of tripotents.

Theorem 1.2.34 Let V be a finite-dimensional real or Hermitian Jordan triple.
The following conditions are equivalent:

(1) V is semisimple and positive.
(i) The trace form q(x) = Trace (x O x) is positive definite.
(iii) Each nonzero x € V admits a unique decomposition x = oje; + - -+ +
aye,, where ) < oy < --- <oy and ey, ..., e, are mutually orthogonal
tripotents in V.

Proof (i) = (ii). We have g(x) > 0 by positivity of V. If Trace (xo x) = 0,
then all eigenvalues of x O x are zero and we must have xo x = 0, since x 0 x
is self-adjoint with respect to the trace form on V, by Lemma 1.2.22. It follows
that x is nilpotent in the a-homotope V@ for each a € V since in the Jordan
algebra V@, we have

x@® = x,a,{x,a,x}}, a,x}

={(x,a,{x,x,a}} + {x,{a, x, x},a} — {x,x,{x,a,a}}),a,x} =0.
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Hence the left multiplication L, : V@ — V@ g nilpotent by Lemma 1.1.9.
It follows that Trace(xo a) = Trace L, =0 and x =0 by semisimplicity
of V.

(i) = (iii). Let g be positive definite and let x € V\{0}. Let V(x) be the
subtriple of V generated by x. Then V (x) is a finite-dimensional inner product
space with the trace form ¢. Let IL be the real linear span of the box operators
{ao bly) :a,b € V(x)}. Then L is a commutative algebra with respect to
composition, as V (x) is abelian, as noted in Example 1.2.14. By Lemma 1.2.22,
L consists of self-adjoint operators on V (x) and can therefore be simultaneously
diagonalised. In other words, there is a basis {vy, ..., v,} in V(x) such that
Lvy € Ry forall L e Land k =1, ..., n. In particular, we have

(UkD vk)(vk) = Akvk (k = l, [N n),

where A 7% 0 since V is anisotropic by Lemma 1.2.26. Moreover, v /A is an
idempotent in the vg-homotope V¥ on which the left multiplication L., ;,
has eigenvalues 0, 1/2 or 1. The latter says the same of the box operator
(v O vg)/Ag. It follows that Trace (v, O vg) is a positive multiple of A; and
hence A, > 0.

Lete, = vk/\/xk fork=1,...,n.Theney, ..., e, are mutually orthogonal
tripotents in V, since (¢; 0 e;)(ex) = (ex 0 e;)(e;) € Rey N Re; = {0} fori # k.

After permutation and sign change, we can write

x=ae+-- o O=o = <a).
By orthogonality, we have
xP =ale; + -+ ale,

for odd powers x” of x. Since V(x) is spanned by these odd powers, we must
have

O<a; <+ < ay.
To see the uniqueness of the decomposition, let
X =y + -+ Ll

where 0 < pu; < --- < w,, and uy, ..., u, are mutually orthogonal tripotents.
Then we have

M%Hlul 4ot Mikﬂum — x@k+D ¢ V(x)
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fork =1,2,....Henceeachu;isin V(x)and uy, ..., u,, form a basis of V (x)
withm =n. Wehave u; = ), Brex and

3
uj=A{uj,uj,u;}= Zﬂkek
k

which imply B = 0 or 1. It follows that u; equals %e; for some k; but the
inequalities on the coefficients imply u; = e; and u; = o for each j.

(i) = (). Given x = aje; + -+ aye, with orthogonal tripotents
e, ..., e,, we have

n
xOx = Za,f(ekm er),
k=1

where each e, O ¢, has spectrum in {0, 1/2, 1}. Hence x O x has non-negative
spectrum. If Trace (xo x) = 0, then oc,% = 0 for all k and x = 0. This proves
the semisimplicity of V. O

Definition 1.2.35 Let V be a semisimple positive finite-dimensional real or
Hermitian Jordan triple and let x € V. The decomposition

X =awaq1e1+ -+ oe,

in Theorem 1.2.34 (iii) is called the spectral decomposition of x. We define the
triple spectrum of x to be the set

s(x) ={ay, ..., a,}.
Example 1.2.36 The 4-dimensional real vector space
V={x,—x,y):x,y € C}
is a real Jordan triple with triple product
{(e, =x, ), (@, —a, B), (x, —x, y)} = (xax, —xax, yBy).

Given a = (x, —x, y) € V, the operator a0 a is represented by the following
matrix with respect to the basis {(1, —1, 0), (i, —i, 0), (0, 0, 1), (0, 0, i)}:

20 0 0
0 x2 0 0
0 0 y2 0
0 0 0 y?

Hence V is not a positive Jordan triple. For instance, the box operator
(i, —i,1)O (i, —i, i) has negative spectrum.

However, the 2-dimensional Jordan triple Vg = {(x, —x, y) : x,y € R}isa
positive Jordan triple.
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‘We now discuss the Peirce decomposition of a Jordan triple system V induced
by a tripotent u € V. Let V® be the u-homotope of V. As noted before, u is an
idempotent in the Jordan algebra V® with Jordan product a o, b = {a, u, b}
and the box operator uCu : V — V is the left multiplication L, : V® —
V@, with eigenvalues in {0, 1/2, 1}.

Definition 1.2.37 Let u be a tripotent in a Jordan triple system V. The
eigenspaces
Vk(u)={z€V:(uDu)(z)=§Z} (k=0,1,2)
are called the Peirce k-spaces of u, and the eigenspace decomposition
V= Vo(u) ® Vi(w) & Va(u)

is called the Peirce decomposition of V.

By (1.7) and (1.8), the Peirce k-space is the range of the Peirce k-projection

P(u):V—YV
given by, using (1.17),
Py(u)(@) = 2Ly(2) = Lu(2) = 2{u. u, {u, u, 2} — {u, u, 2} = Q}(2)

Pi(u) = 4Ly — L) = 2Ly = QL; = L) = 20 u = Q})
Pou)=1—-2wou— Q> — Q> =1-2uou+ Q> = B(u,u),
where I : V — V is the identity operator.
Trivially, if u =0, then Py(u) =1 and V = Vy(u). We usually consider
nonzero tripotents in Perice decompositions.
By Lemma 1.1.10, the Peirce 2-space V»(u) of a tripotent u € V is a Jordan
subalgebra of the u-homotope V), containing the identity u, with Jordan
product

ao,b=1{a,u,b} (a,beV).

Lemma 1.2.38 Given a tripotent u in an abelian Jordan triple system V, we
have

V = Vo(u) & Valu),
where (V5(u), o,) is an (abelian) associative algebra.

Proof Since V is abelian, the box operatoru 0 u : V — V is a projection; that
is, (uD u)? = uO u, and it follows that 2{u,u, v} = v implies v = 0. Hence
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Vi(u) = {0}. The associativity of (V»(u), o,) follows directly from the abelian
condition on the triple product. O

Definition 1.2.39 A tripotent u in a Jordan triple system V is called maximal
or complete if Vo(u) = {0}. It is called unitary if Vo(u) = V.

Neither maximal nor unitary tripotents can be 0 unless V = {0}. We see
from Lemma 1.2.38 that an abelian Jordan triple system becomes an abelian
associative algebra if it admits a maximal tripotent.

Example 1.2.40 Consider the Jordan triple M,(C) of 2 x 2 complex matrices.
For the tripotent
1 0
u = N
0 0

the Peirce k-projections are given b

Po(u)(
a

()
a b a0

PZ(”( c d)z(OO)'

Example 1.2.41 In the Hermitian Jordan triple H3(Q), introduced in Example
1.2.8, the Peirce 1-space of the tripotent

a9
SIS
~—
|
A~
oo oo

1 00
u=0 0 O
0 0 O
is none other than

M2(0) = Pi(u)(H3(0)).

More generally, consider the Hermitian Jordan triple L(H, K) in
Example 1.2.6. An operator u € L(H, K)is atripotent if and only if u = uu*u;
that is, u is a partial isometry. The operators | = uu™ and r = u*u are projec-
tions on the Hilbert spaces K and H, respectively. They can be represented,
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with suitable orthonormal bases, by square block matrices
1x O 1y O
{= , r= ,

0o O O O

where 15 and 1k are identities. In this representation, each operator in the
Peirce 2-space

L(H,K),(u)=P,w)L(H,K)={(Tr:T € L(H, K)}
has a rectangular matrix representation

£Tr] O
Pu)T =£Tr =
0 0

The other two Peirce projections of u are given by

o o
Po)T =g —OTAy — 1) = )
0 [Ax —OTAy —1)]

o [ET(Ay — 1))
Pi)T =Ty —r)+ (g — OTr =
[Ax — OTr] o

The matrix form of the Peirce decomposition of T € L(H, K) is given by

[LTr] [Ty —r)]
T =
[Ax =OTr] [Ag =OTAy —r)]

Definition 1.2.42 Given two tripotents u and v in a Jordan triple system V, we
write u < v if v — u is a tripotent orthogonal to u.

Proposition 1.2.43 Let u, v be tripotents in a Jordan triple system V. The
following conditions are equivalent:

G) u<w.
i) {v,u,v}=u.

Proof (i) = (ii)). Wehave 0 = {v — u, u, u + v} = {v, u, v} — {u, u, u}, which
gives {v, u, v} = u.

(i) = (i). We use the identities (1.13), (1.14), (1.16) and (1.17) repeatedly
in the following computation.
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Since u = P>(v)u € V,(v), we have {v, v, u} = u. Also
{u,v,u} = {{v, u, v}, v, {v, u, v}}

= {v, {u, {v, v, v}, u}, v}
= {v, {u, v, ujv}
={v,u, {v,u,v}}
={v, u, u}.

Hence

{u,{u,v,u},u} = {u,{v,u,u}, u} ={u, v, {u,u, u}} = {u, v, u}.
We note that
{u, v, {u,v,u}} ={u, {v,u,v},u} ={u,u,u} =u
and also

v, u, {u,v,u}} =2{v,u, {v,u,u}} = {v, {u, v, u}, u} + {v, {u, u, u}, v}

=,
where
{o, (s v, ), 1) = (v, 0, v}, 1) = 1.
It follows that
w = {u, {v, u, v}, 1} = {u, (v, {1, 1, 1), 0}, )
= {{u, v, ), w, {u, v, )}
= (v, s}, u, {uts 1, v})
_ %{{U, (i, ), v) + % (o, s ), u, v, u}, u)
_ %{{v, u, uh, u, v} + % {u, {u, v, ), {ut, v, u})
_ %u + %({u, {1, v, ul, ) — {ut, (e, v, ), 0, v}, 1)
(s v, s (s v, ), )
_ %u + % (Gt v ) — (0, )+ {ut, v, fu, v, 1))
which yields

{u,v,u} =u ={v,u,u}.
It is now readily verified that

fv—u,v—u,v—u}=v—u;
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that is, v — u is a tripotent, and

{u,u,v—u} =0.

O

We note from the preceding proof that ¥ < v implies {u, v, u} = u. One
deduces readily from condition (ii) that the relation < in Definition 1.2.42
is a partial ordering on the set of tripotents. Indeed, if # < v < u, then u =
{fv,u,v} =v.Ifu <v <e,thenu < e because, by (1.17), we have

{e,u, e} ={e, {v,u, v}, e} =2{e, v, {u,v,e}} —{e {v, e, v}, u}

=2{v, v, {u,v,v}} —{e,v,u} =2u — {v,v,u} = u.

Let u be a tripotent in a Jordan triple system V. For any real scalar ¢ # 0,
the Bergmann operator

Bu,d—-tu):V —YV
is invertible. Indeed, a simple calculation gives
B(u, (1 — t)u) = Po(u) + 1 Py () + 1 Py(u) (1.33)

and therefore B(u, (1 — t)u) has inverse

1 1
B(u, (1 —t Mu) = Py(u) + ~Piw) + 5 ()

by mutual orthogonality of the Peirce projections.
Since

2
B(u,(1 — Hu)y = ZtkPk(u)v (1.34)
k=0

for each v € V, it follows that, for t % 1, we have B(u, (1 — t)u)v = t*v if
and only if v € Vi(u) for k =0, 1,2. However, for k ¢ {0, 1,2}, we have
B(u, (1 — t)u)v = t*v if and only if v = 0.

We now derive the basic Peirce multiplication rules.

Theorem 1.2.44 Let u be a tripotent of a Jordan triple system V. Then the
Peirce k-spaces Vi, (u) satisfy

{(Vou), Va(u), V} = {Va(u), Vo(u), V} = {0}
{Vitw), Vi), Vi(u)} C Vi ji(u), (1.35)

where V(1) = {0} for o ¢ {0, 1, 2}.
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Proof Letx € V(u) and y € Vy(u). We first observe that
{u, y,u}y = Qyy = QuP, )y = Q, Pa(u)Po(u)y = 0.
Hence, by (1.17), we have

{z,u, v} ={z, {u,u,u}, y} = 2{z, u, {u, u, y}} — {z, {u, y,u},u} =0

for any z € V. It follows from (1.19) that

{xv yﬂ Z} = {{I/l, {M, X, u}7 u}7 yv Z} = 2{1/!, {yv u, {u7xv M}}, Z}
- {{M, Y, I/t}, {u’xv M}, Z} = 0
for all z € V. Likewise {Vy(u), Vo(u), V} = {0}.

To show (1.35), we make use of invertibility of B(u, (1 — t)u) for real scalars
t # 0, with inverse B(u, (1 — t~")u), and deduce from Theorem 1.2.18 that

B(u, (1 —Hu){z, x, 7}
={Bu, (1 —tu)z, Bu, (1 — t_l)u)x, B(u, (1 —tHu)z}

for x, z € V. By polarization in (1.21), we have

B(l/l, (1 - t)u){xs Yy, Z}
={B(u, (1 —tu)x, B(u, (1 — t_l)u)y, B(u,(1 —tHu)z} (1.36)

for x, y, z € V. In particular, for v, € V,(u), the preceding remarks imply

B(u, (1 — Hu){v;, vj, v}
= {B(u, (1 — Huv;, B(u, (1 —t uyv;, Bu, (1 — )u)vg}
= {tiv,',t’jvj,tkvk}
=1, v, v

and {v;, vj, v} € Vieji (). O

The Peirce multiplication rules reveal immediately that the Peirce k-spaces
Vi (u) of a tripotent « in a Jordan triple system V are subtriples of V. These
rules also entail the following useful results.

Corollary 1.2.45 Let u, e be tripotents in a Jordan triple system V such that
u € Vy(e). Then we have V,(u) C V,(e) and Vy(e) C Vo(u).

Proof We have V,(u) = P,(u)(V). Each x € V has a Peirce decomposition
x = X0+ x1 +x2 € Vo(e) ® Vi(e) @ Va(e) with respect to e, and the Peirce
rules imply P>(u)(x) = P>(u)(x2) € Va(e).

The Peirce rules also imply (u 0 u)(Vy(e)) = {0}. L]
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Corollary 1.2.46 Let u,v be tripotents in a Jordan triple system V. The
following conditions are equivalent:

(1) u and v are orthogonal to each other.
(i) vou =0.
@ii) {u,u,v} =0.
@Gv) {v,v,u}=0.

Proof This follows easily from Theorem 1.2.44. Indeed, orthogonality implies
(iv), which in turn implies that u is in the Peirce 0-space Vj(v) of v and therefore
vO u = 0 by Theorem 1.2.44. By the same token, (ii) is equivalent to (iii). [J

Given two mutually orthogonal tripotents # and v in a Jordan triple system V,
itisevident that u + v is also a tripotent. One can form the Peirce decomposition
of V with respect to a family of orthogonal tripotents. We show the construction
for two orthogonal tripotents e; and e;. It can be extended naturally to the case of
a finite number of orthogonal tripotents. We first observe that, by orthogonality,

Bej, tej)er = e (j,kefl,2},j#kandt € R),
and a direct computation using (1.36) yields
B(ey, (1 —)e1)B(ez, (1 — s)ez) = Blez, (1 —s)e2)Bley, (1 —ney). (1.37)

Since B(ey, (1 —t)e;) = Py(e;) + tPi(e)) + t2Po(e1) and B(es, (1 — 5)ep) =
Py(e2) + s Py(e3) + s% Py(ey), comparing coefficients in the equation (1.37),
one finds that the Peirce projections P;(e;) and Py(e;) commute. Therefore, we
have the decomposition

V= @ Vik =Voo® Vo1 ® Vo2 ® Vi1 @ Vip® Voo,
0<j<k=2

where Vi = Va(er) for k #£ 0 and Vp o = Vi(er) N Vo(ey) is the range of the
projection Py(e;)Py(ez), and

Vo1 = Volea) N Vi(er), Voo = Voler) N Vilez), Vi = Vi(er) N Vi(er)

are ranges of mutually orthogonal projections P;(e ;) Py(e ) for suitably chosen
indices j, j/, k and k'.

A subspace J of a Jordan triple system V is called a triple ideal, or simply,
an ideal, if it satisfies the condition

{(JV.V}+{V.J,V}CJ.
If a subspace J C V satisfies only

{J’ V7 J} C J7
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then it is called an inner ideal. The concept of an inner ideal is important
in modern Jordan structure theory. Inner ideals are substitutes for one-sided
ideals; the latter are absent in Jordan systems. Actually, every left or right
ideal, or their intersection, in an associative algebra A is an inner ideal in the
special Jordan algebra (A, o) with the Jordan producta o b = (ab + ba)/2. So
is any subspace of the form a.Ab. In a Jordan triple system V, the subspace
{v, V, v} is an inner ideal, called the principal inner ideal determined by v.

Given an ideal J of a Jordan triple system V, the quotient space V/J is
naturally a Jordan triple system with the triple product

x+J,y+J,z+J}=1{x,y, 2} + J.

The kernel ¢~!(0) of a triple homomorphism ¢ : V —> W is an ideal of V.
On the other hand, an ideal J of a Jordan triple system V is the kernel of the
quotient map g : V — V/J, which is a triple homomorphism.

Let u be a tripotent in a Jordan triple system V. Applying the Peirce
multiplication rules in Theorem 1.2.44 to the Peirce decomposition V =
Vo(u) @ Vi(u) & Va(u), one deduces the following fact readily.

Proposition 1.2.47 Given a tripotent u of a Jordan triple system V, the Peirce
spaces Vo(u) and V(u) are inner ideals of V.

1.3 Lie algebras and the Tits—Kantor—Koecher
construction

In this section, we show an important connection between Jordan triple systems
and Lie algebras via the Tits—Kantor—Koecher (TKK) construction. Lie algebras
play an important role in geometry and this connection provides us with a useful
link to apply Jordan theory to geometry. We will only be concerned with real
or complex Lie algebras which, however, can be infinite-dimensional.

In what follows, a Lie algebra is a real or complex vector space g of any
dimension, with a bilinear multiplication, called the Lie brackets,

(x,y)egxgr [x,y] g,
satisfying [x, x] = 0 and the Jacobi identity
([x, y], 21+ [y, 2], x] + [[z, x], y] = 0

for all x,y, z € g. We note that the multiplication is not associative but is
anticommutative:

[X, Y] = _[y’-x]'
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On any associative algebra a, one can define the Lie brackets by commutation,

[x, y] = xy — yx,

where the product on the right-hand side is the original product in a. Then
(a, [+, -]) is a Lie algebra. Unlike Jordan algebras, a theorem of Poincaré,
Birkhoff and Witt asserts that any Lie algebra can be obtained in this way from
an associative algebra. Nevertheless, reducing Lie questions to associative ones
via this device seldom seems to be conclusive.

Given subspaces / and k of a Lie algebra g, we define

(A, kT =[x, i)+ -+ Do, Yl t X1, oo, X0 € Y1, .oy, € K,

which is a subspace of g. We note that [h, k] = [k, h]. A Lie algebra g is called
abelian if [g, g] = 0. An ideal of g is a subspace § of g satisfying [g, h] C bh.
For instance, [g, g] is an ideal of g. Given an ideal h of a Lie algebra g, the
quotient space g/b is a Lie algebra in the product

[x+b,y+bl=[x,y]+b (x+bh,y+beg/h).

A homomorphism between two Lie algebras g and b is a linear map
0 : g —> b satisfying 0[x, y] = [0x, 0y] for all x, y € g. Given an ideal h of
g, the quotient map 0 : x € g — x + h € g/h is a homomorphism. A bijective
homomorphism between Lie algebras is called an isomorphism. An isomor-
phism from g onto itself is called an automorphism of g.

Definition 1.3.1 Let g be a Lie algebra. The set Autg of all automorphisms
0 : g —> g forms a group with composition as group product, called the auto-
morphism group of g.

A derivation of a Lie algebra g is a linear map 6 : g —> g satisfying
8[x, y1 = [6x, y] + [x, 8y] (x,y €9).
The vector space aut g of all derivations of g is a Lie algebra in the Lie brackets
[8,y] =38y —vs.
For each element x € g, the map ad(x) : g — g defined by
ad(x)(y) =[x.y]  (yeg)
is a derivation of g, and the Jacobi identity implies that the map

ad: g — autg
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is a homomorphism, called the adjoint representation of g. The kernel of ad is
the centre of g:

3(@={reg:[x,y]=0Vy € g}.
The range of ad, denoted by ad g, is an ideal of aut g, since
[6, ad(x)] = ad(éx) (6 € autg, x € g).

The elements of ad g are called the inner derivations of g.
A Lie algebra g is called solvable if its derived series

290" =1g.912¢% =[g".g"1> - D g" PV =[g". g"1 >

eventually terminates, that is, g/ = {0} for some 1. We refer to Kaplansky [68,
theorem 33] for a proof of the following criterion of solvability due to Cartan.

Theorem 1.3.2 Let g be a Lie algebra of real or complex matrices. Then g is
solvable if Trace (AB) = 0 forall A, B € g.

Given a finite-dimensional Lie algebra g, the symmetric bilinear form
B:gxg—TF (F=RorC)
defined by

B(x,y) = Trace (ad(x)ad(y))

is called the Killing form of g. The quadratic form B(x, x) is known as the
Casimir polynomial of g. The Killing form 8 is invariant; that is,

B(lx.yl.2) = Bx.[y.z)  (x.y.z€9),

which is equivalent to

Blx. ¥y, ) +B(y. [x. 2D =0 (x,y,z€9).

The latter condition says that ad(x) is skew-symmetric with respect to 8.

A Lie algebra g is called semisimple if g contains no nonzero abelian ideal,
which is equivalent to the condition that g contains no nonzero solvable ideal.
We prove the Cartan—Killing criterion for semisimplicity as follows.

Theorem 1.3.3 A finite-dimensional Lie algebra g is semisimple if, and only
if, its Killing form B is non-degenerate.

Proof Let the Killing form S(x, y) = Trace (ad(x)ad(y)) be non-degenerate.
Let h be an abelian ideal of g. We show that ) = {0}. Let x € hand let y € g.
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Since § is an ideal, we have ad(x)ad(y)(g) C h and hence

(ad(x)ad(y))*(g) C ad(x)ad(y)(h) C [x, h] = {0},

since h is abelian. This shows that the linear map ad(x)ad(y): g — g is
nilpotent and therefore Trace (ad(x)ad(y)) = 0. Non-degeneracy of B gives
x =0.

Conversely, let g be semisimple. Let

t={xeg:px g =1{0}}.

We need to show € = {0}. Since B is invariant, £ is an ideal of g. We have
Trace (AB) = Ofor A, B € ad(®). It follows from Cartan’s solvability criterion
that ad(¥) is a solvable ideal in autg. Semisimplicity of g implies that the
homomorphism ad has zero kernel and therefore £ is a solvable ideal in g.
Hence £ = {0} by semisimplicity again. O

The Tits—Kantor—Koecher construction originally relates Jordan algebras to
finitely graded Lie algebras. This construction has been extended to Jordan
triple systems by Meyberg [90]. We will describe the construction for Jordan
triple systems (see also [22]). Let Z be the ring of integers. By a Z-grading
of a Lie algebra g, we mean a decomposition of g into a direct sum of vector
subspaces,

s=Pan.
nez
such that[g,, gn] C gu+m- The grading is said to be finite if the set {n : g, # 0}
is finite. It is said to be nontrivial if ©,-08, # 0. Lie algebras with a nontrivial
finite Z-grading have been classified by Zelmanov [122], in which the TKK
construction plays an important part. If A C Z, a Lie algebra

g= @ Ja
acA
is said to be graded if [gy, 9g] C ga+p, Where go1p = {O}ifa + B ¢ A.Thereis
aone-to-one correspondence between 3-graded Lie algebras g_, & go @ g; and
Jordan pairs [87]. We consider only 3-graded Lie algebras with an involution,
called the Tits—Kantor—Koecher Lie algebras, because of their connections to
symmetric spaces.

By an involutive Lie algebra (g, 0), we mean a Lie algebra g equipped with
an involution 6 (i.e., an involutive automorphism 6 : g —> g). We will always
denote the 1-eigenspace of 6 by €, and by p the (—1)-eigenspace of 6 such that
g has the decomposition g = £ @ p, where

(t.¢]CE [p.plCE and [Ep]Cp.
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If (g, 6) is finite-dimensional, the involution 6 is called a Cartan involution if
the symmetric bilinear form By defined by

Bo(x,y) = —p(x,0y)  (x,yeg)
is positive definite.

Example 1.3.4 Let V be a normed vector space and gl(V') the normed algebra
of continuous linear self-maps on V. Then gl(V) is a Lie algebra in the usual
Lie brackets,

[X,Y]=XY -YX  (X,Y €gl(V)).

If n = dim V < oo, we often denote gl(V') as gl(n, F) where F = R or C.

If V is a Hilbert space, then the subspace gl (V) of gl(V), consisting of all
Hilbert—Schmidt operators, is an ideal and is equipped with a natural complete
inner product,

(X, Y)y = Trace (XY™) (X, Y € gl (V).

Of course, gl (V) = gl(V) if dim V < oo.
We can define an involution 6 : gl(V) — gl(V) by

0(X)=-X" (X eglV)),

where X* : V — V denotes the adjoint operator of X. If dim V < oo, then 0
is a Cartan involution, since

—B(X, 0X) = —Trace (ad(X)ad(0 X)) = Trace (ad(X)ad(X™))
= Trace (ad(X)ad(X)") > 0,

where ad (X)* : gl(V) — gl(V) is the adjoint operator of ad (X) with respect
to the inner product (-, -),.
In fact, the Killing form of gl(V') can be computed explicitly, it is given by

B(X,Y) = 2nTrace (XY) — 2Trace (X)Trace (Y) (X,Y € gl(V)).

Definition 1.3.5 A graded Lie algebra g =g_; @ go @ g is called a Tits—
Kantor—Koecher Lie algebra (TKK Lie algebra) if g admits an involution 6
satisfying
e(got) =0-a-
We call g canonical if [g_1, g1] = go.
We define the canonical part of g to be the Lie subalgebra
g =g1®lg-1.a1l D,

which is also a TKK Lie algebra with the restriction of 8 as its involution.
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The symmetric part of g is defined to be the following Lie subalgebra:
g ={a@®h®—0Oa:aecg_,0h=hec g,
where

[a®h® —0a, bdkd—6b]
= ([a, k] + [h, b]) ® [h, k] ® ([—0Oa, k] — [k, OD]).

The restriction of 6 to g, is an involution. The Lie subalgebra
gr={a®h®ba:acg_,0h=he g}

is called the dual symmetric part of g, which is the 1-eigenspace of 6.
We define the dual involution9* on gby 0*(a ® h & b) = —0b ® O0h & —0a,
which restricts to an involution on g;.

Remark 1.3.6 With the dual involution, (g, 6*) is also a TKK Lie algebra and
g; now becomes the symmetric part of (g, 6*).

We will now show the correspondence between Jordan triple systems and
TKK Lie algebras. We first consider non-degenerate Jordan triples.

Lemma 1.3.7 Let V be a non-degenerate Jordan triple system and let
Yjajob; =3 ux0v. Thenwe have )  bj0aj =3, veO uy.

Proof We have

Zajmbj,xmy = Z(ajtlbj)x Oy—x0O ijmaj y
r - -

J J
= |:ZukD Vg, xO y:| = (Z(uktl vk)x) Oy—x0O <ka[1 uk> v,
k k k

which gives xD (Zj b;o aj) y=x0O (Zk v O uk) y for all x,y € V. By
Lemma 1.2.20, we conclude that } ;b0 a; =} v O . O

Theorem 1.3.8 Let V be a non-degenerate Jordan triple. Then there is a
canonical Tits—Kantor—Koecher Lie algebra £(V) with grading

V) =L(V)-1 & L(V) & £V
and an involution 0 such that £(V)_1 =V = £(V), and
(x, y, 2} = [lx, 0yl 2]
forx,y, ze £&(V)_.
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Proof Form the algebraic direct sum
LV)y=V_e Voo Vi,

where V_; = V| = V and Vj, is the linear span of V 0 V in the space L(V) of
linear self-maps on V. The Jordan triple identity (1.26) implies that V; is a Lie
algebra in the bracket product

[h, k] = hk — kh.
By Lemma 1.3.7, the mapping
xo0yeVoVeyoxeVaV
is well defined and extends to an involution * : V) —> V} satisfying
xoy,uov) = —[yox,voul.
This enables us to define an involutive automorphism 0 : £(V) — £(V) by
xdhdy)=y®-h"@&x (®h®yeV ®Vod W),

where we also write (x, i, y) forx & h & y, x for (x, 0, 0), y for (0, 0, y), and
h for (0, k, 0) if there is no confusion. By identifying V,, naturally as subspaces
of £(V), we see immediately that 8(V,,) = V_, fora = 0, 1.

We show that £(V) is a Lie algebra in the following product:

xPhDy, udkdv]
= (h(u) — k(x), [h, k] +x0v —uoy, k*(y) — h*(v)).

Given x € V_; and y e V), we have [x,y]=[(x,0,0),(0,0,y)]=
(0, xo y, 0) and hence [V_;, V|] = Vj. We also have [V_;, V_1] = [V, V1] =
0.

For x, y,z € V_;, we have

{x,y,z} =[x, 0y], 2],

and the properties of the Jordan triple product translate into the Jacobi
identity. Indeed, the bracket product has zero square and the Jacobian
J(x,y,2) =[x, yl, 2] + [Iy, z], x] + [[z, x], y] alternates, where for h €
VoV, the preceding remarks imply that J(h, V_, V_1) = J(h, V|, V}) =
J(V_l, V_1, V_|) = J(V], V], V]) = J(h, ]’l, V_]) = J(h, h, V]) = 0. Hence
Jacobi identity holds if and only if

J(h, V_1, Vi) = J(V_y, Vo, Vi) = J(V_y, Vi, Vi) =0,
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where J(h, V_;, V1) = 0 is the same as
[A,uc v]l=h(m)o v+uo Bh)(v) ((u,0,0) € V_1,(0,0,v) € V),
which holds since, putting 7 = xO y, this identity is just the Jordan triple
identity
[xoy,uov]l={x,y,u}ov—uo {y, x,v}.

Likewise, the vanishing of J(V_;, V_{, V}) and J(V_;, V1, V}) follows from
the symmetry of the Jordan triple product.
Finally, £(V) is canonical since [V_;, V|] = Vj. O]

Remark 1.3.9 The involution 0 in the TKK Lie algebra g = £(V) is the unique
involution satisfying

aob=[a,0b] = —0(boa) (a,beV_,=V)

and is called the main involution (cf.[77, p. 793]). Indeed, given an involution
o satisfying 0(gy) = g-gandx0y = [x,0y] = —o(yo x),forx,y e g_; =
V, we have o6y € g_; and x0O0 06y = [x,520y] = [x,0y] = xO y, which
implies o6 is the identity on g_;, by Lemma 1.2.20. We also have 0 = 6 on
go, since o (x0 y) = —yO x = 6(x D y). Finally, for x € g;, wehave 0x € g_;
and 00x = 6%x = x and hence 0 = 6 on g;.

The dual involution 0* : £(V) — £(V) is given by

CxBh®y)=—y®—h" @ —x
and we have a0 b = —[a, 0*b].

Remark 1.3.10 The previous construction translates the non-degeneracy of a
Jordan triple V into the following property of its TKK Lie algebra £(V):

[[a,0y], al =0 foralla,y € &(V)_1 = a =0,
which is equivalent to the condition
(ada’ =0=a=0 (ae&V)_) (1.38)
since (ada)>(x ®h ® y) = —Qq(y) fora € &V)_andx D h @ y € £(V).

A TKK Lie algebra g = g_; @ go @ g1 is called non-degenerate if (ad a)? =
0 = a =0fora € g_;. We now show the one—one correspondence between
non-degenerate Jordan triples and non-degenerate TKK Lie algebras.

Two TKK Lie algebras (g, ) and (g’, 6’) are said to be isomorphic if there
is a graded isomorphism ¢ : g —> g’ which commutes with involutions:

o = 0'y.
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Given a TKK Lie algebra g = g_; @ go @ gi with involution 6, we can
identify g; with g_; by 6. In fact, every TKK Lie algebra (g, 8) is isomorphic
to, and hence identified with, a TKK Lie algebra

g=0,9990

in which g’ |, =g¢| =g and g; = go, with involution 8'(x @ h @ y) =
y ® 60h ® x and product [-, -]’ defined by

[x,y]'=[x,0y], [,y =(0,0,[6h,y])  ((x,h,y)€g_ | xgyxg))

but otherwise identical to the product [-, -] of g. The graded isomorphism
Y:g— gisgivenby y(x®hDy)=xDhDOy.

With this identification, let G be the category of non-degenerate canonical
TKK Lie algebras in which the morphisms are graded isomorphisms commut-
ing with involutions. Let V' be the category of non-degenerate Jordan triples in
which the morphisms are triple isomorphisms.

Theorem 1.3.11 For each V in the category V of non-degenerate Jordan
triples, let £(V) € G be the TKK Lie algebra constructed in Theorem 1.3.8.
Then £ :V — G is an equivalence of the two categories V and G.

Proof Given a triple isomorphism ¢ : V —> V' between two non-degenerate
Jordan triples, we have

pan ob = pan b)g™! (a,beV).
Hence there is a graded isomorphism ¢ : (£(V), 8) —> (£(V’), 8) defined by
Pa®h®b)=ga®ophp™ &b
which satisfies
P =0'g.

Conversely, given a non-degenerate TKK Lie algebra g =g ® go ® g1
with involution € and g; = g_;, we let V = g_;. Then it follows from the
Jacobi identity and [g_;, g—;] = O that V is a non-degenerate Jordan triple
with the Jordan triple product defined by

{x,y,z} =Ilx,0y],z]

and we have £(V) = g if g is canonical.
If ¢ : (£(V),0) — (&(V'), 0') is a graded isomorphism satisfying 6 =
0’y then the restriction |y : V. — V' defines a triple isomorphism. L]
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We note that TKK Lie algebras are reduced. We recall that an involutive Lie
algebra (g, ) with eigenspace decomposition g = £ @ p is reduced if £ does
not contain any nonzero ideal of g, which is equivalent to the condition that the
isotropy representation ade : X € €+ ad X|, € End (p) is faithful (cf.[11,

p. 210).

Lemma 1.3.12 The TKK Lie algebra (£(V), 0) of a non-degenerate Jordan
triple V is reduced.

Proof Let £(V) = £ @ p be the decomposition into eigenspaces of 6, where
t=udh®u:uecV,0h=nh.

Let X =u®h®du et be such that [X, Y] =0 for all Y € p. For each
g € Vp satisfying 0g = —g, and for each v € V, we have

[uedhdbu,vdpg®—-v]=0
= (hv—gu)® ([h, gl —utv—vOu)® (gu — hv),

which gives hv = gu and in particular hv = Oforallv € Vif g = 0.Hence h =
Oand uov+vou =0 forall ve V. Choose Y = (0, g,0) with g =voOv;
then (vo v)(u) = 0and hence (vo u)(v) = —(uo v)(v) = —(vo v)(u) = 0 for
all v € V. This implies vou = 0 for all v € V, since {x +v,u,x + v} =0
for all x, v € V. Therefore u = 0 by Lemma 1.2.20, which proves X = 0.

O

Proposition 1.3.13 Let (£(V), 6) be the TKK Lie algebra of a non-degenerate
Jordan triple V, with eigenspace decomposition £(V) =€ @ p of 6. Then the
centralizer

P ={XelV):[X,p] =0}
is trivial.

Proof We have 3(p) = 3(p) N @ 3(p) N p. By Ji [63, lemma 4.2], 3(p) N £is an
ideal of £(V). By Lemma 1.3.12, £(V) is reduced. Hence 3(p) N ¢ = {0} and

3(p) Cp.
We show that 3(p) = {0}. Fix X =a ® h & —a € 3(p) where 6h = —h. For
u®p®d—u < p,wehave
O=[a®h®—a,u®p®—ul
= (hu — pa, [h, p] —aDu +uoa, hu — pa).

Choose p =0; then hu = pa =0 for all u € V and hence h =0 and
aou =uda. If we choose p = uO u, then uo u(a) = 0 implies uoD a(u) =
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adu(u) =0 for all u € V. By Lemma 1.2.21, we have a = 0. This proves
3(p) = {0} O

To remove the non-degeneracy assumption in Theorem 1.3.8, the TKK con-
struction given in the proof reveals that all one needs is a well-defined involution
0 for arbitrary Jordan triples V. To achieve this, we replace the previous involu-
tionf] : xO y > yO x by the involution (xO y, yO x) — (yO x, xO y), which
is well defined for any V. Motivated by this, we define an inner derivation pair
dyy by

diy=(xoy, —yox)e Vox W (x,yeV)

for any Jordan triple system V, where V x Vj is a Lie algebra in the coordi-
natewise bracket product. Since

[dab, diy] = diabxyy — dxibayy»
the linear span Vy of
{dey:x,y €V}
is a Lie subalgebra of V x V. The Lie algebra V{ can be written in the form

Voo ={(h*.h):h* = "ajob;, h~ ==Y bjna;, a;.bj € V).
j j

We write h = (h™, h™) for an element in Vyo.
To construct the TKK Lie algebra £(V') from any Jordan triple V, we form

LVy=Ve VooV (1.39)
and define the Lie product

Gt h)®y, ud® &, k)@ v]
= (h ) —k*(x), [(h", h7), (kT k)] + dy — duy, B~ (V) — k™ ().
(1.40)

We define the main involution 6 : £(V) — £(V) by
bxe T, iy y=y® "t , k) ®x.

Then (£(V), 6) is a canonical TKK Lie algebra with £(V)_; = £&(V), =V
and £(V)o = Vo such that

{xay71}=[[x’9)’],z] (xay,ZGV—l)-
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Conversely, given a TKK Lie algebra g = g_; @ go @ g; with involution 6
and g; = g_1, V = g_ is a Jordan triple with triple product

{x,y,z} =[x, 0y],z] (x,y,z€9-1)

and £(V) = g if g is canonical.

We note that the above construction for an arbitrary Jordan triple V is
identical to the one in Theorem 1.3.8 if V is non-degenerate since, in this case,
Vo identifies with Vy via the map

ZaijJ-eVo = Za.ij_,',—ijDaj EV()(),
J J j

J

which is well defined by Lemma 1.3.7.

1.4 Matrix Lie groups

A remarkable feature in Lie theory is that one can study a curved object such
as a Lie group via a flat space, namely, a Lie algebra. The close relationship
between Jordan and Lie structures having been seen, it should not be surprising
that Jordan theory has played a useful role in geometry. We are going to
show that the Lie algebras of many familiar classical Lie groups are TKK
Lie algebras and can therefore be constructed from Jordan triple systems. The
Lie groups to be discussed are the general linear groups and their subgroups
SL(n,R), SL(n,C), O(n), SOn), U(n), SU(n) and Sp(n), which are matrix
Lie groups. Infinite-dimensional Lie groups will be considered later.

We denote by GL(n, R) the general linear group of invertible n x n real
matrices, and by G L(n, C) the general linear group of invertible n x n com-
plex matrices, with identity I,. These two groups are the groups of invertible
elements, equipped with the relative topology, in the Banach algebras L(R")
and L(C") of linear operators on R" and C", respectively, or equivalently, in the
algebras M,(R) and M, (C) of n x n real and complex matrices, respectively.
We can consider GL(n, R) as an open subspace of R", with the induced dif-
ferential structure. Likewise the complex Lie group G L(n, C) can be viewed
as a 2n2-dimensional real Lie group.

All Lie groups discussed in the following are closed subgroups, and hence
Lie subgroups, of the general linear group and are equipped with the rela-
tive topology. The special linear groups SL(n,R) and SL(n, C) are the sub-
groups of GL(n,R) and GL(n, C), respectively, consisting of matrices with
determinant 1.
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The orthogonal group O(n) of n x n orthogonal real matrices is the compact
group of linear isometries of R". The connected identity component of O(n)
is the special orthogonal group SO(n) consisting of matrices in O(n) with
determinant 1. The groups SO(2k + 1) are simple and the only nontrivial
normal subgroup of SO (2k) is the group {£15}.

Unitary operators on a complex Hilbert space H are the surjective linear
isometries of H. The unitary operators on C" form a compact group, namely,
the unitary group U (n) of n x n (complex) unitary matrices. The special unitary
group is the subgroup SU (n) of U(n) consisting of matrices with determinant
1. Although the orthogonal group O(n) has two connected components, the
unitary group U (n) is connected.

Let H be the quaternions with basis {1, 1, j, k} and consider the cartesian
product H", forn =1, 2, ..., as a right H-module with coordinatewise opera-
tions. There is a natural positive definite H-Hermitian form

() H'"xH" — H

given by
n
(@i @) (1o b)) = ajb),
j=1

which is called the standard Hermitian form on H". The metric defined by the
norm

n
@, ....all =) _aja;
Jj=1

is complete, and by a slight abuse of language, we call H" a quaternion Hilbert
space or a Hilbert space over H, equipped with the standard Hermitian form.
More generally, on a right H-module V, a positive definite Hermitian form or
symplectic inner product is a positive definite real bilinear form

(w):VxV—H

which is H-linear in the first variable, and conjugate H-linear in the second
such that (u, v) = (v, u) for u, v € V. A right H-module V is called an inner
product H-module if it admits a symplectic inner product, and V is called
a Hilbert space over H if the inner product norm ||v||> = (v, v) induces a
complete metric on V, in which case the H-linear continuous operators from

V to itself form a real Banach algebra L(V) in the usual operator norm

IT]l = sup{|IT(W)[| : v eV, |v]| =1}
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Anoperator T € L(V)is called quaternion unitary if it is a surjective isometry.

We can consider V as a real Hilbert space with inner product Re (-, -). Each
T € L(V)is a continuous linear operator on the real Hilbert space V and there
is a real continuous linear operator t* : V. — V satisfying

Re (u, Tv) = Re (r*u, v) (u,veVv).

Let
1 < s <k
T" = Z(t*(-) — i) —jr* () — ke (k).
Then T* € L(V)isthe adjoint of T'; thatis, (u, Tv) = (T*u, v)forallu,v € V.
The quaternion unitary operators in L(V), with identity operator /, are the ones
satisfying the identity T7*T = TT* = I.

One can represent L(IH") as the algebra of n x n matrices with entries in H,
acting in the usual way on H" on the left, with H" regarded as the space of
column vectors. The adjoint of a matrix (a;;) € L(H") is then (a;;)* = (a;;).
The group G L(n, H) of invertible matrices in L(IH") is a Lie subgroup of the
general linear group G L(4n, R) by identifying H with R* as real vector spaces.
To see more details, we represent H, as in (1.4), by the complex matrices

H = {( “ f) :(a,b)e(Cz} C My(C).
—-b a

1 L .
Letj = ( 0 1 0) so that each quaternion in H can be written as

a by _(a 0}, . b 0

5 a) " \o a) o »
and denoted by a + jb. Considering H = C?, each matrix A in GL(1, H) =
H\{0} C GL(2, C)isacomplex linear map A : C> — C? and an H-linear map

A : H — H. A matrix B in M,(C) is acomplex linear map B : H — H. Itis H-
linear precisely when B(vj) = B(v)jforv =a + jb € H. Whenv = a + jb is

regarded as a column vector <Z> in C2, the multiplication v > vj = —b + ja

in H corresponds to the matrix multiplication

(eem (1 )()ee

Therefore H-linearity of B is equivalent to the matrix multiplication

+(49) -4 (0)- )



1.4 Matrix Lie groups 53

Hence we have
GL(1,H)={B € GL(2,C): Bj =j§} ={BeGL(22,C):jBj= —B}.

If we identify C? with R* via

s+ it
. >
(x—l—ly)

then multiplication in C? by i corresponds to the matrix multiplication

N

N < 0 12> X
-L 0 t

y

N )

R ]

It follows that
GL2,C)={A e GL(4, R): Ajs = j4A},

where
. 0 I,
J2n—<_ln 0) n=12,...).

Further, multiplying (; i l ) by j € H corresponds to the matrix multiplica-
Ly

tion
s
(2 O X
0 —j t
y
Letting
oy 0
J4n: <J2 . ) (n=l,2,...),
0 —Jon
we have

GL(1,H) = {A € GL(4,R) : Ajs = juA, AJs = J4A)
={AeGLAR): A= —jsAjs = —J1Al4}
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and a quaternion can be represented as a 4 x 4 real matrix

-y X —t N

Extending the preceding identifications (a,b) € C> +— a +jb € H and
(s,x,t,y) eR* > (s+it,x+iy)e C?to

(ar, as, ..., am) € C" > (a1 + jans1, - .., an + jas,) € H' = C" + jC"
and

(ar,as, ..., am) € R+ (a1 +idpi1, ..., an +iar) € C" = R" +iR",
we arrive at

GL(n,H) = {A € GL2n,C) : Ajo, = jon A}
= {A € GL(4I’l, R) A= _j4nAj4n = _J4nAJ4n}~

In this identification, the standard Hermitian form of H" can be expressed as

<(al +jan+ls ceesdy +ja2n)v (bl +jbn+ls ey bn +Jb2n)>
2n n
= Zalzl —J Z(aLbVH-L — ay1.by).
=1 =1

Therefore a quaternion matrix in L(IH"), when regarded as a 2n x 2n complex
matrix, preserves the standard Hermitian form if, and only if, it preserves the
standard inner product in C?" as well as the standard skew-symmetric form

((ai, ..., a0m), (b1, ..., b)) € C2n X (C2n = Z(atbi’H—t - an-Hbt)-
=1

The compact subgroup Sp(n) of GL(n, H) consisting of quaternion uni-
tary matrices, the ones preserving the standard Hermitian form, is called
the symplectic group. The symplectic group Sp(l) consists of quaternions
al 4+ xi+ yj+ zk € H of unit norm and identifies with the unit sphere
3 ={(a,x,y,2) e R*: a®> + x> + y? 4+ z2 = 1} in the Euclidean space R*.

. . . b\ . .

The unit quaternions are the complex matrices (_a]; d) with determinant 1.
Therefore we have the identification

§3 = Sp(1) = SUQ).
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The group of complex matrices in GL(2n, C) preserving the standard skew-
symmetric form is denoted by Sp(n, C). We have Sp(n) = Sp(n, C) N SU(2n).

The Lie algebras of the classical Lie groups can be described in the following
way. Given a real matrix Lie group G as a smooth manifold, let 7,G be the
tangent space at the identity e € G, consisting of tangent vectors X = y '(0)
at e, where y : (—c, ¢) — G is a smooth curve with ¢ > 0 and y(0) = e. One
can refer to Section 2.1 for the basics of differentiable manifolds.

The linear automorphisms of 7,G form an open subspace G L(T,G) of the
space L(T,G) of linear self-maps on 7,G.

Foreachg € G,let{, : x € G+ gx € Gandr, : x € G — xg € G beleft
and right multiplication by g, respectively. The adjoint representation of G,

Ad: G — GL(T,G),
is defined by the differential d(£;r,-1). of the conjugation map £,r,-1 at e,
Ad(g) =dWyrg1). : T.G — TG (g € G),
which is a linear isomorphism. Taking the differential at e once more, we let
ad = d(Ad), : T,G — L(T,G).
For X, Y € T,G, we define
[X,Y] =ad(X)(Y).
Then g = (T,G, [+, -]) is the Lie algebra of G.
Let us now apply this construction to some concrete examples. For the

general linear group G L(n, R), each matrix X € M,,(R) defines a smooth curve
y :(—c,c) > GL(n, R) by

o0

X n
y(H) = exp(tX) = (Zn,)

n=0

with y ’(0) = X. Therefore M,(R) is the tangent space 7,GL(n,R) at the
identity e = I,,. For each A € GL(n, R), we have

Ad(A)(X) = %(Ay(r)A-l)n:o = Ay (A~ = AXA™.
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Hence Ad(AB) = Ad(A)Ad(B). Further, for Y € M, (R), we have
d
[X, Y] =ad(X)(Y) = E(Ad(y(t))(Y))lmo

d —1
= E(V(I)YV(I) MNi=0
=@’ OYy®" +yOY(—y )y Oy ®) Do
=7 (0YyO) "+ yO)Y(=y©O) 'y Oy
=XY-YX

and (M,,(R), [+, -]) is indeed a Lie algebra, which is denoted by gl(n, R).
Foreach A € GL(n,R) and X, Y € gl(n, R), we see plainly that

Ad(A)[X, Y] = A[X, Y]A™! = [Ad(A)(X), Ad(A)(Y)].

Hence Ad(A) : gl(n, R) — gl(n, R) is a Lie algebra automorphism. Therefore
the adjoint representation of GL(n, R) is a group homomorphism,

Ad: GL(n,R) — Autgl(n, R).

We note that the exponential map exp : gl(n, R) — GL(n, R) is homeo-
morphic on a neighbourhood of 0. Indeed, it has a local inverse defined on the
neighbourhood {A € GL(n,R) : ||A — I,]| < 1} by

(A - In)k

o0
logA = Z(—l)k+l -

k=1

The Lie algebras of the other classical Lie groups are Lie subalgebras of
gl(n, R). For each matrix X € M,,(C), we have

det(exp X) = expTrace (X) = 1 if and only if Trace(X) = 0.

Hence y(t) = exp(tX) € SL(n, R) for ¢ # 0 if and only if Trace (X) = 0. It
follows that the tangent space T,SL(n, R) at the identity of SL(n, R) is the
space

{X € M,,(R) : Trace (X) = 0},

which is the Lie algebra of SL(n,R), with brackets [X,Y] = XY — Y X,
denoted by sl(n, R).

Now consider the tangent space T, 0,, where e = I,. Let X € T,0, with
X = y/(0) for some smooth curve y : (—c,c) - O, such that y(0) = I,.
Since y(1)y(t)" = I, , differentiating gives

Y Oy®+y®y'®" =0
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and hence X + X7 = y’(0) + ¥ "(0)” = 0; that is, X is skew-symmetric. On
the other hand, given a skew-symmetric matrix X € M,, wehave X X7 = X7 X
and hence

exp(tX) exp(tX)T = exp(tX) exp(tXT) = exp(t(X + xTy = exp0 = 1I,.

We can therefore define a smooth curve y : (—¢, &) — O, by y(¢) = exp(t X),
which satisfies y(0) = I,, and y '(0) = X. It follows that the Lie algebra of O,
is

son,R) ={A e gl(n,R): A+ A" =0},

which is also the Lie algebra of S O (n), since in the above construction, the curve
y(t) = exp(t X) actually lies in SO (n) if X is skew-symmetric, by continuity of
the function € (—e¢, ¢) > det(exp(t X)) € {£1}. Thereal Lie algebra so(n, R)
has dimension n(n — 1)/2.

Analogous to G L(n, R), the Lie algebra of GL(n, C) is M,,(C) with the Lie
product [X, Y] = XY — Y X, and we write gl(n, C) for the complex Lie algebra
(M, (C), [, -]). The Lie algebra of SL(n, C) is the Lie subalgebra sl(n, C) of
gl(n, C), consisting of complex matrices with trace 0. The Lie algebra gl(n, H)
of GL(n, H)is L(H") with the same Lie brackets.

As with the orthogonal group O,,, the tangent vectors of the unitary group
U(n) at the identity are the complex skew-Hermitian matrices and the Lie
algebra

u(n) = {X € gl(n,C) : X + X* = 0}

of U(n) is a real Lie algebra of dimension n?, since each X € u(n) has

n(n — 1)/2 complex entries above the diagonal and n pure imaginary entries
on the diagonal. However, in contrast to the case of SO(n), the determinant
det(exp ¢ X) of a skew-Hermitian matrix X is a complex number of unit modulus
and det(exp(# X)) = 1 if and only if Trace (X) = 0. Therefore the Lie algebra
of SU(n) is

su(n) = {X € gl(n, C) : Trace(X) =0, X + X* = 0} = sl(n, C) Nu(n).

We have dim su(n) = n? — 1, since each X € su(n) has trace 0.
We note that the Lie algebras of the two non-isomorphic Lie groups SU(2)
and SO(3) can be identified by the isomorphism

ai b+ ci 0 —2a —2b
(—b+ S ) esu2)—> |2a 0 —2c| €s0(3) (a,b,ceR).
o Ta 2% 2 0
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In fact, they both identify with the cross product Lie algebra R3, with the vector
cross product as the Lie algebra product, via

( a b+?’)esu(2) > (2a.2b,2¢) € R?.
—b +ci —ai

One sees readily that the exponential map exp : su(2) — SU(2) is surjec-
tive. Indeed, given

_(a—i—bi c+di

—c+di a- bi> < SUGME),

where a2 + b* + 2 +d?> = 1, letsin6 = Vb2 + 2 + d? and

1 bi c+di
- , ) e su2).
/b2 + c2 + d2 \—c+ di —bi

We have X? = —I, and therefore
02 03
exp(0X) = (1—E+--~>12+<9—§+~-~>X
= (cosO) L+ (inO)X =al, + Vb2 +c2+d* X = A.
For the symplectic group Sp(n) ={A € GL(n,H) : AA* = A*A = I,,}, its
Lie algebra is
sp(n) ={X e gl(n,H) : X + X* =0}.

Since each X € sp(n) has n(n — 1)/2 quaternion entries above the diagonal
and n pure imaginary quaternion entries on the diagonal, the dimension of the
real Lie algebra sp(n) is given by

dimsp(n) = 2n(n — 1)+ 3n = 2n°> + n.

When a quaternion matrix X € L(H") is represented in M,,(C), its adjoint
X* is represented as the usual conjugate transpose in M, (C). In My, (R), the
adjoint X* is represented by the transpose. As a Lie algebra of real or complex
matrices, we have

sp(n) = (X € gl2n, C) : X = —=X* = jo, X" jou)
={XegldnR): X = —XT = —ju, X jan = —Jan X Jan}.

Most Lie groups and Lie algebras discussed in the above are real. One can
complexify a real Lie algebra g to form a complex Lie algebra g + ig in the
usual way. For instance, we have

gl(n, C) = u(n) + iu(n),
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where each complex matrix X can be written as
1 w1 .
X=-(X-XH+i-(X+X).
2 2i

Likewise, we have sl(n, C) = su(n) + isu(n). However, by comparing dimen-
sions, there is no similar relationship between sp(n) and the Lie algebra gl(n, H)
of quaternion matrices. The following fact explains why there are fewer com-
plex Lie groups.

Proposition 1.4.1 Let G be a connected complex Lie group. If G is compact,
then it must be abelian.

Proof We note that the adjoint representation
Ad: G — Autg

is holomorphic and therefore must be constant by compactness of G. It follows
that

d(lere ). = Ad(g) = Ad(e)

is the identity map for each ge G. Hence {,rp-1(expX)=
exp(d(£grg-1).(X)) =exp X for all X € g=1T,G, which implies that G
is abelian. ]

Example 1.4.2 The Lie algebra gl(2, R) is a TKK Lie algebra. We have the
grading

s )orenf oy aneafot §over

with involution 6 : gl(2, R) — gl(2, R) defined by
a x b vy
0 = .
(3)-( )
The canonical part of gl(2, R) is

s ereafofls 2enlolC res)

o 0 . .
Identifying V = {(0 ?)) 1X € R} with 6(V), we see that sl(2, R) is the
TKK Lie algebra £(V) of V with Jordan triple product given by

1@ )o@ 0] (6 5= *%7)
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Since 6 (?) 0 ) = <E)l _Oa) if and only if a = 0, the symmetric part of
sl(2, R) is just

50(2, R) = {(_Ox g) :xeR}.

Example 1.4.3 The Lie algebras s1(2) and so(3, R) are isomorphic to the cross
product Lie algebra R3, which is a canonical TKK Lie algebra with grading

R? = {(a,0,0):a € R} ® {(0,5,0): b € R} ®{(0,0,¢) : c € R}

and involution 6(a, b, c) = (¢, b,a). The Jordan triple product in V =
{(a,0,0) : a € R} is given by

{(x,0,0),(¥,0,0), (z,0,0)} = [[(x, 0,0), 0y, 0, 0)], (z, 0, 0)] = xyz

and hence V is just R with the usual triple product. We note that the two Jordan
triple products {x, y, z} = xyz and {x, y, z}' = 2xyz on R are non-isomorphic.

Example 1.4.4 We can also view gl(n, R) as a TKK Lie algebra with grading
gl(n, R) = gl(n, R)_; & gl(n, R)y & gl(n, R); and matrix transpose as involu-
tion, where

g[(f’l, R)—l = <8 ﬁ) :Be Mn—l,l(R)}

g[(n, R)O = <13 2) caeR,Ac Mnl,nl(R)}
0 0
gl(n, R); = (C 0) :Ce Ml,n—l(R)}

and M,, ,(R) denotes the space of m x n real matrices. Since

Goe-(,
00 c o 0 —Trace (BC)

the canonical part of gl(n, R) is the Lie algebra sl(n, R).
If we define an involution 6 on gl(n, R) by 6(X) = —XT, then the dual
symmetric part of gl(n, R) with respect to 6 is the Lie algebra so(n, R).

As in the above example, one can view gl(n, C) and gl(n, H) as TKK Lie
algebras with matrix transpose as involution. The Lie algebra sl(n, C) is the
canonical part of gl(n, C). With the involution 8(X) = —X*, the dual symmetric
parts of gl(n, C) and gl(n, H) are u(n) and sp(n), respectively.
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Notes

The basic results of Jordan algebras presented in this chapter are classical.
Further details can be found in the books by Braun and Koecher [13], Jacobson
[62], Schafer [104] and Springer [105], as well as the recent one by McCrimmon
[88], who has also given in another work [87] an interesting account of the
development of Jordan algebras up to the late 1970s. The book by Zhevlakov
et al. [123] also discusses Jordan algebras, although it is devoted primarily to
the theory of alternative algebras.

The construction of Lie algebras from Jordan algebras was discovered inde-
pendently by Tits [108], Kantor [66, 67] and Koecher [77, 78]. Meyberg intro-
duced the concept of a Jordan triple system in his work [90] and extended
the construction of Koecher to the wider class of Jordan triple systems. The
version of Tits—Kantor—Koecher construction in this chapter is taken from
Chu [22]. Loos showed in [82] the correspondence between a class of finite-
dimensional Jordan triple systems and the class of symmetric R-spaces, which
is explained further in Example 2.4.33, and introduced the concept of a Jordan
pair [83, 84, 85]. Various identities for Jordan triple systems proved in this
chapter are based on Loos [84, 85]. We note that the name Bergmann referred
to in this book is sometimes written as Bergman in the literature because Stefan
Bergmann and Stefan Bergman are the names of the same author.
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Jordan structures in geometry

2.1 Banach manifolds and Lie groups

We introduce in this section manifolds of any dimension, including infinite-

dimensional Lie groups, and their basic properties. We begin by reviewing

differential calculus in Banach spaces which are real or complex throughout.
Let V and W be (real or complex) Banach spaces, and let I/ be an open

subset of V. A function f : U —> W is said to be differentiable at a point

a € U if there is a continuous linear map f’(a) : V —> W satisfying

- Ifa+h = f@) = floml _

li
h—0 Al

0.

The map f’(a) is called the (Fréchet) derivative of f at a. The function f is
called differentiable in U if it is differentiable at every point in I/, in which case
the derivative f’is a mapping

iU —s LV, W),

where L(V, W) is the Banach space of continuous linear operators from V to
W. We say that f is continuously differentiable in U, or of class C', if the
derivative f’ is continuous on U/. One defines k-times continuously differen-
tiable functions, or C*-functions, for k € N, by iteration. A smooth function
on U is one that is infinitely differentiable, that is, it is in the class C* for all
k e N.

If V=R or C, then we identify the derivative f'(a): V —> W with the
vector f’'(a)(1) € W, and often write f'(a) € W by abuse of notation.

A basic rule in differentiation is the chain rule, which states that the composite
f o g of two differentiable functions f and g, whenever this is well defined, is

62
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differentiable and the derivative is given by

f'(g@) o g'(a)

for a in the domain of g. One very useful theorem on differentiation is undoubt-
edly the following mean value theorem (cf. [33, 8.5.4]).

Theorem 2.1.1 Let f : U —> W be a differentiable function on an open set
U which contains the segment {a + sh :a,h € U,0 < s < 1}. Then we have

I f@a+h) — f(l < lIall sup [If'(a+sh)ll.
0<s<l1
If V and W are complex Banach spaces, a differentiable function f : U/ —
W is smooth and is usually called holomorphic. In addition, it has a local power
series expansion, which is made precise below.
First, for n € N, the vector space L"(V, W) of all continuous n-linear maps

F:Vx.--.xV—W
—

n-times
is a Banach space in the norm
F,...,v
1) = sup 1F@L o)l
w0 vl vl

We define LO(V, W) = W. If W is the underlying scalar field of the Banach
space V, then L'(V, W) is just the dual space V* of V.

Definition 2.1.2 A continuous map p : V —> W between Banach spaces is
called a homogeneous polynomial of degree n if there exists P € L"(V, W)
such that

p(v) = P(v,...,v) (veV).

If P is chosen to be symmetric, that is, invariant under permutation of variables,
then P is uniquely determined by p and is called the polar form of p (cf. [54]).

We denote by P"(V, W) the vector space of all homogeneous polynomials
of degree n from V to W, and equip it with the norm

Pl
P

Ipll =
0 vl

(p € PY(V, W)).

We note that P"*(V, W)is aclosed subspace of the space C(V, W) of continuous
maps from V to W, in the pointwise topology.



64 Jordan structures in geometry

Definition 2.1.3 Let V and W be Banach spaces. A power series from V to W
is a formal sum

where p, € P*(V, W). Its radius of convergence is defined to be the largest
non-negative number R < oo such that the series

Y pv)  (weV)

n=0

converges uniformly in W for ||v|| <r andr < R.

As in the scalar case, the radius of convergence R can be obtained by
1

~ limsup, || pa )"/
o0

Likewise, one can define the radius of convergence R for the series Z F,,

n=0
where F, € L"(V, W), for which we also have

1
~ limsup, || F, |/’

o0
so that Z F,(vy, ..., v,) converges uniformly whenever max(||v],...,

lv.]) <randr < R.

A function f : i/ — W from an open set/ in a Banach space V to another
Banach space W is said to be analytic at a point a € U if it can be expressed
as a convergent power series about a, which means that there is a power series
>, Pn With positive radius of convergence such that

f) =Y pv—a)
n=0

for each v in some neighbourhood of a. An analytic function f : U —> W is
one that is analytic at every point in /. If an analytic function f : i/ —> W is
bijective and the inverse f~! is analytic, then f is called bianalytic.

Plainly, homogeneous polynomials are analytic. Analytic functions are
smooth, whereas, for instance, the function

exp ' (x>0

f(x)={ 0 (x < 0)
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is smooth on R but not analytic. For complex Banach spaces, however, holo-
morphic functions are analytic and the term “biholomorphic” is a synonym of
“bianalytic”.

If an analytic function f has a power series representation ), p, about
a € U with p,(v) = P,(v, ..., v), then its nth derivative at a is given by

™) =n'P, € L"(V, W).

Given a real Banach space V, one can equip its complexification V, =
V@iV with a norm || - ||, so that (V, | -|.) is a complex Banach space
and the isometric embedding v € V +— (v,0) € V @iV identifies V as a real
closed subspace of V.. Although there are many choices of the norm | - ||,
they are all equivalent if we require

max([lull, lvll) < [, v)lle < [lull + [Jv]|

for all u, v € V. We will always assume V, is equipped with such a norm and
by a slight abuse of language, call (V,, || - ||.) the complexification of V.

Let V and W be real Banach spaces with their respective complexifications
Ve - le)and (We, || - |l)- Then every polynomial p € P"(V, W) has aunique
extension to p¢ € P"(V,, W,) satisfying p°|y = p and || p|| < || p°||. For each
n-linear map P € L"(V, W) with complex extension P¢ € L"(V,, W.) we have

n—k k

Z<k> P, L0, v...0)

k=0

| PC(u+iv,...,u+iv)

n

n e
<> (k> P el * v ])*
k=0

= I PIClull + oD < 2" Pllllu + ivlle.

Hence, if p(v) = P(v,...,v) for P € L"(V, W), then |p¢| <2"|P|. It
follows that, given a series Z” pn With radius of convergence R,, where
pn(v) = P,(v,...,v) and P, € L"(V, W), the radius of convergence R, for
the complexified series ) _, py, satisfies

RP/2 = Rc = va

where Rp is the radius of convergence of ), P,. If each P, is the polar form
of py, then || P, || < |l pall (cf. [111, p- 6]), and therefore

— n!

1/n

||1/n

limsup | P, || /" < limsup
n n

\"/ n!
gives Rp > R, /e. It follows that an analytic function f : i/ —> W on an open
set U in V has a complex extension f¢ which is holomorphic on an open set
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U, in the complexification V, such that . D U and f°|;; = f. Hence, many
important properties of holomorphic functions can be passed on to real analytic
functions. We mention, however, one exception.

Remark 2.1.4 Given a bounded holomorphic function f :U/ —> W on a
bounded open set U with a € U, we have the Cauchy inequality

1
I @l < 7 Suplllf @l =z e U}, 2.0

where R is the distance between a and the topological boundary of I/. However,
real analytic functions may not satisfy this inequality. A simple example is
the function f(x) =sinx on (—1, 1), where | f'(0)] = 1 > sup{|sinx|: x €

(-1, D}

Example 2.1.5 For any Banach spaces V, W and Z over F = R, C, a bilinear
map f : V x W — Zisanalytic. By complexification, it suffices to show that
f is holomorphic for F = C. Indeed, the derivative f'(a,b): V x W — Z
at any point (a, b) € V x W is given by

fla, b)x, y) = f(a,y)+ f(x, D).

The following two fundamental properties of analytic functions are fre-
quently used.

Theorem 2.1.6 (Principle of analytic continuation). Let f : U —> W be an
analytic function on an open connected set U such that f(x) = 0 for all x in
some non-empty open set S C U. Then f is identically 0.

Theorem 2.1.7 (Inverse function theorem). Let f : U —> W be an analytic
function on an open set U such that the derivative f'(a):V —> W has a
continuous inverse for some a € U. Then f is bianalytic from a neighbourhood
of a onto a neighbourhood of f(a).

We are now ready to introduce Banach manifolds.

Definition 2.1.8 Let F = R or C. A Banach manifold M over F is a Hausdorff
topological space with a family A = {(U,,, ¢, V,)} of local charts U,, ¢, V,)
satisfying the following conditions:

(i) U, is an open subset of M and M = U(p Uy;
(ii) ¢ : U, —> V, is a homeomorphism onto an open subset of a Banach
space V,, over IF;
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(iii) the local charts are compatible, that is, the change of charts
Vol oU, NUy) — YU, NUy)

is bianalytic;

(iv) the family A is maximal relative to conditions (i), (ii) and (iii), that is, if
(U, ¢, V) is alocal chart compatible with all the local charts in .4, then
U,p,V)e A.

A family {(U,, ¢, V,)} satisfying conditions (i), (ii) and (iii) is called an atlas
of M or an analytic structure on M. Since an atlas can always be extended to
a maximal one satisfying condition (iv), it is often sufficient to exhibit an atlas
for a topological space to be a Banach manifold. A local chart (or system of
local coordinates) at a point p € M is a chart (Uy,, ¢, V,,) with p € U,. Note
that the Banach spaces V,, in an atlas need not be the same space, but V,, and
Vy are isomorphic if U, N4y contains a point p, in which case the derivative

Wo Y (pp): V, — Vy

is an isomorphism. If all Banach spaces V,, in the atlas are isomorphic, we
can always find an equivalent atlas in which they are all equal to some Banach
space V, in which case, we say that the manifold M is modelled on the Banach
space V and that V is a model space for M. We define the dimension dim M
of M to be that of V if dimV < oo. If V is infinite-dimensional, we define
dim M = oo. We call M a Hilbert manifold if the Banach spaces V,, in its atlas
are Hilbert spaces.
For a local chart (U, ¢, V) of a Banach manifold M, the set

{p € M : Falocal chart Uy, , Vy)at pand V,, >~ V}

is open and closed in M. Consequently, on a connected component of M, we
can choose an atlas in which all V,, are the same space. In particular, if M is
connected, then we can find a model space for M.

We call a manifold real or complex according to the underlying scalar field
of the spaces V,,. As usual, a complex Banach space can be viewed as a real
Banach space when the scalar multiplication is restricted to the real field. A
complex Hilbert space V with inner product (-, -) can also be viewed as a real
Hilbert space with real inner product Re (-, -). We call this real Hilbert space the
real restriction of V. Hence a complex Banach or Hilbert manifold can always
be viewed as a real manifold with the underlying real analytic structure.

If, in Definition 2.1.8, the Banach spaces V,, are real and the coordinate
transformations

Vol oU, NUy) — YU, NUy)
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are only smooth, then we call M a (real) smooth Banach manifold and its atlas
a differentiable structure. Assuming analytic structures in our definition of
Banach manifolds has the advantage of unifying both real and complex cases.
Of course, we can (and will) always regard a Banach manifold (according to
our definition) as a (real) smooth Banach manifold. Sometimes we speak of
analytic Banach manifolds to highlight the underlying analytic structure. For
finite-dimensional real Lie groups defined as smooth manifolds in Section 1.4,
there is always a unique compatible analytic Lie group structure [112, p. 42].

Example 2.1.9 Every Banach space over F is itself a Banach manifold over
F, with the analytic structure given by the identity map. Also, an open subset
U of a Banach manifold M is a Banach manifold, endowed with the atlas
{((UNnU,, <p|muw, V,,)} derived from the atlas {(U,, ¢, V,)} of M.

Example 2.1.10 Given two Banach manifolds M and N over the same field
with analytic structures {(U,, ¢, V,,)} and {(Vy, ¥, Wy, )}, respectively, the
Cartesian product M x N is a Banach manifold with the natural analytic struc-
ture {(Uy, x Vy, @ x ¥, V, x Wy)}.

Example 2.1.11 Let V be a real Banach space and let
SWV)y={r,v)eRxV 22+ |v)> =1}

be the unit sphere in the product manifold R x V. Let p = (1,0) and
qg=(—1,0). On S(V), define two local charts (S(V)\{p},¢,V) and
(S(V)\{g}, ¥, V) by

v

;YL v) = i

v
)\‘, = —
o v) = T—

We have ¢(—1,0)=0=v(1,0). For v e o(S(V)\{pH\{0}, we have

-1 _ (Iv)P=1 2
o (v) = <HvH_2+1’ ”v”2“+1>. Therefore

v

vl

Yo ()=

(v € p(S(V)\{p} 0 S(V)\{g)).

Hence these charts define an analytic structure on S(V). If V. = R", we adopt
the usual notation S" for the unit sphere S(R") in R"*!.

A mapping f : M —> N between Banach manifolds (over the same field
IF) is called analytic if, for each x € M, there are charts (U, ¢, V) of M and
WV, ¥, W) of N such that x € U, f(U) C V and the composed map

Yyofop o) — yOV)CW
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is analytic. A bijection f : M —> N is called bianalytic if both f and the
inverse f~! are analytic, in which case M is said to be bianalytic to N. The
coordinate map ¢ : Y —> @(U) of a chart (U, ¢, V) is bianalytic.

Holomorphic and biholomorphic maps on complex Banach manifolds are
defined likewise. Holomorphic maps on complex Banach manifolds are analytic
and in the sequel, the terms holomorphic (respectively, biholomorphic) and
analytic (respectively, bianalytic) are interchangeable for complex manifolds.
One can also define smooth maps between real smooth Banach manifolds
M and N in the same manner, and a smooth map f : M — N is called a
diffeomorphism if it is bijective and the inverse f~! is also smooth, in which
case we say that M is diffeomorphic to N.

A bianalytic map f : M — M is called an automorphism of M. The auto-
morphisms of M form a group, with composition product, called the automor-
phism group of M and is denoted by Aut M.

We define tangent vectors on a manifold as directional derivatives along
smooth curves. A smooth curve in a Banach manifold M over F is a smooth
map y : (—c, ¢) —> M on some open interval in R, where ¢ > 0.

Letp € Mandlety : (—c,c) —> M be a smooth curve such that y(0) = p.
Let (U, ¢, V) be alocal chart at p. Then y(t) € U for ¢ near O and the derivative
(e o¥)(0) : R —> Vis(identified with) avectorin V. If y; : (—c¢y,¢;) — M
is another smooth curve such that y;(0) = p and (¢ o ¥)'(0) = (¢ o ¥1)(0), then
for any chart Uy, ¥, Vy) at p, we have ( 0 y)'(0) = (¥ 0 9™ 'Y (p(p))(g o
¥)(0) = (¥ o y1)'(0). Hence we can define an equivalence relation ~ on smooth
curves y in M with y(0) = p by

y ~ v if (poy)(0)=(poy)(0)

for a local chart (U, ¢, V) at p. An equivalence class [y ], is called a tangent
vector to M at p. We define the tangent space of M at p to be the set T,M of
all tangent vectors [y ], at p.

For the local chart (U, ¢, V) at p, the map [y], € T,M — (poy)(0) € V
is a bijection. Indeed, given a vector v € V, there is a smooth curve y,(t) =
¢ '(¢p(p) + tv)in M from some interval in R such that (¢ o y,)(0) = v. Hence
T, M can be identified with V via the bijection and is equipped with a Banach
space structure. In particular, if M is an open subset of a Banach space W and
p € M, then T,M = W via the identification [y], € T,M — y'(0) e W.

In the above chart, if y(¢) € U is defined, then (p o y)'(t) € V is a tangent
vector at y(¢). Indeed, (¢ o ) (t) = (¢ o ) (0) with [a],«) € TyyyM, where
a(s) is the curve

a(s) =@ ey (1) + s(p o y) (1))

defined on some interval in R.
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Remark 2.1.12 In view of the above identification of tangent vectors, we often
denote by y'(¢) the tangent vector to a curve y at y(¢).

Let f : M — N be an analytic map between Banach manifolds and let
p € M. The map

dfp :[vlp € TyM = [f oylsp) € TrinN

is a continuous linear map and is called the differential of f at p. The differential
of a smooth map is defined in the same manner.

Example 2.1.13 Let M and N be open subsets of Banach spaces V and W,
respectively. Let f : M — N be an analytic map and let p € M. Identifying
the tangent spaces T, M and Ty,)N with V and W as before, the differential
dfy, : T,M —> TN is the derivative f'(p) : V — W. Indeed, given v €
V with v = y'(0) for some [y ], € T, M, we have

dfp(ly1p) = f o ¥1pim = (f o ¥)(0) = f'(y(0)y'(0) = f'(p)v.

Example 2.1.14 Let (U, ¢, V) be alocal chart of a Banach manifold M. For p €
U, the differential do, : T,U —> Ty,)V is given by do,([y1,) = [¢ o V]
Under the identification [¢ o ¥]lyp) € TyppV = (o y)(0) e V = [y], €
T,M, wehave do,([y]1,) = [v]p.

The following result is an important consequence of the inverse function
theorem for Banach spaces.

Theorem 2.1.15 Let f : M —> N be an analytic (a smooth) map between
(smooth) Banach manifolds such that the differential df, : T,M —> Ty N
is bijective at some point p € M. Then f is locally bianalytic (diffeomorphic)
at p; that is, f is bianalytic (diffeomorphic) from a neighbourhood of p onto
a neighbourhood of f(p).

A closed subspace E of a Banach space V is called a complemented subspace
if there is a closed subspace E€ of V such that V = E @ E° is the direct sum
of E and E°, or equivalently, if there is a continuous linear projection from V
onto E. If dim V < oo, then every subspace of V is complemented.

Definition 2.1.16 Let f : M —> N be an analytic (a smooth) map between
(smooth) Banach manifolds M and N. Let p € M and let df, : T,M —
Tty N be the differential of f at p. The map f is called an immersion at p
if df, is injective and its image is a complemented subspace of Tr,N. We
call f a submersion at p if df, is surjective and its kernel is a complemented
subspace of T, M.
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In contrast to the case of a bijective differential df,, where the inverse
function theorem implies that f is locally invertible, the weaker condition
of injectivity or surjectivity of df, alone entails the existence of a one-sided
inverse of f locally. More precisely, we have the following characterizations
of immersion and submersion.

Lemma 2.1.17 An analytic (a smooth) map f : M — N between (smooth)
Banach manifolds is a submersion at p € M if, and only if, there are an open
neighbourhood V of f(p) € N and an analytic (a smooth) map g :V — M
such that g(f(p)) = p and f o g is the identity map on V.

Proof We consider the analytic case. The proof for the smooth case is verbatim.
Let f be a submersion at p € M. Then the differential df, : T,M —> Ty, )N
is surjective with complemented kernel K. Therefore T,M = K @ K¢ and df),
is bijective on K.

Let (U, ¢, T,M) be a chart at p with ¢(p) =0 and (Vy, ¥, Tr(,)N) a chart
at f(p), with ¥ (f(p)) =0and f(U) C Vy,suchthat o f o @~ is analytic
on p(U).

On an open neighbourhood B of (0, 0) € K x K¢ ~ T, M, we can define an
analyticmap F : B — K x Ty, N by

F(u,v)= . yfe~'v) (. v)€ B).
where v € K¢ N @(U). The derivative
F'(0,0): K x K¢ — K x Ty, N
is bijective since
F'(0,0)(u, v) = (u, (Wfo™") (O))),

where (W fo ™'Y (0) = df, : K¢ —> Ty»N is anisomorphism. By the inverse
function theorem, F is bianalytic from a neighbourhood of (0,0) € K x K¢
onto a neighbourhood S x O of (0, ¥ f(p)) € K x Ty,yN, where S and O
are open. The inverse F~! induces a well-defined analytic map & : ¥ fo~'(v) €
O+ veK NelU).Let

V=y"0NyVy)
and define g : V — U C M by

g =9 lohoy(y) (yeV)
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which satisfies g(f(p)) = p. For each y € V, we have ¥ (y) = 1ﬂf(p’1(v) for
some v € KN @) and

fg) = flo ') = fle ') =y (el

Conversely, let f have local right inverse g : V — M. Then the differen-
tial df, odg,, is the identity map on Ty,)N. Hence the differential df), is
surjective and dg  , is injective. It follows that

dg,,odfy : TyM — T,M

is a continuous projection with kernel (d f,,)’l(O) which is complemented in
T,M. O

Remark 2.1.18 Lemma 2.1.17 implies that a submersion f : M —> N is an
open map.

If f: M — Nisanimmersionat p € M, then wehave Ty,,)N =V @ V°,
where V = df,(T,M) is the image of the differential df,. With local charts
U, o, T,M) at p and (Vy, ¥, TrpyM) at f(p), as in the proof of Lemma
2.1.17, we can define an analyticmap F : T,M x V¢ — V x V= Ty N
locally by

Fu,v) = (Y fo ), v)

for (u, v) in a neighbourhood of (0,0) € T,M x V°. Again, with arguments
as before, the derivative F’(0, 0) is bijective and the local inverse F ~! induces
an analytic map g : V —> M from a neighbourhood V of f(p) such that
g o f is the identity map on a neighbourhood of p. This gives the following
characterisation of an immersion.

Lemma 2.1.19 An analytic (a smooth) map f : M —> N between (smooth)
Banach manifolds is an immersion at p € M if, and only if, there are open
neighbourhoods U andV of p and f(p) € N, respectively, and an analytic (a
smooth) map g : V —> M such that f(U) CV and g o f is the identity map
onU.

A topological subspace N of a Banach manifold M is called a submanifold
of M if N is itself a Banach manifold and the inclusion map ¢ : N < M is an
immersion. In this case, the tangent space T, N of N at a point p € N can be
identified as a complemented subspace of the tangent space T,M of M at p
via the differential d¢), : T,N —> T, M. An equivalent way of saying that N
is a submanifold of M is that at each point p € N, there is a chart (U, ¢, V,,)
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of M and a complemented subspace W, C V,, such that
<P(N N uw) = W(p N <P(u¢),

in which case {(N NU,), ¢l(vru,), W, } forms an atlas of N.

Every open topological subspace of a Banach manifold M is a submanifold
of M.

Let M be a Banach manifold over F and let

T(M) = U T,M
peM
be the union of tangent spaces of M. Then T(M) is a Banach manifold over F
with an analytic structure induced from that of M. Indeed, let {{4,, ¢, V,,)} be
an atlas of M and write TU, = | peu, TpM. Define a combined map

T(p): TU, — V, x V,
by
Tyl = (). (9o y) ()  (Iyl, € T,M).

The image of TU, is ¢(U,) x V,. Define a topology on T'(M) in which the
open sets O are those such that T'(¢)(O N TU,) is open in V,, x V,,. Then
{(TU,, T(p), V, x V,)} is an analytic structure on 7'(M).

The Banach manifold 7 (M) is a vector bundle on M, with bundle projection

m:lylp,eTM—peM,

and is called the tangent bundle of M.

An analytic vector field on M is an analytic map X : M — T M such that
X(p) € T,M; thatis, X is a section of the tangent bundle 7' (M). We often write
X, for X(p). The analytic vector fields on M form a vector space XM under
pointwise addition and scalar multiplication.

Given an analytic map f : M —> N between Banach manifolds M and N,
we can define the tangent map df : T(M) —> T (N) as the combined map

df(Xp) = dfp(Xp)a

which in turn induces the map df o X : M — T(N) foreach X € XM.

Analytic vector fields can be regarded as differential operators in the follow-
ing way. Given an analytic map f : &/ — W from an open subset I/ of M to
a Banach space W (over the same field of M), and given X € XM, one can
define an analytic map Xf : U/ — W by

Xf(p)=dfpy(Xp)  (p€M).
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This mapping is written as Xf = df o X. We can define the nth iterate X" of
X inductively by

Xf=f X'f=XX"'f) (=12..).

Given two analytic vector fields X, Y € XM, there is a unique analytic vector
field [ X, Y] on M, called the commutator (or brackets) of X and Y, such that
for each open set i/ C M, we have

[X.Y]f = X(Yf) = Y(X[)

for all analytic maps f from/ to a Banach space W (cf. [111, p. 60]). Using the
above formula, one can verify easily that the brackets [-, -] : XM x XM —
XM is antisymmetric, bilinear and satisfies the Jacobi identity

[X,[Y,Z]] + Y, [Z, X]]+[Z,[X,Y]]=0 (X,Y,Z e XM).

It follows that XM is a Lie algebra in the above brackets.

Let (Uy,, ¢, V,) be a local chart at p € M. A tangent vector [y ], at a point
q € U, can be identified with the vector (¢ o y)'(0) € V,,. On this chart, an
analytic vector field X can be viewed as an analytic function X : U, — V,,
and X¢ = dg o X = X by Example 2.1.14. It follows that

[X,Y]lp=XY¢p)—Y(Xp)=dYpoX —dXpoY =dYoX —dXoVY
and
[X, Y(p) =dYp(Xp) —dXp(Yp)  (pell).
A bianalytic map f : M —> N between Banach manifolds induces a map
fe: XM — XN 2.2)
defined by
(X)) ppy = dfp(X)p) (X eXM,peM).

If g is another bianalytic map on N, then we have the tangent map d(g o f) =
dg o df and it follows that (g o f), = g4 o fs. In particular, taking g = f~!
implies that f; is bijective. Further, it is straightforward to verify that f, is in
fact a Lie algebra isomorphism (cf. [111, 4.5]).

Given an analytic vector field X on a Banach manifold M, using the existence
theorem for differential equations in Banach spaces, one can find an open
interval /, in R containing 0 and an analytic curve

vp i 1, — U,
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satisfying the differential equation
dy,(0)
dt
and the initial condition y,(0) = p (cf. Remark 2.1.12). Since the solution also
depends analytically on the initial point, the theory of differential equations
gives the following further result (cf. [94, §1.7] and [81, chapter IV]).

=X(ypm) eV,

Theorem 2.1.20 Given an analytic vector field X on a Banach manifold M
and p € M, there is an open neighbourhood U of p and an open interval 1
in R containing 0, such that for all g € U, the curve y, satisfying yé(t) =
X(y,(t)) and y,(0) = q is definedon I. Themap o : (t,q) € I x U > y,(t) €
M is analytic and satisfies a(s +t, q) = a(s, a(t, q)) for s, t,s +t € I and
a(t,q) e U.

Fort € I,let o, : Y —> M be the analytic map

a(q) = a(t, q) = v, (1) (g € U).

Since ag(p) = p € U, we have o (p) € U for ¢ near 0 and hence the differential
(da—;)q,(py sends a tangent vector Yy, () to a tangent vector in 7, M. Noting
that X(p) = [y,] € T, M and that for an analytic map f from I/ to a Banach

1
space, we have Xf(p) =[f oy, =(foy)(0) = lim ;(f(az(p)) — f(p)),
a direct computation gives

1
X, Y1(p) = lim — (do-,(Ya ) = ¥, 23)

which expresses in some sense the rate of change of Y in the direction of X,
known as the Lie derivative of Y in the direction of X (cf. [81, p. 121]).

Definition 2.1.21 The map o :(¢t,q) € I xU +— y,(t) € M in Theorem
2.1.20 is called a local flow or an integral curve of the vector field X. If
the flow « is defined on R x M, then X is called a complete analytic vector
field.

By the uniqueness theorem in differential equations (cf. [81, p. 88]), there
is only one flow @ : R x M —> M of a complete analytic vector field X
satisfying «(0, p) = p. For each t € R, we define an analytic map

exptX M — M

by exptX(p) = a(t, p) for each p € M. The notation is suggested by the
property

exp(s +1)X =expsXoexptX (s,t € R),
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which also implies that each map exprX is bianalytic, since expzX o
exp —t X = exp0X is the identity map on M. We call the homomorphism

teR— exptX

the one-parameter group of X. In this notation, we have

d
X(p) = o exptX(p) (p e M).
t=0

Denote by aut M the set of all complete analytic vector fields on a Banach
manifold M. The map

X cautM > explX € AutM

is denoted by exp.

Let g : M — N be a bianalytic map between Banach manifolds. Then the
induced Lie algebra isomorphism g, : XM — XN, as defined in (2.2), maps
aut M to aut N and for X € aut M, we have the commutative diagram

t,p)eRxM — exptX(p)eM

be s
(t,g(p) eRx N — exptg.X(g(p) €N

where g(exp 1X(p)) = exp 1g,X(g(p)) gives

1

goexptXog  =exptg.X. 24

Remark 2.1.22 For a smooth Banach manifold M, the tangent bundle 7'(M)
is a smooth Banach manifold, in which case one considers smooth vector
fields X : M — T (M), smooth flows and so on. A parallel theory for smooth
Banach manifolds can be developed along with that for analytic manifolds. We
suppress the repetition but will make use of the results without more ado.

An important class of Banach manifolds is the Lie groups. A Banach mani-
fold G is called a Banach Lie group if G is a group and the group operations are
analytic, that is, the multiplication (x, y) € G x G + xy € G and the inverse
map x € G +— x~! € G are analytic. In practice, to verify analyticity of the
group operations, it suffices to verify the following three conditions (cf. [12,
I.1.1]):

(i) the left translation £, : g € G +— ag € G is analytic, for all a € G;
(ii) the mapping (x,y) € G x G — xy~! € G is analytic in a
neighbourhood of (e, e);
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(iii) the conjugation g € G +— aga~! € G is analytic in a neighbourhood of
e, foralla € G.

Let G be a Banach Lie group with identity e. For each a € G, the right
translation r, : g € G+ ga € G is an analytic map. An analytic vector
field X : G —> T(G) is called left invariant (respectively, right invariant) if
(dla)q(X,) = Xoug (respectively, (dry)q(X,) = Xgq) forall a, g € G. This can
be written as df, o X = X o £, and dr, o X = X or, in terms of the tangent
maps d{,,dr, : T(G) — T(G). An invariant vector field X is determined
entirely by its value at the identity e, since X, = (d¢,).(X.) foralla € G if X
is left invariant.

Given two left invariant analytic vector fields X and Y on G, it can be
verified that the commutator [X, Y] is also left invariant. Therefore the vector
space £ of all left invariant analytic vector fields on G forms a Lie algebra
in the product [X, Y]. Given a tangent vector [y ], in the tangent space T.G
at the identity e, the vector field X defined by X(g) = (d¥€,).([y].) is left
invariant and X(e) = [y],. It follows that the map X € £+~ X, € T,G is a
linear isomorphism, since two left invariant vector fields are identical if they
have the same value at e. Therefore the tangent space 7,G is a Lie algebra in
the brackets

[Xe, Yl :=[X, Y], (X,Y € £).
Wecallg =T,G = {X, : X € £} the Lie algebra of G.

Lemma 2.1.23 A left invariant analytic vector field X on a Banach Lie group
G is complete.

Proof By left invariance of X, given X(e) = [y]. € T.G, we have X(a) =
l[ayls € T,G.If y, : I —> G satisfies

dy.(t)
dt

= X)) and y.(0)=e,
then the curve y, = ay, solves

dy,(t)
dt

= X(¥a(1)) and  y,(0) =a.

Let o, : I x Y —> G be a local flow of X satisfying «(0, p) = p for pina
neighbourhood U of e. Then the map «,, : (¢t,ap) € I x ald — aca.(t, p) € G
is alocal flow of X satisfying «,(0, ap) = ap forall ap € ald. Taking the union
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U.eq I x ald and applying the uniqueness theorem, we arrive at a local flow
a: 1 x G —> G of X satisfying «(0, a) = a for a € G. Since

als +t,-) = als, at, -))

for s, t,s + ¢ in I, one can extend « to amap oy : R x G —> G by defining

n-times

i[5 )

for sufficiently large n, which can be seen to be well defined. Since ax(s +
t,a) = ax(s,ax(t,a))and oy isanalyticon I x G,itfollows that oy is analytic
on R x G and is the flow of X. O

A one-parameter subgroup of a Banach Lie group G is an analytic homo-
morphism 6 : (R, +) —> G such that 8(0) = e. Given such a homomorphism
0, we have d6y(1) € T,G. Conversely, for each left invariant vector field X on
G, the homomorphism

teR—exptX(e) e G

is a one-parameter subgroup of G satisfying d(exp X (e))o(1) = X,. The expo-
nential map

exp: T,G — G
is defined by
exp(X.) = exp X(e) (X e ).

The exponential map need not be surjective, but if it is, then G is called
exponential.

Definition 2.1.24 Let G be a Banach Lie group with Lie algebra g = 7,G. The
adjoint representation of G is the homomorphism

Ad : G — Autg
defined by the differential of the inner automorphism:
Ad(g) =d(rg-1lg)e : g — g.

We note that Ad is a homomorphism since 7(gpy-1€gn, = rg-1£ 0 rp-1£y. In
the notation of (2.2), we have Ad(g) = (r4-1£,). and by (2.4),

exp Ad(g)tX, = exp tAd(g)X. = g(exp tX,)g ™! (X eg). (25
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The automorphism group Autg is contained in the Banach space L(7,G) of
continuous linear operators on the tangent space g = 7,G. Considering Ad as
the map Ad : G — L(T,G), we can take its differential, which defines the
adjoint representation ad : g — L(T,G) of g:

ad(Xe) = d(Ad)e(Xe)

Lemma 2.1.25 Given two left invariant analytic vector fields X and Y on a
Banach Lie group G, we have [X, Y], = ad(X,)(Y,).

Proof We have Ad(g)(Y,) = (dry-1)4(dLg).(Y,) = (dry-1),(Y,) by left invari-
ance. Let o;(-) = ax(t, -) be the flow of X in Lemma 2.1.23. Since X is left
invariant, we have ¢, o o, = o, o £, for a € G. Hence we have

a_i(a) = a_(lu(e)) = La(a—i(e) = ra_()(a).

It follows from (2.3) that
1
[X, Y](e) = IIE;I(I) ; ((da—t)a,(e)ya,(e) - Ye)
1
=1 _da eaeYae_Ye
,g%t((h,u),() (©) )

= lim ; (Ad(a(e))Ye — Ye)

= ad(X.)(Y,).
O]

A Banach Lie algebra is a Banach space g which is also a Lie algebra and
is equipped with a continuous Lie product. Continuity of the Lie product is
equivalent to the existence of a constant C > 0 such that

X, Y1 < CIXIIY]  (X.Y €g).

Our remaining task in this section is to show that the Lie algebra of a Banach
Lie group is indeed a Banach Lie algebra. We show that, in local coordinates,
the Lie product can be expressed by continuous bilinear maps and is therefore
continuous.

Theorem 2.1.26 The Lie algebra g of a Banach Lie group G is a Banach Lie
algebra.

Proof We already know that g = T,G is a Lie algebra and also, it identifies
with the Banach space V in a local chart (U, ¢, V) at e. We show that the Lie
product (X,, Y,) € T,G x T,G +— [X,, Y,] € T,G =V is continuous.
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Let X, =[] € T.G and Y, = [B] € T.G. By Lemma 2.1.25, we have

[Xe, Ye] = ad([a])(Y.)
= tliné % (Ad(a(t))Y, — Ad(a(0))Y,)

d
= @il (Ad(a(1)Y.)
d

= E - (d(ra(t)‘lga(t))e Ye)

_d d
©dt|,_y \ ds

where a tangent vector [y] € T,G identifies with (¢ o y)'(0) € V.
Considering o®B(s)a()™") = F(t,s) as a function from some open
neighbourhood of (0, 0) € R? to V, we have the Taylor expansion

(w(a(t)ﬂ(s)a(t)‘))> :

s=0

1
F(t’s) = F(O’ O)+ F/(Ov 0)(t7 S)+ 51://(09 O)((t5s)a (tvs))+

= D\ F(0,0)t + D,F(0,0)s + % (D1 D F(0,0)(t, 1)
+2D1D,F(0,0)(z, s) + D2 D2 F(0, 0)(s, s)) + - - -

= (po p)(0)s + % (D1D1F(0,0)(z, 1)
+2DDyF(0,0)(t, s) + Dy Dy F(0, 0)(s, 8)) + -+ - .

It follows that

d ( d
o \ ds

where f:V xV — V is a continuous bilinear map. It follows that

R F(t, S)> =D D,F(0,0)(1, 1) = f((¢ oa)(0), (¢ o B)(0)),
[X., Y.] = f(X., Y.) and the Lie product is continuous. L]

s=0

Remark 2.1.27 In contrast to the finite-dimensional case, a Banach Lie algebra
need not arise as the Lie algebra of a Banach Lie group [115]. However, if the
centre

@={Xeg:[X, g]=0}

of a Banach Lie algebra (g, [+, -]) is trivial, then g is the Lie algebra of a
connected Banach Lie group. We refer to Robart [97] for a proof and will make
use of this fact in establishing Theorem 2.4.31 later.
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Example 2.1.28 A Banach algebra 2 with identity 1 is a Banach Lie algebra
in the commutator product

[a, b] = ab — ba (a,b e ).

The set G of invertible elements is open in 2 and forms a group in the associative
multiplication of 2(, and G is a Banach Lie group with Lie algebra 71G = .

Example 2.1.29 The infinite-dimensional analogue of the general linear groups
is the group GL(H) of invertible elements in the Banach algebra L(H) of
bounded linear operators on a Hilbert space H. The group GL(H) is norm
open in L(H) and is a Banach Lie group modelled on L(H), which is a Banach
Lie algebra in the commutator product. The exponential map exp : L(H) —
G(H) is the usual one:

2

A
XpA=T+A+ o+ (A€L(H)

where 1 is the identity operator in L(H ). The two-sided ideal K (H) of compact
operators in L(H) is a Lie ideal and is the Lie algebra of the Banach Lie group

GL.(H)y={AeGL(H):1— A € K(H)}.
In the operator norm topology, the group
GL,(H)={A € GL(H) : 1 — A is Hilbert-Schmidt}

is a Hilbert Lie group and its Lie algebra is the Hilbert space L,(H ) of Hilbert—
Schmidt operators, equipped with the commutator product and the Hilbert—
Schmidt norm

172
1Al = (Z ||A(ea>||2> (A € Ly(H)),

where {e,} is an orthonormal basis of H. If H is complex, the unitary group
UH)={ueGLH):uu* =uu=1}

is a real Banach Lie group in the norm topology and its Lie algebra is the real
Banach space

wH)={AeL(H): A+ A" =0}

of skew-Hermitian operators, equipped with the commutator product. For a
real Hilbert space, the orthogonal group

OH)={t e GL(H) : tt* =t"t = 1}
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is a Banach Lie group with Lie algebra
olHy={A e L(H): A+ A* =0},
consisting of skew-symmetric operators.

Let G be a Banach Lie group with identity e and Lie algebra g. A subgroup
K of G is called a Banach Lie subgroup if it is a submanifold of G, in which
case K is closed and a Banach Lie group in the induced topology of G [111,
p- 128] and it can be shown that the subalgebra

tE={Xeg:exptX e K,V e R} (2.6)
of g identifies with the Lie algebra of K. Further, the left coset space
G/K ={gK : g € G}

carries the structure of a Banach manifold and the quotient map 7= : G —
G/K is a submersion [111, theorem 8.19]. Manifolds of the form G/K are
called homogeneous spaces. Let p = m(e) = K. Then the differential dr, :
g —> T,(G/K) has kernel kerdn, = € and gives the canonical isomorphism
g/t~ T,(G/K).

2.2 Riemannian manifolds

A Riemannian manifold M is a manifold equipped with a Riemannian metric.
A Riemannian metric g on M is a smooth choice of inner product g(p) on the
tangent space 7, M at each point p € M, where smoothness refers to g as a
function of p. Let us make this precise first.

Recall that L2(V, F) denotes the Banach space of continuous bilinear forms
on a Banach space V over F =R, C. If V is finite-dimensional, we have
the identification L?(V,F) = V* ® V*, where the latter is equipped with the
injective tensor norm. Hence bilinear forms on V are the so-called (0, 2)-
type tensors or covariant tensors of order 2. If V is infinite-dimensional, we
have the identification L(V, F) = (V®V)* which only contains the algebraic
tensor V* ® V* as a subspace, where & denotes the projective tensor product.
Let L(z,(V, IF) be the closed subspace of L>(V, F), consisting of all symmetric
bilinear forms on V. One can view L3(-, F) as a functor on the category of
Banach spaces over F.

Let M be a smooth manifold modelled on a real Banach space V. A sym-
metric bilinear form g € Lé(V, R) is called positive definite if

g(x,x) >0 forall x e V\{0},
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in which case g is often called an inner product. We call g completely positive
definite if g is a complete inner product on V. By the open mapping theorem
for Banach spaces, g is completely positive definite on V if, and only if, there
is a constant ¢, > 0 such that

gx, x) > colx*>  (x e V).

Of course, if dimV < oo, then complete positive definiteness is the same as
positive definiteness.

If V is a real Hilbert space with inner product (-, -), then by the Riesz
representation theorem, L%(V, R) is linearly isometric to the closed subspace
L(V); of L(V), consisting of all symmetric operators in L(V). The linear
isometry g € L3(V,R) > L, € L(V), is implemented by

gx,y) = (Lgx,y) (x,yeV),

where g(x, x) > 0 for all x € V if, and only if, L, > 0. In this case, positive
definiteness of g is equivalent to the symmetric operator L, being positive and
injective. Complete positive definiteness of g is equivalent to the existence of
a constant ¢, > 0 such that

g(x, x) > cglx, x) (x e V),

which is also equivalent to L, being positive and invertible.
We can apply the functor Lg( -, R) to the tangent bundle

| Jr,M— M
peM
and form a vector bundle
L) : U LXT,M,R) — M.
peM
A Riemannian metric on M is a smooth section
g: M — | Ly(T,M.R)
peM

of this bundle such that each g(p) : T,M x T,M —> R is completely positive
definite. The differential structure on | L(ZJ(TPM , R) can be described as
follows (cf. [81, p. 170]).

Let {(Uy,, ¢, V)} be an atlas of M where each tangent space T,M iden-
tifies with the model space V ={(¢poy)(0):[y], € T,M}, and g(p) €
L3(T,M, R) identifies with g,(p) € L3(V, R), defined by

8o(P)((p 0 @) (0), (¢ 0 B)(0)) = g(p)[aly, [Bp)-

peEM
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Write L3(M) =
an injective map

penr Lo(Tp M, R) and LiU, = Uy, L§(T, M, R). Define

L(p): L§U, — V x L{(V,R)
by
L(@)(g(p) = (9(p). 8,(p))  (g(p) € LT, M. R)).
The image of L(p) is ¢(U,) x L3(V,R). Then
(LU, L(p), V x L§(V,R))}

is an atlas on L(Z)(M) whose open sets are the sets O for which L(¢)(O N Lé Uy)
isopenin V x L(Z)(V, R).

Smoothness of the Riemannian metric g : M —> L(Z)(M ) means that in local
charts (U, ¢, V), the map

gy U, —> LYV, R) = L(V),

is smooth.

If M admits a Riemannian metric g, we call (M, g), or M (if g is understood),
a Riemannian manifold. If M is an analytic manifold and the Riemannian metric
g is analytic, then we call M an analytic Riemannian manifold.

In what follows, we usually denote the Riemannian metric g(p) on T, M by
(-, ) p» and if confusion is unlikely, the symbol g is also often used to denote a
diffeomorphism between manifolds.

Remark 2.2.1 If a Banach manifold admits a Riemannian metric, then its
model space is isomorphic to a Hilbert space and the manifold itself is actually
a Hilbert manifold.

It is well known that every finite-dimensional paracompact smooth manifold
admits a Riemannian metric. In particular, every finite-dimensional Lie group
carries the structure of a Riemannian manifold. We recall that a topological
space M is paracompact if every open covering of M has a locally finite
refinement. Metric spaces are paracompact. We refer to Lang [81, pp. 36, 171]
for a proof of the following existence theorem.

Theorem 2.2.2 Let M be a paracompact smooth manifold modelled on a
separable Hilbert space. Then M admits a Riemannian metric.

Let (M, g) be a Riemannian manifold and let f : N —> M be an immersion
on a smooth manifold N. Then we can define a Riemannian metric g on N by

g, (u,v) =g, (df,(u),df,(v)) (p € N,u,v € T,N).
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Given a smooth curve y : [r, s] —> M, we define its length by

172

Ly) = (/ gy (¥ (), V/(f))dl)

and say that y is a curve from y(r) to y(s) in M. The length of a (continuous
and) piecewise smooth curve is the sum of the lengths of the smooth pieces.
With respect to the metric g, the Riemannian distance d(p, q) between two
points p, g € M is defined to be the distance

d(p,q) = inf{f(y) : y is a piecewise smooth curve from ptogq }. (2.7)

To introduce the concept of distance minimizing curves, namely, geodesics,
as curves of zero acceleration we need to consider “derivatives” of vector fields
which have values in different tangent spaces. This problem leads to the abstract
concept of a connection.

Given a scalar smooth function f on a smooth manifold M and a vector field
X € XM, we denote by fX the vector field

fX(p)=f(pX(p)  (peM).
A connection on a smooth manifold M is a mapping
V:iXM x XM — XM
which satisfies

() V(fX +hY,Z)= fV(X, Z)+hV(Y, Z);
(i) V(X,Y +2Z)=V(X,Y)+ V(X, Z);
(i) V(X, fY) = fV(X,Y)+(Xf)Y

for X, Y, Z € XM and smooth functions f, 7 on M.
It is customary to write Vx Y for V(X, Y). The first property of a connection
V implies that, if Y, Z € XM are such that Y (p) = Z(p) for p € M, then

VyX(p) = VzX(p).

This enables us to introduce the definition of the tangent vector V,X € T,M
for a given v € T, M by defining

VX = VyX(p), (2.8)

where Y is a smooth vector field on M such that Y(p) = v.
Lety : (—c,c) —> M be a smooth curve. By a smooth vector field Z along
the curve y, we mean a smooth map

Z:(—c,c)—TM
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such that Z(¢t) € T),(»M for t € (—c, c¢). According to Remark 2.1.12, y'(¢)
denotes the tangent vector to y at y(¢). In particular, we can consider

y i (—c,c) —TM
as a vector field along y. Given a connection Von M and X € XM,
VpX:ite(—c,o)» VynXeTM

is a vector field along y.
A connection V on M is said to be torsion-free if

VxY —VyX —[X,Y]=0
forall X,Y € XM. It is called Riemannian if
Xg(Y,Z)=g(VxY,Z)+ g(Y,VxZ) (X,Y,Z e XM),
where g(Y, Z) is the scalar function

g, Z)(p) = g(p)(X(p), Z(p)) (p e M).

A fundamental theorem in the theory of Riemannian manifolds is the exis-
tence of a unique connection, called the Levi—Civita connection, which is
torsion-free and Riemannian. We refer to Klingenberg [75, theorem 1.8.11] for
a proof.

Let V be the Levi—Civita connection on a Riemannian manifold M. We
can “restrict” V to vector fields along smooth curves in the following sense.
Let Z be a smooth vector field along a smooth curve y : (—c, c) — M and
let X € XM. Then there exists a vector field along y, also denoted by VyxZ,
satisfying

(1) Vx(fZ)= f'Z+ fVxZ for a smooth function f : (—¢, ¢) —> R;
(i) VxZ =V, Y forany Y € XM satisfying Y (y(t)) = Z(¢) for all
t € (—c,c).

The vector field Vx Z is constructed in Klingenberg [75, proposition 1.5.5]. For
t € (—c, c), the tangent vector V,(nZ € T, M is well defined by (2.8).

Definition 2.2.3 Let M be a Riemannian manifold with the Levi—Civita con-
nection V. A smooth curve y : (—c, ¢) —> M iscalled a geodesic (with respect
to V) if the vector field y ' along y is parallel which means V,,y " = 0 for
allt € (—c, ¢).

The following existence of geodesics is proved in [75, lemma 1.6.7].



2.2 Riemannian manifolds 87

Lemma 2.2.4 Let M be a Riemannian manifold with the Levi—Civita con-
nection. Let p € M. Then there is a neighbourhood U of p and n > 0 such
that for each g € U and X € XM with 0 < || Xyl < n, there is a geodesic
Ya.x : (=2,2) —> M satisfying v, x(0) = q and y, x(0) = X,.

For each ¢ € U and || X, || < 7 in the above lemma, we define exp,(X,) :=
vq.x(1) € M, where we put y, x(-) = g if X = 0. By Klingenberg [75, theorem
1.8.15], there exists ¢ € (0, n) such that the map

exp, : BO,e)c Ty M — M

is a diffeomorphism onto an open subset of M, where B(0,¢) ={v € T,M :
lvll| < e}. By a normal neighbourhood of g, we mean a neighbourhood of
the form exp,(N), where N is a neighbourhood of 0 in 7, M, on which exp,
is diffeomorphic. Each point in a normal neighbourhood of ¢ is of the form
¥4.x (1) which can be joined to g by the unique geodesic y, x. Moreover, y, x
is locally minimizing; that is, if the length £ of y, x from ¢ to a point p is less
than 7, then £ < £(y)) for any smooth curve y; from g to p [75, theorem 1.9.3].

Using geodesics and normal neighbourhoods, it can be be shown readily that
the Riemannian distance d on a Riemannian manifold M, defined in (2.7), is
a metric on M and that the topology induced by d coincides with the original
topology of M [75, theorem 1.9.5].

Definition 2.2.5 Let M and N be Riemannian manifolds. A diffeomorphism
g : M — N is called an isometry if it satisfies the condition

(X[,, Yp)p = <dgp(Xp)v dgp(Yp)>g([7) (pe M, Xp» Yp € TpM)-

The isometries of a Riemannian manifold M form a group G(M) under
composition. We call G(M) the isometry group of M. We say that G(M) acts
transitively on M if given two points p, g € M, there exists g € G(M) such

that g(p) = q.

Remark 2.2.6 Isometries between manifolds should not be confused with
isometries between normed vector spaces, which will be discussed later. How-
ever, the distinction should be clear from the context, and we will mostly con-
sider linear isometries on normed vector spaces. Amap ¢ : V. —> W between
two normed vector spaces V and W is also called an isometry if it preserves
the norm, that is, ||@(v)|| = ||v|| for all v € V. The celebrated Mazur—Ulam
theorem states that a surjective isometry between two real normed vector
spaces is necessarily linear if it fixes the origin 0.
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Example 2.2.7 A Riemannian manifold could have few isometries. In fact,
an isometry group could be finite (cf. [80, p. 55]). On the other hand, isom-
etry groups could be large. Consider a real Hilbert space V as an analytic
Riemannian manifold with its own inner product as the Riemannian met-
ric. Given an isometry g : V — V, the map g — g(0) is an isometry on V
vanishing at 0 and is therefore linear. Hence each isometry of V is a trans-
lation go +v:x € V > go(x) + v € V of a linear isometry gy on V, where
v € V. Itfollows that the isometry group G (V) is homeomorphic to the product
O(V) x V of the orthogonal group

O(V)={geGL(V):gg"=g"¢g=1}

and the additive Lie group V. As a group, G(V) is isomorphic to the semidirect
product O(V) x V, which is the set O(V) x V with the group product

(& v)(h, w) = (gh, gw)+v) (g, he OV),v,weV).

Thus the isometry group G(V) is a real Banach Lie group with the product
manifold structure of O(V) and V (cf. [12, p. 216]).

Example 2.2.8 Let V be areal Hilbert space andlet S(V) = {(A,v) e Rx V :
A2 + ||v||> = 1} be the unit sphere. Then S(V) admits a Riemannian metric
induced by the inclusion immersion ¢ : S(V) < R x V, where R x V is a
Hilbert space in the usual inner product. The isometry group for this metric of
S(V) is the orthogonal group O(R x V) which is a real Banach Lie group. In
particular, the isometry group of the n-dimensional sphere S" is O(n + 1).

Given a Riemannian manifold M withdim M < oo, it is a well-known result
of Myers and Steenrod [91] that the isometry group G(M) is a Lie group in
the compact-open topology. Our main objective in this section is to derive an
analogous result for groups of bianalytic isometries on infinite-dimensional
complex manifolds.

The following proposition is a real analogue of Cartan’s uniqueness the-
orem which states that two holomorphic maps f and g, one of which is
biholomorphic, from a bounded domain ¢/ to another domain in a complex
Banach space must coincide if f(p) = g(p)and f'(p) = g’(p) forsome p € U.
H. Cartan originally proved this result in the 2-dimensional case [17], but it
extends readily to arbitrary Banach spaces.

Proposition 2.2.9 Let g, h : M —> M be isometries of a connected Rieman-
nian manifold M such that g(p) = h(p) and dg, = dh,, for some p € M. Then
g=h
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Proof Considering the isometry g o h~!, we only need to show that if g is an
isometry such that g(p) = p and dg, : T,M —> T,M is the identity map,
then g itself is the identity map on M.

Let U be a normal neighbourhood of p such that each point ¢ € U is joined
to p by a unique geodesic y,(t) with y,(0) = p. Since g is an isometry, g o ¥,
is a geodesic satisfying g o y,(0) = p and

(8 0 v9) (0) = dgy,0)(v,(0)) = dg,(v,(0)) = y,(0),

we must have g o y, = y, by uniqueness of y,. It follows that g(g) = ¢ for all
qgel.

Since M is path-connected, every point in M is connected to p by a contin-
uous path, covered by a finite number of overlapping normal neighbourhoods.
This shows that g is the identity map on M. O

Let X be a complete smooth vector field on a Riemannian manifold M, with
the one-parameter group

exptX M — M (r e R).

We call X a Killing field if each exptX is an isometry. The Killing fields on
M form a Lie algebra with the brackets. We refer to Klingenberg [75, theorem
1.10.11] for a proof of this important result.

Theorem 2.2.10 The Killing fields on a Riemannian manifold M form a real
subalgebra g(M) of the Lie algebra XM of smooth vector fields on M.

Let M be a connected manifold modelled on a complex Hilbert space V. If M
admits a Riemannian metric when regarded as a real smooth manifold, then we
show that the group G,(M) = Aut M N G(M) of biholomorphic isometries of
M form areal Banach Lie group. To achieve this, we need to topologize G,(M)
appropriately. If dim M < oo, one can take the usual compact-open topology
and further, the identity components of G(M) and G,(M) coincide if they are
semisimple Lie groups [51, p. 374]. In infinite dimensions, we need a different
topology which, nevertheless, coincides with the compact-open topology in
finite dimensions.

Example 2.2.11 A complex Hilbert space (V, (-, -)) is a complex analytic
manifold which is also a Riemannian manifold in the metric Re (-, -), with
isometry group G(V) = O(V,Re (-, -)) x V, where (V,Re (-, -)) is the real
restriction of V. Let f : (V,Re (-, -)) — (V,Re (-, -)) be a smooth map with
derivative f’(a) : (V,Re{(-,-)) —> (V,Re (-, -)) at a point a € V. Then f is
holomorphic at a if, and only if, the derivative f'(a): V —> V is complex
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linear. Hence a real linear isometry g € O(V, Re (-, -}) is biholomorphic on V
if, and only if, g is complex linear and

G,(V)=UV)xV,

where U(V) is the unitary group of V. For V = C, the real restriction
(V,Re (-, -)) is the Euclidean space R2. Each isometry in O(2) is of the form

fe cosf —sinf or __(cosf  sin@

“ \sin®  cos@ &= sing —coso )

where f is a rotation by 6 and is complex linear on C, while g is a reflection
in the line y = x tan(6/2), or the line x = 0 for 8 = &, and is conjugate linear

on C. In this case, U(2) coincides with the connected component SO (2) of the
identity in O(2).

In the remainder of this section, we fix a connected manifold M modelled
on a complex Hilbert space V, equipped with a Riemannian metric for its
underlying real structure. Let {({,, ¢, V)} be the complex analytic structure
on M and let d be the Riemannian distance on M, defined by the Riemannian
metric. Given two non-empty subsets A and B of M, their distance is denoted
by

d(A, B) = inf{d(a,b):a € A, b € B).

The topological boundary of a set A is denoted by dA. For each p € M and
r > 0, we denote by

D(p,r)={xeM:dx,p)<r}

the open ball of radius r centred at p.

Let p € M and let (U, ¢, V) be a chart at p such that ¢(I/) is bounded in V.
An open neighbourhood B of p is called admissible if there exists r > 0 such
that

D(p,4r)CcU and d(B,dD(p,r)) > 0.

The latter condition implies that B C D(p,r), and B 1is said to be strictly
contained in D(p,r). Indeed, if there exists ¢ € BN (M\D(p,r)), then
there is a smooth curve y : [0, 1] — B with y(0) = p and y(1) = g. Since
d(p, q) = r, the Intermediate Value Theorem implies that d(p, y(t)) = r for
some ¢ € [0, 1] which gives y(t) € BNdD(p,r) and d(B,9D(p,r)) =0, a
contradiction.

Admissible neighbourhoods B are of finite diameter d(B) = sup{d(x, y) :
X,y € B}. An example of an admissible neighbourhood of p is the open ball
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D(p, r/2), given D(p,4r) C U. Since V is locally connected, we may assume
that{ and D(p, r) are connected when admissible neighbourhoods are chosen.
Moreover, choosing normal coordinates as in the finite-dimensional case [51,
p. 54], we may further assume that in the chart ({4, ¢, V'), both ¢ and go‘l are
uniformly continuous on U and ¢(Uf), respectively [75, 1.9.8]; that is, given

g > 0, there exists § > 0 such that

dx,y)<é forx,yel implies |o(x)— ()| <e

(and a similar condition applies to ¢ !). (2.9)

In other words, the metric d on U is uniformly equivalent to the metric induced
by the norm || - ||.

We use an admissible neighbourhood to define a metric on the biholomorphic
isometry group G,(M) of M. We will denote by ¢ the identity map in G,(M).
For p € M and an admissible neighbourhood B, at p, define a metric Py, ON
G.(M) by

s, (f. &) ==supld(f(x), g(x)) : x € By} (f,g € Ga(M)). (2.10)

‘We first note that this is a well-defined metric since

d(f(x), g(x)) = d(f(x), f(p)+d(f(p), g(p)+d(g(p), g(x))
=d(x, p)+d(f(p). g(p)+d(p, x) <2d(B)+d(f(p), g(p))

and f = g as soon as they coincide on B, by the principle of analytic continu-
ation. Next, we show that this metric is independent of the choice of admissible
neighbourhoods.

Lemma 2.2.12 Let M be a connected Riemannian manifold modelled on a
complex Hilbert space (V, || - ||) and let p, q € M with admissible neighbour-
hoods B, and By, respectively. Then p,  is uniformly equivalent to p, .

Proof By translation invariance of the two metrics, it suffices to show that for
each ¢ > 0, there exists § > 0 such that

Py, (8,1) <8 implies p, (g,1) <e¢ (g € G,(M)).

Let B, C U and B, C V be chosen from the charts (4, ¢, V) and (V, ¥, V),
with d(Bp,, dD(p, r)) > 0. First, suppose B, N B, contains a point z. Then
for each g € G,(M) satisfying P, (g,1) <r,we have g(D(p,r)) C U, since
x € D(p, r) implies

d(g(x), p)<d(g(x), g(z)) +d(g(z), z) +d(z, p)<d(x,z) +r +d(z, p) <4r.
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It follows that the analytic maps

{ogo™" 1 p, (g, 0) < 1)

are uniformly bounded on the domain ¢(D(p,r)) C V.
By (2.9), there exists T > 0 such that

lo(x) =l <7 implies d(x,y) <e  (x,y €l).

By an application of Hadamard’s three-circles theorem in Vigué [114, proposi-
tion 1.1.3] to the domains ¢(B,) and ¢(B, N B,) which are strictly contained
in o(D(p, r)), there exists n > 0 such that

sup{llpge ' (v) — ' (W)l 1 v € P(B,)} < T (2.11)

whenever

sup{llpge™ ' (v) — e~ ' (W)l s v € (B, N By} <1

and Pg, (g,t) < r.Now pick § € (0, r) such that
d(x,y) <é implies [o(x)—eWIl <n  (x,y€U).

Let P, (g,1) < d.Foreachy € B, N B,,wehave g(y) € Y andd(g(y), y) < 4.
Hence [lo(g(y)) — ()l < n. It follows from (2.11) that [|¢(g(x)) — ¢(x)|l <
7 for all x € B, and therefore d(g(x), x) < ¢ for all x € B,,. This proves that
po(g9 [‘) S €.

Now, without the assumption of B, N B, # @, let

§ = {x € M : dp is equivalent to dp_, ¥ admissible neighbourhoods B of x}.

Then g € S and S is closed, for if (x,) is a sequence in S converging to some
x, then any admissible neighbourhood B of x contains some x,, and hence dp
is equivalent to dp, .

Also, S is open. Indeed, given s € S, let B, be an admissible neighbourhood
of s. Then we have B; C S, forif y € B, and B is an admissible neighbourhood
of y, then B N By # ¥ and the preceding arguments imply that dp is equivalent
to dp, which is in turn equivalent to dp . Hence y € §S.

Finally, connectedness of M gives M = S. O

Our next task is to show that the biholomorphic isometry group G,(M),
equipped with the topology induced by the metric p, , has the structure of a
real Banach Lie group. We define

ga(M) := g(M) Naut M
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and call the vector fields in g,(M) analytic Killing fields. By Theorem 2.2.10,
94,(M) forms a Lie algebra and is a candidate for the model space of a manifold
structure on G,(M). For this, we first need to introduce a norm on g,(M) to
make it into a Banach Lie algebra.

Fix p € M and a chart (U, ¢, V) at p satisfying (2.9), with ¢(p) = 0 and
some o« > 0 such that

dx,y) <a implies [o(x)—e)| <1 (x,y el). (2.12)

Choose an admissible neighbourhood B, C D(p,r) with 4r < . Equip
G ,(M) with the metric Py, defined in (2.10). Let

Gyt,r/2) ={g € Gu(M): p,,(g.1) <r/2},

which is an open neighbourhood of the identity : € G,(M). For each g €
G,(t,r/2), we have g(B,) C D(p,r).
Given g € G,(M), denote by

g=9go o)y — V
the local representation of g on ¢(Uf) C V. Then for all x € B, and g €
G (1, r/2), we have d(g(x), p) < r and hence

181, := sUp IE(@CDI = sup [lp(g(x)) —p(p)ll < 1.
xeB(p.r) X€B(p,r)

In other words, the functions
{8:8€Gp,r/2)}

are bounded on the domain ¢(D(p, r)) C V in the supremum norm || - || .-
Fix the admissible neighbourhood B, at p and fix the metric p = Py, ON
G,(M). Then G,(M) is a topological group in the metric p.
Owing to Lemma 2.2.12, we have shown, in the terminology of [111, 10.3],
that the action (g, x) € G,(M) x M +— g(x) € M 1is locally uniform, which
means that

(i) each point g € M admits a chart (V, ¥, V) and an open ball B(g) centred
at g such that, for some p-neighbourhood G, (1) of t € G,(M), the
functions

{ygy~"':ge G0}

are bounded on ¥ (B(q)) in the supremum norm || - ||, >
(i) the map g € G(1) — g =Ygy ! is continuous, in the sense that if
h € G4(1)is close to g € G,4(1) in the metric p, then £ is close to g'in the

norm || : ||W(q>>'
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We now introduce a norm on the Lie algebra g,(M) of analytic Killing
fields on M. Each Killing field X € g,(M) gives rise to a one-parameter group
exptX : M — M of biholomorphic isometries, and by the above remark, the
group action

t,x) eRx M exptX(x)e M

is locally uniform since for each g € M, there exists ¢ > 0 and an admis-
sible neighbourhood B C B(g) of ¢ such that (¢, x) € (—c, ¢) x B implies
exptX(x) € B(g), where the metric P, induced by the admissible neighbour-
hood B is equivalent to p. It follows from Upmeier [111, theorem 10.8] that,
in the chart (U, ¢, V) at p € M, the local representation

X: o(B,) — V
of X is bounded, where X is given by the tangent map 7 (¢):
T(@)(Xa) = (@), X(@@))  (a € B,).

For sufficiently small ¢+ > 0, we have exptX(a) € B, and

~ d — tX —
@) = 1| aprx(pa) = lim LERN@ Z 9@ 5 45
dt|,_o =0 t
We define the norm
IX1 = 1X1l,,, = sup{ X(¢(@)l| : a € B,}. (2.14)

We continue to use the notation of the chart (U4, ¢, V) and the admissible
neighbourhood B),. Choose s > 0 such that

C, = D(p,s) C D(p,2s) C B),.
By (2.9), there exists By > 0 such that
llox) = eIl < o implies  d(x,y) <.
Foreach 0 < 8 < By, let
G, B)={g € Ga(M):1Ig —1l,c, < B}

where 1 is the identity map on V and || - ||¢(c,,;
V-valued bounded functions on ¢(C,), as in (2.14). The metric Pe, induced
by the admissible neighbourhood C, is equivalent to p, and by (2.9), the open
sets

denotes the supremum norm for

{G.B):0 < B < fo}

form a neighbourhood base at the identity ¢ € G,(M).
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For each g € G(t, B), we have g(C,,) C B, since x € C,, implies
d(g(x), p) <d(g(x),x) +d(x,p) <s+s=2s.

Given X € g,(M), continuity of e R exptX(p) e M implies
exptX(p) € C, for t in some interval (—c, ¢) with ¢ > 0, and hence

d(exptX(x), p) < d(exptX(x), exprX(p)) + d(exptX(p), p)
=d(x, p)+dexptX(p), p) <2s xeC)p

gives exptX(C,) C B,. Applying (2.13) and the Mean Value Theorem to the
differentiable map

t €(—c,c)> pexptX(a) eV

for each a € C,, we obtain
llexp X (p(a)) — p(@)|l < It| sup | X(p(expstX)@))|
0<s<l1

<Xl It = IX1IEL (]l <€), (2.15)

@(Bp)

Lemma 2.2.13 Given 0 < 8 < By and an analytic Killing field X on M satis-
fing | X|| < B, we have exp X € G(¢, B).

Proof By (2.15), we have
T:=sup{s > 0:exptX € G(t, B), Y|t] <s}>0.

We only need to show that T > 1. Suppose T < 1. We deduce a contradiction.
Choose ¢ > 0in (2.15)and 0 < t; < ¢, (8 4+ 1)~!. Lets > 0be such that |¢| <
s implies exptX € G(t, B). We show thatexptX € G(¢, ) for0 <t <s + 1.
If0 <7 < fi, wehave exprX — 1|, < IX[llf] < B.Ift; < <'s + 1y, then
0<t—1 <sgivesexp(t — ;)X € G(t, B) and we have

lexprX — 1], = lexp(c — 1) Xexpri X — 1,
< llexp(t — ) Xexpti X — expt; X, +llexpri X — 1,
< Iexp 11Xl e, N lexp(t — 1)X — 1|, +llexpri X — 1.,
<IX[InB+ Xl = Bu(B+1) < B,

It follows that T + #; < 7, which is impossible. O

Let | X]|| < Bo and [t] < 1. Then || X|| < B < By for some B implies that
ltX|| = |¢]|X|| < B and exptX € G(t, B). Hence, as noted before, we have

exptX(C,) C B,. (2.16)
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Theorem 2.2.14 The Lie algebra g,(M) of analytic Killing fields on M,
equipped with the norm defined in (2.14), is a Banach space.

Proof Let (X,,) be a Cauchy sequence in g,(M). We may assume, by omitting

the first few terms, that || X,,|| < By for all n and hence exp?X,(C,) C B,.
The Cauchy sequence (f,,) of bounded analytic functions on ¢(B),) con-

verges in the supremum norm to a bounded analytic function Y : ¢(B,) — V.
Consider the smooth map

fi=LD xeB,) —V
defined by
f&3) =X ().
Foreacha € C,, we have

—~— ~ —~— d —~
f(tv eXthn(@(a))) = Xn(exptxn((p(a))) = Eexptxn((p(a))-

Let u(t) = exp 1 X,m(¢(a)) for t € (—1, 1). Then we have

() — £(t, u(®))|
= [ X n(exp 1 X (9(@))) — X, (exp 1 Xp(@@)| < 11X — Xall.

By comparison of solutions of the differential equation x’ = f(¢, x) in [33,
10.5.1.1], we have

lexp 1 X,(9(@)) — exp X, (@(@)I] < | X0 — Xnnekmk—_l, (2.17)
where, by the Cauchy inequality (2.1), we have
sup X, 1,0, <k
for some k > 0. Hence
||e;I;\t_)?m — e;[;\t_)/(nnw(cp) —> 0 as m,n —>

for all |¢| < 1. Therefore the sequence (exp ¢ X,,) norm converges to an analytic
function g,(¢) on ¢(C,), for each |t]| < 1.

Let p., be the metric defined by the admissible neighbourhood C), as in
(2.10). Then we have

pc‘,,(exthnveXthm) —> 0 as m,n—> o
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for |¢t|] < 1. Applying Lemma 2.2.12, one can find an admissible neighbourhood
C, in a chart (U, ¢, V) at every point ¢ € M such that (e;;t_)/(n) is a Cauchy
sequence on ¢,(C,) and hence norm converges to an analytic function g, (7) :
¢qs(Cy) —> V, for each [t| < 1. It is readily seen that the analytic function
g(t) : M —> M defined by

8(@) =9, '8 We,q) (g €M),

where ¢, = ¢, is well defined. Moreover, we have

d(g:(q), &)
<d(g(q), exptX,(q)) +d(exptX,(q), expt X,(y)) + d(exp X,.(¥), &)
=d(gi(q), exptX,(q)) +d(q, y) + d(exp X,(y), &(y)) —> d(q, y).

The same arguments imply that the sequence (exp —z X,,) converges locally
uniformly to a contractive analytic function h, : M — M for |t| < 1, and
g:h(q) = g for all g € M. It follows that g, € G,(M) for |t| < 1.

Since exp(s + )X, = (expsX,)(exptX,), we have g,,; = g;g; whenever
both sides are defined. Since (—1, 1) generates R, we can extend the map
te(—1,1)— g € G,(M) continuously to a one-parameter group f € R
g € G,(M) of bihomorphic isometries on M. Hence there is a Killing field X
in g,(M) such that g, = exptX forall t € R.

By (2.17), we have, for 0 < |t] < 1,

exptX —1  exprX, —1
t t

exptX,, — 1 egj\t_}/(,, -1
t t

m—00
9(Cp) 9(Cp)
kil _ q

Lett —> 0. Then ||§ — )~(n||¢(cp) — 0asn — o0. By the principle of analytic
continuation, we have X = Y on ¢(B),) and hence

=X, =Yl . —>0.

9(Bp)

IX, — XI = [1X, — X||

@(Bp)

O

Corollary 2.2.15 The Lie algebra g,(M) of analytic Killing fields on M is a
real Banach Lie algebra.

Proof Let Z = [X, Y] for X, Y € g,(M). Then fora € C,, we have

Z(p(a)) = Y'(@p@)X(p(a)) — X' (p@)Y (p(a)),
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which gives, via the Cauchy inequality,

~ -, ~ <, ~
1Z1,c,y = 1Y Myiep 1X N,y + M1X M) 1Y e,

IA

N i 1%

where R is the distance between ¢(C),) and the topological boundary of ¢(B)).
Since the norms || - ||WP) and || - ||¢w,,) are equivalent on g,(M), we have shown
that g,(M) is a Banach Lie algebra. O]

Lemma2.2.16 Themap X € g,(M) — exp X € G,(M) isinjective in aneigh-
bourhood of 0 € g,(M).

Proof There exists ro > 0 such that ¢(B,) contains the open ball {ve V :
lv]l < ro}. Let M ={X € g.(M) : | X|| < min(rg, Bo/2)}. For each X € N,
we have X(¢(B,)) C ¢(B,) and also, by (2.16),

exp1X(p(Cp)) C ¢(Bp)
for [t| < 1. Foreacha € C,, we have
d —_ ~ —_
TexpIX(p(a) = X(expiX(p(a))

and it follows that

n

d — ——
I exptX(p(a)) = X"(exptX(¢(a)) n=1,2,...).

Therefore we have the power series expansion for the analytic map

oo o0

—_~— n —~— [n ~l‘l —~—
expt X (p(a)) = 2t exp X (p(a)) = go — X" (exp X (¢(@)))-
In particular,
— > 1 o
exp X(p(a)) = Z ;X (exp X(p(a))) (X € M,a € Cp).
n=0

Let H*(p(B,), V) be the Banach space of bounded analytic maps from
¢(B,) to V, equipped with the supremum norm. Define a differentiable map
F: N — H*®(@(B,), V) by

FX)=expX—X—-1 (XeMN).

Then we have F(0) =0 = F’(0) and one can find a convex neighbourhood
Mo C N such that ||F'(X)|| < 1/2 for all X € Ny. Given X,Y € Ny with
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exp X = exp Y, the Mean Value Theorem implies that

IX - Y|

@(Bp)

=[IFX) = FDI=<IIX = Y| sup [[FFOX + (1 =MNI<IX—YI/2
0<r<I1

and hence | X — Y| = ||)~( - Y”‘/’(Rp) = 0. This proves injectivity of exp on

No. O

Theorem 2.2.17 Let M be a connected manifold modelled on a complex
Hilbert space, with a Riemannian metric. Then the biholomorphic isometry
group G,(M) of M can be topologized to a real Banach Lie group with Lie
algebra g,(M) formed by the analytic Killing fields on M.

Proof We show that G,(M) can be equipped with an analytic structure mod-
elled on the real Banach Lie algebra g,(M). By Birkhoff [8], there is a neigh-
bourhood 9t of 0 € g,(M) such that the Campbell-Baker—Hausdorff series

1 1
H(X, Y)=X+Y+§[X, Y]+E([X’ (X, YI1-[Y,[X, YD+,
(2.18)

written in terms of iterates of [X, Y], converges to an analytic map H : 91 x
N —> g.(M) satisfying

exp H(X,Y) = (exp X)(expY).

By Lemma 2.2.16, we may assume the restriction exp |, : Y1 — G,(M) is
injective. Since H(0, 0) = 0, we can find open symmetric neighbourhoods
B C W CNof 0 € g,(M) such that

HO xV)C2W and HET x W) C N.
LetU = exp(2) C G,(M) and let
¢ = (exp|‘m)’1 U — W C g, (M)

so that t € U and ¢(exp X) = X for X € 20. For each g € G,(M), we define
an injective map

Qg 18U — W C g (M)
by

po(h) = (g 'h)  (hegl).
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If g Nhid # @, thenh~'g € U and h~' g = exp X for some X € 20. Hence
for each Y € ¢,(gld N hif), we have

onpy (V) =@(h~'gexpY) = p(exp X)(exp¥) = H(X, Y)
and therefore the composed map
ony " pg(8U N hU) —> @ (U N hUA)

is analytic. It follows that G,(M) can be given a topology such that
{(gU, ¢,, g(M))} is an analytic structure on G,(M) where ¢, = ¢.

It remains to show that the group operations on G,(M) are analytic. Let
V = exp Y, which is a neighbourhood of ¢ € G,(M). Then the map (g, h) €
V x V> gh~! € G,(M) has the local representation

X, Y)eUxTV— HX,-Y)e],

which is analytic. For each g € G,(M), the left translation £, : htd —> ghid
on a chart (hif, ¢p,) is given by £, = (p;hl ¢, and hence analytic.

Finally, each g € G,(M)induces a Lie algebra isomorphism g, : g,(M) —
g4(M) by (2.2) and the conjugation 1 € G,(M) — ghg™' € G,(M)is analytic
in a neighbourhood of ¢ € G,(M) via the local representation

h=expX €exp@Ng ' (W) — glexpX)g~' € G

| T

Xewng '@y 55 gXeWw
where the commutativity of the diagram follows from (2.4). O

Corollary 2.2.18 Let K be a closed subgroup of the Banach Lie group G ,(M)
in Theorem 2.2.17. Then K can be topologized to a real Banach Lie group with
Lie algebra

E={Xeg.(M):exptX € K,Vt € R}.

Proof By Upmeier [111, 6.8], £is a closed real subalgebra of g,(M) and hence
a real Banach Lie algebra. Repeating the previous arguments, using K and £
in place of G,(M) and g,(M), one can equip K with a real Banach manifold
structure, modelled on &. O

Remark 2.2.19 Corollary 2.2.18 is a special case of the fact that a closed
subgroup K of a real Banach Lie group G with Lie algebra g can always be
topologized to areal Banach Lie group with Lie algebrat = {X € g : exptX €
K,Vt € R} (cf. [111, 7.8]).
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2.3 Jordan algebras and Riemannian symmetric spaces

‘We now discuss Riemannian manifolds which arise naturally in Jordan algebras.
This provides a setting to show the useful relationships between the geometric
structures of these manifolds and the underlying Jordan algebraic structures.

The important class of Riemannian manifolds closely related to Jordan alge-
bras and Jordan triple systems is the class of symmetric spaces. In finite dimen-
sions, these manifolds were classified by E. Cartan.

Definition 2.3.1 A connected Riemannian manifold M is called a (Riemannian)
symmetric space if there is a symmetry s, at every point p € M; in other
words, if every point p is an isolated fixed point of an involutive isometry
sp M — M.

An isometry s, is called involutive if the composite sf, is the identity map. A
fixed point p of s, is isolated if it is the only fixed point in a neighbourhood of
p. The following lemma, together with Proposition 2.2.9, shows that there can
only be one symmetry s, at p.

Lemma 2.3.2 In a Riemannian symmetric space M, the differential ds,, of a
symmetry s at p € M is minus the identity map on T,M.

Proof Since s? is the identity map on M, the composite (ds,)” is the iden-
tity map on the tangent space 7,M, and hence ds, induces an eigenspace
decomposition of 7, M:

T,M = (X, : dsy(X,) = X,} ®{X, : ds,(X,) = —X,}.

Let ds,(X,) = X,. Then we must have X, = 0 for otherwise, in a normal
neighbourhood of p, there is a unique geodesic a(z) with «(0) = p and &’ (0) =
X, which implies that s o o = «, since s o « is a geodesic satisfying the same
conditions. This contradicts the fact that p is an isolated fixed point of s. Hence

T,M = (X, : ds,(X,) = —X,}. -

Example 2.3.3 A real Hilbert space V is a Riemannian symmetric space. The
symmetry at a point p € V is the map s,(x) =2p — x.

Example 2.3.4 Let M be a Riemannian manifold. If there is a symmetry s, at
some point p € M and if G(M) acts transitively on M, then M is a symmetric
space. Indeed, given ¢ € M with ¢ = f(p) for some f € G(M), the map
sq=fospof ~!is a symmetry at g. We note, however, that transitivity of
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the action of G(M) on M alone is not sufficient for M to be a symmetric space
[96].

Example 2.3.5 The unit sphere S(V) = {(A,v) e R x V : A2 + ||v||> = 1} in
a Hilbert space R x V is a symmetric space in the induced Riemannian metric.
The isometry group O(R x V) acts transitively on S(V') and the symmetry s,
at the north pole p = (1, 0) is given by

sp(A,v) = (A, —v).

Lemma 2.3.6 Let M be a Riemannian symmetric space. Then the isometry
group G(M) acts transitively on M.

Proof Given a geodesic y : [0, 1] — M, the symmetry Sy(1 at the midpoint
y(%) reverses y, sending the endpoints y(0) and y (1) to each other. Since M
is connected, any two points p, g € M can be joined by the union of a finite
number of geodesics, and hence a finite composite of symmetries would send
ptog. O

Riemannian symmetric spaces associated with real Jordan algebras, in the
form of symmetric cones and manifolds of idempotents, were first studied in
Helwig [52], Hirzebruch [55], Koecher [76, 79] and Vinberg [113]. Koecher
and Vinberg [76, 79, 113] have shown that the category of finite-dimensional
formally real Jordan algebras is equivalent to the category of symmetric cones
in finite-dimensional Euclidean spaces. They showed that the latter are exactly
the interiors of positive cones in formally real Jordan algebras. Hirzebruch [55]
has shown that the manifold of minimal idempotents in a finite-dimensional
simple formally real Jordan algebra is a Riemannian symmetric space. We now
discuss the infinite-dimensional extension of these results.

By Theorem 1.1.14, finite-dimensional formally real Jordan algebras are
characterised by the existence of a positive definite trace form (x,y) =
Trace (x O y), which provides a natural topology for the aforementioned man-
ifolds. In the absence of a trace form in infinite dimension, an appropriate
generalisation of finite-dimensional formally real Jordan algebras is the class
of JB-algebras, which presents a proper topological setting to extend Hirze-
bruch’s result. Another generalisation suitable for geometry and symmetric
cones is the class of JH-algebras.

A real Jordan algebra B is called a JB-algebra if it is also a Banach space
and the norm satisfies

2 2 2 2 2
labll < llallibll,  lla”ll = llall®,  lla”ll < lla” + b7

foralla, b € B.
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A JB-algebra A is called a JBW-algebra if it is the dual of a Banach space, in
which case the predual of A is unique, the weak* topology on .4 is unambiguous
and .4 must have an identity, denoted by 1. A JBW-algebra is called a JBW-
factor if its centre

Z={ze A:z(ab) = (za)b, Ya,bec A}

is trivial, that is, Z = {1 : @ € R}. We refer to Hanche-Olsen and Stgrmer
[47] and Topping [109] for basic results of JB-algebras and JBW-algebras.

An important class of JB-algebras is furnished by C*-algebras. We recall
that a C*-algebra is representable as a norm-closed subalgebra A of the algebra
L(H) of bounded linear operators on a complex Hilbert space H suchthata € A
implies a* € A, where a* denotes the adjoint of the operatora : H — H.If
H is a real Hilbert space, then 4 satisfying the same conditions is called a real
C*-algebra. We regard a C*-algebra over a complex Hilbert space as a real
C*-algebra by restricting to the real scalar field. The Banach space

A =f{ae A:a" =a}

of self-adjoint operators in a real C*-algebra A is a JB-algebra in the special
Jordan product

1
aob = E(ab+ba),

where the Jordan product o is the same as the associative product on the right
if A is commutative.

The complexification A, = A @ i.A of areal C*-algebra A is a C*-algebra,
and if A is commutative, then so is A., which must be of the form Cy(S), the
C*-algebra of complex continuous functions vanishing at infinity on a locally
compact Hausdorff space S. The self-map t on A @ i A = Cy(S) defined by

ta+ib)=a+ib (a,be A

is a complex linear x-automorphism and is of period 2, that is, 72 is the identity
map. The dual map t* restricts to a homeomorphism o : § —> S of period 2
and we have the identification

A={feCyS): foo = f}, (2.19)

where the involution f* is the complex conjugation f of f.

Bilinearity implies that the multiplication (a, b) € A? > ab € A in a JB-
algebra A is analytic (cf. Example 2.1.5), and hence the Jordan triple product
(a,b,c)— {a,b,c} = (ab)c + a(bc) — b(ac) is also analytic.
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A real Jordan algebra H is called a JH-algebra in Nomura [93] if it is also a
real Hilbert space in which the inner product (-, -) is associative; that is,

{ab, c) = (b, ac) (a,b,c € H).

A finite-dimensional JH-algebra is called Euclidean in Faraut and Koranyi
[38]. Evidently, a finite-dimensional formally real Jordan algebra, equipped
with the trace norm as an inner product, is Euclidean. In fact, all three concepts
introduced above are equivalent in finite dimensions.

Lemma 2.3.7 Let A be a finite-dimensional real Jordan algebra. The following
conditions are equivalent:

(1) A is formally real.
(ii) A is Euclidean and has an identity 1.
(iii) A is a JB-algebra.

Proof See Braun and Koecher [13, p. 320] and Hanche-Olsen and Stgrmer [47,
pp- 77, 84]. We simply note that, in a finite-dimensional formally real Jordan
algebra A, the positive cone {a® : a € A} induces a partial ordering < in A and
anorm

la|| :=inf{A > 0: A1 <a < Al}
which makes A4 into a JB-algebra. O

Example 2.3.8 An infinite-dimensional formally real Jordan algebra need not
be a JB-algebra. The disc algebra D on the open unit disc U in the complex
plane consists of continuous functions on the closure U which are holomorphic
onU. Let

A={feD: f(UNR) C R},

which is a real closed subalgebra of D and is an associative Jordan algebra. It
is formally real and we also have || f2|| = || f||*> forall f € A, but

|| sin® nz 4 cos® nz|| = 1 # | sin® nz||
for large n.

Example 2.3.9 The exceptional Jordan algebra H3(Q) in Example 1.1.5 is a
formally real Jordan algebra. Hence it is a JB-algebra with the norm described
in the proof of Lemma 2.3.7. Following [117], we equip

H3(0) = H3(0) + i H3(0)
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(cf. Example 1.2.8) with the norm
l@ij)lle = inf{a > 0 : (a;;) € aC},
which is the Minkowski functional of the convex hull C of the set

!expiz = Z an‘, HVAKS H3(O)} .

n=0

(H3(O), || - ll;) is a Banach space complexification of H3(0), and we will
always assume this norm structure of H3(QO). As a subtriple of H3(O), the
Hermitian Jordan triple M,(Q) also inherits this norm.

Let A be a JH-algebra with identity 1. Then for each a € A, we have
lal® = (@, a) = (1,a%) < |[1||]a*|l.

The box operator a0 a : A —> A is norm continuous, since it is weakly
continuous by associativity of the inner product,

(@B a)xq, y) = (X, (@D a)y) — (x, (@0 a)y) = (@0 a)x, y),

whenever a net (x,) converges weakly to x € A. Actually, it follows from
Lemma 3.5.5 that there is a constant ¢ > 0 such that ||aD a| < c¢||a||? for all
a € A. Hence

la’|| = lltao a)1]| < lac all[1]| < cll1]|]lal. (2.20)
Now we consider symmetric cones.

Definition 2.3.10 Let V be a real Hilbert space with inner product (-, -). An
open cone 2 C V is called symmetric if it satisfies the following conditions:

(i) (self-duality) Q ={v e V : (v,x) > 0Vx € Q\{0}};
(i) (homogeneity) given x, y € €2, there is a continuous linear isomorphism
h : V — V such that h(2) = Q and h(x) = y.

Example 2.3.11 For n > 2, the Lorentz cone A, C R", defined as follows, is

symmetric:

Ap={(x1, ..., %) €R 1 x; > 0and x7 — x5 —--- — x2 > 0}.

Example 2.3.12 Let V be the Hilbert space of all real symmetric m x m
matrices, equipped with the inner product

(A, B) = Trace (AB).

The cone €2 consisting of positive definite symmetric m x m real matrices is
symmetric in V.
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Example 2.3.13 Let A be a finite-dimensional formally real Jordan algebra.
The interior Q of the cone {a® : a € A} is a symmetric cone with respect to
the inner product (x, y) = Trace (x O y). This example is a special case of
Lemma 2.3.17.

A symmetric cone €2 in a finite-dimensional Hilbert space V can be given a
Riemannian metric g which turns it into a Riemannian symmetric space. The
metric g can be constructed via a Jordan algebra, and indeed, one only needs to
do this for the positive cone of a finite-dimensional formally real Jordan algebra,
by the following result of Koecher [76] and Vinberg [113], which, together with
Example 2.3.13, establishes the one—one correspondence between symmetric
cones and formally real Jordan algebras in finite dimensions.

Theorem 2.3.14 Let Q2 be a symmetric cone in a finite-dimensional real Hilbert
space V. Then V can be equipped with a formally real Jordan product such
that Q is the interior of its closure Q and

Q={x*:x eV}

We will construct a Riemannian metric on the interior of the positive cone
of a unital JH-algebra, and thereby extend Koecher’s result [79] to the infinite-
dimensional setting. An important example of a unital JH-algebra is the spin
factor H & R, which is a direct sum of a real Hilbert space (H, (-, -)y) and R,
with Jordan product

x®Ho(ydn =x+2y)®(x, y)u +{n)
and the associative inner product
(@& yOn) =X, yu +En.

We note that the spin factor H @ R is also a JB-algebra with the equivalent
norm

Ix @ Ol = llxllz + 11
H @ R has the identity 0 & 1.

Example 2.3.15 Let M be a von Neumann algebra with a faithful semifinite
normal trace 7. Then L,(M, 1) is a two-sided M-module, where L,(M, 1) is
the completion of the inner product space

N, ={a e M :1(a*a) < 00}
with the inner product

(a,b) = t(ab*)  (a,b e Ny).
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The multiplication in N; is continuous with respect to the inner product norm
and therefore extends to an associative binary product in L,(M, 7). It follows
that L,(M, 7) is a Jordan algebra in the special Jordan product

1
aob= E(ab—i—ba).

Moreover, Ly(M, t)is a JH-algebra. If M = L(H), the von Neumann algebra
of bounded linear operators on a complex Hilbert space H, then the canonical
normal trace T on M is faithful semifinite and L,(M, t) is the algebra of
Hilbert—Schmidt operators on H, with the Hilbert—Schmidt norm.

We recall that L, and Q, denote respectively the left multiplication and
the quadratic operator on a Jordan algebra A, defined by an element a € A.
Let A have an identity 1. An element a € A is called invertible if there exists
a~' € Asuchthataa™' = 1and (a*)a~' = a. This is equivalent to saying that
the operator Q,, is invertible with inverse Q' = Q1.

Let p € A be an idempotent with Peirce decomposition

A= Ay(p) ® Ai(p) ® Ax(p)

and the corresponding Peirce projections Pi(p) : A —> Ai(p), given by

Po(p) = Q1-p, Pi(p)=4L, — 4Lf,, Py(p) = Q).
By Peirce arithmetic in Theorem 1.2.44, we have

Ao(p)Ax(p) = {0} and  Ai(p)Ai(p) C Ao(p) ® Ax(p).

An idempotent in a JB-algebra is more often called a projection in the
literature, which we follow henceforth, and we use the same term for JH-
algebras. Given a JH-algebra A and a projection p € A, we have (p, a*) > 0
for all a € A, since

1
(p.a*) = (pa,a) = §||Pl<p>(a>||2 + I P(p)(@)]*.

Also, two projections p and ¢ are orthogonal with respect to the inner product
if, and only if, the Jordan product pg = O.

The spectral decomposition of elements in a finite-dimensional formally real
Jordan algebra, proved in Theorem 1.1.14, can be extended to JH-algebras.
Indeed, applying similar arguments in the proof of Proposition 3.5.19 to the
closed subalgebra A(x) generated by an element x in a JH-algebra A, one can
find a maximal family of orthogonal projections in A(x) and hence a sequence
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{ex} of orthogonal projections such that
X = Zkkek (A € R),
k=1

where we have A, = (x, ¢;), and if A, > O for all k, then

o0 o0 2
x = Z(«/Xk)zelc = <Z ﬁk@c) ,
k=1 k=1

which is in the positive cone
At ={x?:x e A

This remark implies that each @ = x> € A" has the form

(o9}
a= E k,%ek
k=1

for some sequence {e;} of orthogonal projections. It follows that, for every

y e A,
o0

(Lay,y) =) 2ilew, ) = 0.
k=1

The positive cone A™ is not only norm-closed in the Hilbert space A, but also
weakly closed, as shown in the proof of Lemma 2.3.17.

Definition 2.3.16 Let .A be a JH-algebra with identity 1. We denote by Q(A) =
int AT the interior of the positive cone A*, and call it the open cone of A.

We exhibit a typical example of an infinite-dimensional symmetric cone.

Lemma 2.3.17 The open cone QUA) of a JH-algebra A with identity is a
symmetric cone.

Proof To prove self-duality, we first show that
AT ={yeA:(y,a)>0,Ya e A"},

which implies immediately that A™ is weakly closed. Given y € A with

o0
y= Zakpk (axy = 0)
k=1
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for some mutually orthogonal projections {p;}, we have, fora = x> € A™,

o0

(y,a) =Y ou(pi, x*) = 0.

k=1

Conversely, if y = )", Brgx is such that (y, x2) > 0for all x € A, where g;’s
are mutually orthogonal projections, then

0 < (v.q8) = (y. ax) = Brlar. qx)

implies that 8; > O forall k and y € A*.

Hence, if y € int AT and a € A*\{0}, then we have (z,a) > O for all z in
some neighbourhood N of y. For any ¢ > 0, we can choose w € A such that
y+w € N and (w, a) < ¢. This gives

(yoa)+e=(y.a)+(w,a)=(y+w,a) =0

and it follows that (y, a) > 0.

On the other hand, int A contains the set S ={y € A:(y,a) >0,Va €
A*T\{0}}, which is open. To see that A\S is closed, let (y,) be a sequence
norm converging to y € A and (y,, a2) < 0 for some a, € A with |la,| = 1.
We show that y € A\S. Note that the sequence (a,zl) is bounded by (2.20) and
hence it has a subnet (aé) which converges weakly to some a € .A. We have
a € AT and also a # 0, since

1= lagl? = (ag. ap) = (1, a5) — (1, a).
Moreover,

(y,a) = ({y,a) — (v, ap)) + ((y, a3) — (yp, az)) + (vp. ap)
< ({y,a) = (y,ap) + ({y, ag) — (yp,az) — 0 as B — 0,

which implies y € A\S.

For homogeneity, we observe that, given a2, b* € Q(A), the element a is
invertible and Q, Q,-1 : A —> A s a continuous linear isomorphism, sending
Q to itself, and a? to b2. O

We note from the above lemma that 1 € Q(A) ={y € A: (y,a) > 0,Va €
A™\{0}}. Each element x in the open cone Q(.A) is invertible in A. In fact,
if N C A" is a neighbourhood of x, then x — N is a neighbourhood of 0 and
hence 1 € a(x — N) for some « > 0. It follows that x = a + a1 for some
a € N C AT. Let A(a, 1) be the smallest closed subalgebra of A containing a
and 1, which is just the closed real linear span of polynomials in a. Then A(a, 1)
is a JH-algebra and the operator L, = L, +a~'I : A(a,1) — A(a, 1) is
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invertible, since (L,y, y) > O for all y in the Hilbert space .A(a, 1). It follows
that x is invertible with inverse x ™! = L1 € A(a, 1) by power associativity.

As in the case of JB-algebras, Jordan multiplication and Jordan triple product
are analytic maps on JH-algebras .A. We show next that the inverse map x €
Q(A) = x~! € Ais a smooth map.

Lemma 2.3.18 Let A be a JH-algebra with identity and open cone Q(A). The
inverse map f : x € Q(A) — x~! € Ais smooth and has derivative

flay=-0;":A— A
ata € QA).
Proof Let F : A — L(A, A) be defined by
F(x)= Q. (x € A).

Then F(a + h)(z) — F(a)(z) —2{a,z,h} ={a+h,z,a+h} —{a,z,a} —
2{a, z, h} = {h, z, h} implies that F is differentiable and the derivative
F'(a) : A —> L(A, A) is given by

F'(a)(h) = 2{a, -, h}.

Observe that F(x)o f(x) = x for all x € A; in other words, F(-) o f is the
identity map ¢ 4 on A. Differentiating F(-) o f ata € Q(A) gives

F'(a)() f(a)+ F(a)o f'(a) = ta.
Hence
2{a, f(a). x} + {a, f@(x).a) =x  (x € A),
which simplifies to
fa, f'(a)(x), a} = —x,
since a(a~'x) = a~!(ax). Therefore we obtain
f@@) ==0,1(0)=-0"x) (xeA.

Since the derivative f'(a) = —F(a™") is the composite of the inverse map with
—F, which can be differentiated repeatedly, we see that f is smooth. [

Theorem 2.3.19 Let A be a JH-algebra with identity 1. Then the open cone
Q(A) is a Riemannian symmetric space.

Proof Since Q(A) is open in A, it is a submanifold of A. Also Q(A) is
connected because it is convex. For each w € Q(A), we define a symmetric
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bilinear form on the tangent space 7,2(A) = A by
(U, 0)0 = (Qo 1), v) = ({0~ u 07} v) (v eA,

which is completely positive definite, since w~! = x~2 for some x € A, and

we have

(Qo-1(u), u) = (Qx2(u), u) = (Qr1(u), Qy1(u)) =0

and also, the operator Q.1 : A —> A is invertible. Hence g,(u,v)=
({w~", u, o™}, v) defines a Riemannian metric on Q2(A).

To show that (A) is a Riemannian symmetric space, it suffices to show that
the identity 1 is an isolated fixed point of an involutive isometry on €(A), by
the homogeneous property that, given x = a®> € Q(A), the linear isomorphism
0 = Q.1 : A —> Arestrictsto anisometry on Q2(.A) with respect to g, sending
xtol:

&ow) (db,(u), db,(v))
= ge(m(e(“)v 0(v))
<{9(w>—‘ O(u), ()"}, O(v))
{{a, 07 al {a S u,a Y {a, 07 ad), fa™ v, a7t

(
o ' Ha, {a™ " u,a™ "}, a}, o'}, v)
(

{a) LU, }, v)

by associativity of the inner product.
Finally, the symmetry at 1 is given by the involutive isometry o : Q(A) —
Q(A), defined by o (w) = w™!, where

8ot (d0u(1), do,(V)) = g, (— Qu-1(), — Qom1(V))

( w»_Qw 1(1,{) w} _Qw 1(1}))
=, {0 v,07"})
= {

1

{0 u, 071}, v).

O

To extend Hirzebruch’s result mentioned previously to infinite dimensions,
one needs to identify the class of JB-algebras which generalises the simple
finite-dimensional formally real Jordan algebras. This is actually the class of
JBW-factors defined earlier. Hence our goal is to show that the rank-n projec-
tions in a JBW-factor form a Riemannian symmetric space. These manifolds
can be regarded as an infinite-dimensional analogue of the Grassmann mani-
folds which are manifolds of subspaces of a particular dimension of a vector
space.
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We first develop some algebraic results for projections in JB-algebras. A
JB-algebra may contain only the trivial projection O; for instance, the algebra
Co(R) of real continuous functions on R vanishing at infinity contains only the
projection 0. However, a JBW-algebra contains an abundance of projections
[47,4.2.3].

A nonzero projection p in a JB-algebra A is called minimal if {p, A, p} =
Rp, where {-, -, -} denotes the canonical Jordan triple product. Given a nonzero
projection p in a JBW-algebra A, we say that p has infinite rank if there
are infinitely many mutually orthogonal nonzero projections in {p, A, p}; oth-
erwise, p is said to have finite rank, and the unique maximal cardinality of
mutually orthogonal nonzero projections in {p, A, p} is defined to be the rank
of p, denoted by rank(p), in which case, p is a sum of orthogonal minimal
projections pj, ..., p, with n = rank(p). The minimal projections are exactly
the rank-1 projections. We regard O as a finite rank projection with rank(0) = 0.
The rank of a JBW-algebra A4, rank(.A), is defined to be the rank of the identity.

Lemma 2.3.20 Let A be a unital JB-algebra and let p € A be a minimal
projection with Peirce decomposition

A= Ao(p) & Ai(p) ® Axp).

Then for every x € Ai1(p)\{0}, we have x> € Ay(p) ® Ax(p), and the Jordan
subalgebra A(p, x) in A generated by p and x has dimension 3.

Proof Note that {p,x, p} =2p(px) — px =0 for x € A;(p). By the
Shirshov—Cohn Theorem, A(p, x) is special and we have x = 2(px) =
x.p + p.x, where the product on the right is that of a containing associative
algebra. This gives x>
p.x*p+ p.x.p.x = p.x>.p = ap for some « € R. Likewise x>.p = ap and
hence px? = ap = {p, x?, p}. Moreover, x?(px) = (x’p)x gives x° = ax.
Hence A(p, x) is the linear span of {p, x, x2}, which can be seen readily
to be linearly independent, using the above facts. O

= x2.p + x.p.x and, by minimality, we have p.x*> =

An element s in a unital JB-algebra A is called a symmetry if s> =1, in
which case s is a tripotent in A with ||s|| = 1, and {s, {s, a, s}, s} = a for all
a € A. Hence the quadratic operator Q, : A —> A is an involutive Jordan
automorphism and an isometry (cf. [47, 2.8.6, 3.4.3]). Two projections p and
q in A are called Jordan equivalent if they are exchanged by a symmetry s,
thatis, p = {s, g, s}, which is equivalent to ¢ = {s, p, s}. We note that any two
minimal projections in a JBW-factor are Jordan equivalent, by the comparison
theorem for projections [47, 5.2.13].
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Remark 2.3.21 A symmetry element in a JB-algebra should not be confused
with a symmetry s, : M —> M for a symmetric space M in Definition 2.3.1.

Lemma 2.3.22 Let p, g be two Jordan equivalent orthogonal projections in

a unital JB-algebra A. Then there is an element x € A;(p) N A (q) such that
2

xX“=p+gq.

Proof Letq = {t, p, t} for some symmetry r € A.Lets =2g — 1. Thens is a
symmetry and we have {s, {t, p, t}, s} = g. Wedefinex = 2{p, ¢, s}. Following
the computation in [47, p. 125], one finds x> = p + g. Further, we have

x=2{p.1,.2qg =1} =4{p, 1. {t, p.1}} = 2{p.1. 1}
=4pt —2pt = 2pt,

which gives px = 2p(pt) = pt + {p, t, p}, where, by orthogonality of p and
q, we have

{p.t.py=A{p.1.{t.q.1}}
= {{pstvt}vqat} - {tv {tv P’q}»t}‘i‘{t’% {P7[»t}}
=2{{p.t.1}, 9.1} =2{p,q.1} = 0.

Therefore we obtain px = %x, that is, x € A;(p). Since gt = {t, p, t}t = pt,
we also have x € A(q). O

Similar to the Murray—von Neumann classification of von Neumann algebras,
the JBW-factors are classified into the following types:

type I:  spin factors H @ R,

type Is:  H3(0),

type I,: L(H)s;, (dim H =n € NU {oo}\{2, 3}),
type II:  semifinite and continuous,

type III:  purely infinite,

where L(H)y, is the JBW-algebra of self-adjoint bounded linear operators on
a Hilbert space H over R, C or H, with the special Jordan product

1
aob= E(ab+ba)
(cf.[47, 5.3.8, 7.5.11]). The type II and type III factors do not contain any

minimal projection and hence, neither do they contain nonzero finite rank
projections [47, 5.1.5].
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Given a finite-dimensional (hence type I) JBW-factor A of dimension n, we
define A; : A — R to be the trace

M) = rani(A)

Trace L,

so that 1(p) = 1 for every minimal projection p in A.
If A is an infinite-dimensional type I JBW-factor, then A is of type I, or type
. In the former case, say A = H @ R, we define A, : A —> R by

A(x ® &) = 2¢.

In the type I, case, A = L(H),, and we define 1, : A —> R U {oco} by

)‘oo(x) =

Tracex if Tracex < o0
otherwise,

where Trace x = Za (xeq, eq) for some orthonormal basis {e,} in H. We have
Aoo(p) = 1 for every minimal projection p and Ao (x) < oo for each x in the
Peirce 1-space A;(p) since x = px + xp — 2pxp.

In a type I, JBW-factor, an element p = x @ ¢ € H @ R is a minimal pro-
jection if, and only if, ||x|g = % = ¢. Hence we also have A,(p) =1 for a
minimal projection p in H @& R.

Given a type I JBW-factor A, we now define a function A : A — R U {o0},
called the canonical trace, by

M ifdimA < oo,
A= 14X, if Ais an infinite-dimensional spin factor, (2.21)
Ao if Ais of type .

‘We note from the above classification that the Jordan product in a JBW-factor
is denoted by o. In fact, they are all special Jordan algebras except H3(Q). It is
readily verified that the canonical trace X is associative in the sense that

Mxoy)oz)=Axo(yoz))

if A(x) < oo. We also note that A({x, y, x}) = A(x? o y) if A(x) < o0.

A JB-algebra A is equipped with a partial ordering defined by the positive
cone A = {a® : a € A}. A linear functional x : A —> R is called positive if
x € AT implies u(x) > 0. We call u associative if

w((xy)z) = u(x(yz)) (x,y,z€A.

A positive functional i on A is automatically continuous, and if .4 has an
identity 1, then ||u|| = n(1) [47, 1.2.2].
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Lemma 2.3.23 Let A be a JB-algebra and let i1 : A —> R be an associative
positive linear functional. Then for each a € AT, we have

lnxa)| < |lx||pu(a) (x € A).

Proof We may assume that .4 has an identity 1 since, otherwise, the natural
extension of u to A @R is still associative and positive. By associativity,
we have u({x, v, x}) = u(x2y) for all x, y € A. The linear functional ¥ (x) =
w(xa) is positive since x € A" implies

n(xa) = uw(x'?y’a) = p({x'?,a,x'?}) = 0
as a € AT. Hence we have

ln(xa)l = [Y )| < lixlliyll = Ixly @) = llx]in(a).

As noted earlier, a JBW-factor may not contain any minimal projection.

Proposition 2.3.24 Let A be a JBW-factor and let M be the subspace of mini-
mal projections in A. Given p € M and given x € A,(p) satisfying A(x*) =2,
we have

1 1
MNA(p, x)= {(cosZ@)p—i— (5 sin29)x + E(l —cos20)x>:0 € R}.

Proof Since A contains a minimal projection, it is of type /. Let A : A —>
R U {oco} be the canonical trace defined in (2.21). We first note that A(x) =0
since A(x) = 2A(p 0 x) = 2A(p o (p 0 x)) = A(p 0 x) = SA(x). Asin the proof
of Lemma 2.3.20, we have p o x> = ap for some « € R. Since A(p o x?) =
A(pox)ox)=irx?) =1 wehaveo = L.

Now let ¢ =¢p+nx+kx?>e MNA(p,x). Then {p,q,p}=<_p+
k{p,x*, py = +K)p implies 0 <¢+k <1. Also 1=i(q)=¢+2
implies —1 < —x < ¢ <1 — k. On the other hand, we have

tp +nx +kx® = (p +nx +kx’)
=(@*+ 2¢Kk)p + (En + 2ni)x + (n* + k*)x2,

which implies k = 1 + k2 > 0. Therefore || < 1 and ¢ = cos 26 for some
6 € R, which gives k = %(1 —cos20)and n = % sin 20.
Conversely, given any

1 1
z=1(cos20)p + (5 sinZQ) X+ > (1 — cos 26) x?

forsome# € R, itisevident that z> = z by the above arguments. Since A(z) = 1,
it follows that z is a minimal projection and hence z € M N A(p, x). U
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Corollary 2.3.25 Let M be the space of minimal projections in a JBW-factor
A. Then M is path-connected.

Proof By definition, the empty set is path-connected. Fix p € M. We show
that any other ¢ € M is of the form

1 1
g = (cos20)p + (5 sin29> X+ 3 (1 — cos 26) x?

for some 6 € R and hence ¢ is joined to p by a continuous path. Note that p
and g are Jordan equivalent. If g and p are orthogonal, then by Lemma 2.3.22,
we have ¢ = x> — p € M N A(p, x) for some x € A;(p) and we are done, by
Proposition 2.3.24.

Suppose g and p are not orthogonal. Then the Peirce-1 component g, =
Pi(p)(g) = 2(p o q — P»(p)(q)) is in the Jordan algebra A(p, q) generated by
p and g. Therefore we have A(p, g;) C A(p, ¢), where dim A(p, q) = 3, since
poq # 0. We have q; # 0 for otherwise, p o g = P»(p)(g) = ap for some
a € Rwhichisimpossible, since p and g are two distinct minimal projections. It
follows from Lemma 2.3.20 that dim A(p, ¢;) = 3. Hence A(p, q1) = A(p, q)
and g € A(p, q1). By Proposition 2.3.24, ¢ is joined to p by a continuous
path. O

Remark 2.3.26 This result is false for JBW-algebras. In fact, it is even false
for the abelian algebra R? in which the space of minimal projections consists
of two points {(1, 0), (0, 1)}, which is not connected.

Let A be a JBW-algebra. For each a € A, the smallest weak* closed Jordan
subalgebra W(a) C A containing a is an associative JBW-algebra which is
isometric and Jordan isomorphic to the algebra of real continuous functions
on an extremely disconnected compact space [47, 4.1.11]. This isomorphism
enables us to apply functional calculus to W(a).

Given two projections p and ¢ in a JBW-algebra A, their supremum p V ¢
is the range projection r(p + g) of p 4+ g [47, 4.2.8]. For a positive element
a € A, functional calculus implies that its range projection r(a) is the weak*
limit of the sequence of Jordan products ((a + %)’la), where (a + %)’1 is the
inverse of a + % in the JBW-algebra W (a) generated by a. By continuity of
the inverse and Jordan product, we see that if (a;) is a sequence of positive
elements norm converging to some a € A, then (r(a;)) weak* converges to r(a).
In particular, if A is finite-dimensional, then this convergence is equivalent to
norm convergence.

Corollary 2.3.27 The subspace P, of rank-n projections in a JBW-factor A is
path-connected.
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Proof There is nothing to prove for Py = {0}. Let n > 1 and let p,q € P,
with p # g. Then p and g are rank-n projections in the finite-dimensional
JBW-factor {(p V ¢q), A, (p Vv g)}. Each is an orthogonal sum of » minimal
projections:

p=pit-+pn, g=q+- -t

By Corollary 2.3.25, each py is joined to g; by a continuous path {p;(0)} of
minimal projections, with parametrization 6 € [0, 1]. By the previous remark,
the path

p@) = piO)V -V pu(0) =r(p1() + - - - + pa(0))
is a continuous path of rank-n projections with p(0) = p and p(1) = q. O

We now study the differential structures of the space P of projections in a
JB-algebra A where the Jordan product of two elements a and b is written ab.
Given a projection p in A with Peirce decomposition

A= Ao(p) @ Ai(p) @ Ax(p)
and given v € Ay(p), we define a linear map p, : A — Aby
Po =4[Ly, Lp],

where [-, -] denotes the Lie brackets. The usual exponential, exp p, : A — A,
is a Jordan algebra automorphism; in particular, (exp p,)(z) is a projection if
and only if z is such.

Lemma 2.3.28 Let p be a projection in a JB-algebra A. Then for each nonzero
projection q € A(p) ® Ao(p), we have ||g — pll > 1ifq # p.

Proof Write ¢ — p = 20 ® zp € Az(p) ® Ao(p). Then zy and z, cannot both
be 0 and we have

P+ut+=qg=q¢"={P+2+2)
=p+z§+z3+2p12+2pzo
=p+z§+zg+212,

which gives zo = (23 + z2) + z§ and zJ = (23 + 22)z0 + ;.
Since A (p)Ao(p) = {0}, we have z(z) = zg € Ao(p). Therefore z% +2,=0
and 79 = z%. It follows that, if zg # 0,

lg — pI* = (g — P)*Il = llz3 + 251l = llzo — 221l = llzoll = 1,
since —zp > 0. If zo = 0, we also have ||g — p|| > 1. O

We now show that the projections in a JB-algebra form a Banach manifold.
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Proposition 2.3.29 Let A be a JB-algebra. The subspace P of projections in
A is a submanifold of A.

Proof Let p € P and let
V=A(p) and W = A(p)® Ao(p).
We define an analyticmap ¢ : V x W — Aby
¢(v, w) = (exp py)(w).
We have ¢(0, p) = p and the derivative ¢'(0, p) : VX W — A=V @ Wis
given by
9'(0, p)v, w) =v+w

and is therefore an isomorphism. Hence, by the inverse mapping theorem, ¢ is
bianalytic on an open set O; x O, in V x W containing (0, p). Let

N={weW:|w-pl<1

and let i = (O x N). Then U is an open neighbourhood of p in A and we
have

PNU= @0 x {p}).

Indeed, given (v, p) € O; x {p}, we have ¢(v, p) = (exp p,)(p), which is a
projection in U. Conversely, for ¢ € P NU with ¢ = ¢(v, w) and (v, w) €
O, x N, we have g = (exp p,)(w), which implies that w is a projection in
W. Since ||w — p|| < 1, we must have w = p, by Lemma 2.3.28. Hence
(U, 9!, V x W)is achart at p such that

e~ (PNU)=(V x {phNe ' WU)
and we have proved that P is a submanifold of A. [
Now we focus on projections in JBW-algebras.

Proposition 2.3.30 Let A be a JBW-algebra. Then the subspace Py of finite
rank projections in A is an open subset of the manifold P of projections in A.
Also, the subspace Py, of infinite rank projections in A is open in P.

Proof The openness of P follows from the fact that, for each p € Py, the set

{geP:lg—rpl<1}

is an open subset of P, because ||g — p|| < 1 implies that g and p are Jordan
equivalent, by Topping [109, proposition 7] and by considering the special
JBW-algebra generated by p and g, if necessary.

Likewise P is open in P. U
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Remark 2.3.31 If two projections p and g in A can be joined by a continuous
path {p(6)}scpo.1] of projections in .4, then p and g must be Jordan equivalent,
since the path can be subdivided into shorter paths such that || p(6) — p(8")]| < 1
on each of them and hence p(0) is Jordan equivalent to p(6).

The Banach manifolds P, and P, need not be connected, and P, need not
have a Riemannian structure. However, these structures occur in JBW-factors.

Theorem 2.3.32 Let A a JBW-algebra. Then the subspace P, of projections
of rank n in A is a submanifold of P, for n € NU {0}. Further, if A is a JBW-
factor, then ‘P, is a Riemannian symmetric space and the tangent space T,P,
of P, at each p € P, identifies with the Peirce 1-space A(p).

Proof As in the proof of Proposition 2.3.30, P, is an open subset of P and
hence the first assertion follows.

Now let A be a JBW-factor with Jordan product o and let P, # ¢ for some
n # 0. Then A must be of type I. Let p € P, and let

a:(—c,c)— P, CA
be a smooth curve with ®(0) = p. The derivative «’(0) : R —> A satisfies
a’(0) = 2a(0) o &/(0),

since a(t)* = a(t). In particular, &’(0)(1) € A;(p). On the other hand, given
v € A;(p), we can define a smooth curve 8 : (—c, ¢) —> P, by

IB(Z) = eXP(4f[Lv, Lp]) (P)
Then B(0) = p and the derivative 8(0) : R — A is given by
ﬁ/(O)(t) = 4t[L,, Lp](p)

and we have 8'(0)(1) = v. It follows that the tangent space T, P, identifies with
{a’(0)(1) : p = a(0) for a smooth curve a} = A;(p).
To see that P, has a Riemannian structure, we let, for each p € P,

A,p : A](p) — R

be the restriction of the canonical trace A : A —> R U {oo} defined in (2.21),
where

M) =2x(pov) =2M(P)lvll =2nlvl (v € Ai(p)
by Lemma 2.3.23. On the tangent space A, (p), we can define an inner product

(.t Al(p) — R
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(u,v), = Ap(u o).

The inner product norm |v],, = ,(v?)!"/? is equivalent to the JBW-algebra norm
on A;(p). Indeed, we have, by Lemma 2.3.23 again,

oll> = [02]] < [vl} = A,(0%) = 24,((p 0 v) 0 V) = 24,(p 0 v*) < 2n|V*.

In particular, the inner product -, -), is complete. Since any two projections
D, q € P, are exchanged by a symmetry s € A, the tangent space .A;(q) iden-
tifies with 4, (p) viathe map v € A;(q) — {s, v, s} € A;(p), which preserves
the JBW-algebra norm as well as the inner product: A,(u ov) = A(uov) =
Ap({s, u o v, s}). Hence in a local chart (4, ¢, A;(p)) at p, we have

(u,v)g = Muov) (g elU;u,v e Ai(p)).

It follows that the inner product (-, -) , depends smoothly on p € P, and defines
a Riemannian metric.

By Corollary 2.3.27, P, is connected.

Given p € P,, the element 1 — 2p is a symmetry in .4 and the map o :
A —> A defined by

o@={1-2p,a,1-2p}

is a Jordan automorphism of \A. Its restriction o, : P, —> P, is an isometry
with p as an isolated fixed point. This proves that P, is a symmetric space. [J

Corollary 2.3.33 In a JBW-factor; the connected components of the manifold
P of finite rank projections are exactly the manifolds

(Paieo (k€ NU {oo}),
where Py = {0} and k = oo if and only if the factor is of type I.

Proof In a type II or Il factor, we have Py = {0}. For a type I factor, we
only need to observe that two projections in a connected component, which
is now path-connected, must be of the same rank, since they can be joined by
a continuous path of projections {p(6)}, which can be subdivided into shorter
paths such that || p(6) — p(0’)|| < 1 on each of them, and it follows that these
projections are all Jordan equivalent. [
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2.4 Jordan triples and Riemannian symmetric spaces

We introduce in this section a class of Jordan triple systems which corre-
sponds to a large class of Riemannian symmetric spaces. The correspondence
is established via the Tits—Kantor—Koecher Lie algebras. To include infinite-
dimensional manifolds, we need to consider topological structures for Jordan
triple systems and their TKK Lie algebras.

If V is a normed Jordan triple system, that is, V is a Jordan triple system
which is a normed vector space, we denote by L(V') the normed vector space
of linear continuous self-maps on V. It is a Banach space if V is one also.

A Lie algebra g is called a normed Lie algebra if g is a normed vector space
and the Lie product is continuous:

IIX, Y1l < CIXIYN (XY €g)

for some C > 0.

A TKK Lie algebra g = g_; @ go @ g; with involution 6 is said to be quasi-
normed or admit a quasi-norm if g is a normed vector space such that the maps
0:9-1 — g1 and (a, b) € g4 x gg > [a, b] € gy1p are continuous. In this
case, the dual involution 6*|; = —0|g4_, is also continuous on g_;.

Let V be a Jordan triple system and let, as in (1.39),

LWV)=VeVypdV

be the corresponding TKK Lie algebra with the main involution 6. We denote
by g(V) the symmetric part of £(V). For (h*t,h™) € Voo C Vo x Vy with
O(ht,h™) = (h*,h™), we have h™ = h™ € V,, where Vj is the linear span
of Vo V. Moreover, given h™ = 3", a;0b;, wehave h™ = =3 . b;oa;. If
ht = h~, then

20" = (ajob; —bjoa).
J

Hence the symmetric part of £(V) can be written as
gV)={(a,k,—a):a eV, 0k =k € Vy}
= {(Cl, (/’l, h), —a): h = Zj(ajD bj — bjD aj), a,aj, bj € V}
(2.22)

The restriction of 6 to g(V) is an involution, also denoted by 6. The dual
symmetric part of £(V') will be denoted by

g'(V) ={(a, (h,h),a): h = Zj(ajtlbj —bjoaj), a,a;,b; € V}.



122 Jordan structures in geometry

Lemma 2.4.1 Let V be a Jordan triple system and £(V)=V_1 & Voo ® V;
its TKK Lie algebra with symmetric part g(V). The following conditions are
equivalent:

(1) g(V) can be normed to become a normed Lie algebra.
(i) g*(V) can be normed to become a normed Lie algebra.
(iii) V can be normed to have continuous inner derivations, that is, one can
define a norm on 'V such that the bilinear map (a,b) € V. x V
adb—boa € L(V) is well defined and continuous:

laob—boall < clallbll (a,beV)
for some ¢ > 0.

Proof (i) = (iii). Let g(V) be a normed Lie algebra with norm || - || 5v). We
equip V with the norm

lall = lita, 0, —)llgvy  (a €V).
Then there is some constant C > 0 such that
(@, 0, —a), (b, 0, =b)lllgv) =< Cllalllibll
foralla,b € V. We have, fora,b,x € V,

l(ao b —boa)x)|
= [((boa —aob)(x),0,(@ob—boa)x))lgwv
=|[(0, bDa—aob, boa—aDb), 0), (x,0,—x)]gw)
= Il (a, 0, —a), (b, 0, =D)], (x,0, =x)1llgv)
< C’lalllibllx|.

This provesatd b — bo a € L(V) and the map (a, b) € Vi gaob—boac
L(V) is continuous.

(iii)) = (1). Let V be equipped withanorm || - ||y so that the inner derivations
are continuous and the bilinear map in (iii) is bounded by c. For (a, (h, h) — a) €
g(V) with h =} .(a;0b; — bjoa;), we have h € L(V). Therefore we can
equip g(V) with the norm

(@, (h, h) —a)ll = llallv + lIAllLwy)
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for (a, (h, h), —a) € g(V). Then we have

Ila®t, h)®—a, ud(g,g) & —ulll
= ”(hl/l — 84, ([ha g] —aOu+uda, [hag] —a[lu~|—u[]a), ga _hu)”
< Al + liglllall + 21N 1g Il + clla el
<Q2+lladh® —alllu®g® —ull

for some ¢ > 0. Hence g(V) is a normed Lie algebra with the above norm.
The equivalence of (ii) and (iii) is proved analogously since

[a®dh®a, udg®dul=(u-—ga,k,k), hu— ga),

where k = [h, gl +a0u —uoa. O]

The continuity of the triple product in a normed Jordan triple V requires its
TKK Lie algebra £(V) be quasi-normed, as shown next.

Lemma 2.4.2 Let V be a Jordan triple system and £(V) =V @ Voo ® V its
TKK Lie algebra. The following conditions are equivalent:

(i) £(V) admits a quasi-norm.

(i) V can be normed to have continuous left multiplication; that is, one can
define a norm on V such that the bilinear map (a,b) € V x V —
aa b e L(V) is well defined and continuous:

laobll < cllallllol (a,b e V)
for some ¢ > 0.

Proof (i) = (ii). Let £(V) be quasi-normed. Then V inherits the norm of
L(V). For a, B € {0, £1}, there are positive constants c, g such that

Ilx, ylllew) < caplxllewliylley) for (x,y) € £(V)a x £(V)g.

Givena, b, x € V, we have

I(an D))llv = l[la, 0b], x]llgwv)
< co-1llla, Oblllev)lxllv
< co,—1c-11llallv10bllv lIx]lv
< co,—1c—1ll@llllallvIbllviix]lv.

Hence V satisfies condition (ii).
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(i) = (i). We have Vy C L(V), and £(V) can be equipped with a natural
norm

lx @ (R @ yll = lxly + 15 ey + 1A ooy + yllv
E®MT, h) @y e &V)).

We have

16(x, 0, 0)llewvy = 110, 0, )llgvy = lIxllv = I(x, 0,0l ev)

and hence 0 : V_; — V) is continuous. Given a € £(V), and b € £(V)g
for o # B, we have [a,b] = £aO b if o, B # 0, and for B = 0, we have
[a, b] = £h(x) for some h =), uy0 v, with x = a or b. It follows from
condition (ii) that the maps (a, b) € £(V), x £(V)g > [a, b] € L(V )qyp are
continuous. L]

Remark 2.4.3 Condition (ii) is equivalent to saying that V can be normed to
have a continuous Jordan triple product.

The symmetric part g, of a quasi-normed TKK Lie algebra g inherits the
norm of g. The norm completion g, is called the complete symmetric part of
g. The Lie product of g, extends to g, and the involution 6 extends to # on g,.
The complete dual symmetric part g* is defined likewise.

We see from Theorem 1.3.11 and Lemma 2.4.2 that the category of quasi-
normed canonical TKK Lie algebras is equivalent to the category of normed
Jordan triples with continuous triple product.

In finite dimensions, Riemannian symmetric spaces correspond to orthogonal
involutive Lie algebras. The first objective of this section is to extend this
correspondence to an infinite-dimensional setting. This then leads to the second
objective of characterising the class of Jordan triples whose TKK Lie algebras
admit orthogonal symmetric parts.

In what follows, we shall not distinguish a quadratic form and its associated
symmetric bilinear form, but use the same notation for both. We recall that a
real quadratic form g on a real vector space V is said to be positive definite if
q(v) > Oforv € V\{0}.Itis called completely positive definite if the symmetric
bilinear form ¢(-, -) is a complete inner product on V.

We adapt the notion of an orthogonal involutive Lie algebra in finite dimen-
sions (cf. [51, p. 213], [63, p. 35] and [11, p. 21]) to our setting below, which
can be infinite-dimensional.

Definition 2.4.4 Let (g, 0) be an involutive real Lie algebra with the canonical
decomposition g = £ @ p into £ 1-eigenspaces of 6, with ¢ the 1-eigenspace.
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Then g is called orthogonal if there is a completely positive definite quadratic
form

qg:pxp—R

which is (infinitesimally) invariant under the isotropy representation ad £|, of
£ on p; that is,

qlad Z(X),Y)+q(X,ad Z(Y)) =0 (Zet, X, Y eyp),
where the second condition is equivalent to
qad Z(X),X)=0 (Zet, Xeyp).
We note that g is invariant under 6, thatis, g(0 X, 0 X) = g(X, X)as0X = —X.

Given a Riemannian symmetric space M, its isometry group G(M) acts
transitively on M by Lemma 2.3.6. Pick a point p € M and let K = {g €
G(M) : g(p) = p}, called the isotropy subgroup at p. Then the map

p:gK e GIM)/K — g(p)e M (2.23)

is a well-defined bijection from the left coset space G(M)/K = {gK : g €
G} onto M. With a suitable topology on G(M), this bijection becomes a
homeomorphism. In fact, if G(M) can be topologized to a Banach Lie group,
then the homogeneous space G(M)/K is diffeomorphic to M. We give the
details below.

Let G(M) be a real Banach Lie group. Then its Lie algebra can be identi-
fied with the Lie algebra g(M) of Killing fields on M, via the one-parameter
subgroups of G(M). Fix the point p € M in the following discussion. Let
sp: M — M be the symmetry at p and let o : G(M) —> G(M) be the
conjugation

0(g) = 5,85 (g € G(M)).

Let6 = Ad(s,) = do, : g(M) —> g(M) be the differential of o at the identity
t € G(M). Since s[% =1, we have 0> = 1 and #? = I, the identity map on g(M).
Indeed,

I = (do?), = (do)s) 0 do, = do, o do, = 6*.

Hence (g(M), 0) is an involutive Lie algebra and 6 has eigenvalues £1 with
the eigenspace decomposition

gM) =tDp,
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where
E=XegM):0X=X} and p={XegM):0X =—-X}. (224

We will see that the involutive Lie algebra (g(M), 0) is orthogonal. We retain
the above notation throughout this section.

Lemma 2.4.5 Let M be a Riemannian symmetric space and 0 = Ad(s,)
the adjoint representation induced by the symmetry at p € M. Then the 1-
eigenspace of 0 is equal to

E={XecgM): X, =0} ={X € g(M):exptX(p)=p,Vt € R}

Proof In the notation of (2.4), we have 8 = (s,,), and exp10 X = s,(exptX)s,
for all t eR. If 6X =X, then exptX =s,exptXs, and exptX(p) =
sp(exptX(p)) implies exptX(p) = p for sufficiently small ¢ since p is an
isolated fixed point of s,. It follows that

p= exptX(p) =0.

=0

On the other hand, given X, = 0, we have

exp(s + )X (p)
=0

d
exprX(p) = —

=s

7 . expsX oexptX(p)

= d(expsX),(X,) =0

for all s € R. Therefore exp ¢ X is constant in ¢ and we have exp t X (p) = p for
allt e R.

In turn, the last condition implies 6 X = X. Indeed, by Lemma 2.3.2, the
differential (ds,), is minus the identity on 7, M, which gives

d(s,(exptX)sp), = (ds,)p od(exptX), o (dsp), = d(exptX),

and it follows from Proposition 2.2.9 thatexpt X = s,(exptX)s, forallt € R.
Hence

0X(-) 7

d
exptoX ()= — sp(exptX)sp(-)
=0 dt,_

exptX(-) = X(). -

By Remark 2.2.19 and Lemma 2.4.5, the isotropy group K is a real
Banach Lie group with Lie algebra £. Since g(M) =t @ p, the inclusion
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map (g : K < G(M) is an immersion as its differential (dig), : € — g(M)
has complemented image ¢. Hence K is a submanifold of G(M) and a
Banach Lie subgroup of G(M). It follows that the left coset space G(M)/K
is a Banach manifold and the quotient map 7 : G(M) — G(M)/K is a
submersion.

By the identity component of a topological group G, we mean the connected
component of G containing the identity. It is a closed normal subgroup of G
and will always be denoted by G°.

Lemma 2.4.6 Let G,(M) = {g € GM) : 6(g) = g} and let Go(M)° be the
identity component of G,(M). Then the isotropy group K satisfies

G,(M)’ Cc K C G,(M).

Proof Given ge K, we have o(g)(p)=s,0g0s,(p)=p and
do(g)p(X,) =d(sp08058,)p,(Xp)=ds,odgods,(X,) =dg,(Xp) by
Lemma 2.3.2. It follows from Proposition 2.2.9 that o(g) = g.

By Remark 2.2.19, G,(M) is a real Banach Lie group with Lie algebra
go C g(M). The map o restricts to the identity map on G,(M) and hence
60X =do,(X)= X for all X € g,. By Lemma 2.4.5, we have exptX(p) =
p for all + € R. Thus the exponential map exp maps homeomorphically a
neighbourhood of g, onto a neighbourhood V of the identity in G,(M) with
V C K. Therefore G,(M)° c |J,., V" C K. O

n>1

For p € M, the evaluationmap e : g € G(M) — g(p) € M is a submersion
since its differential at « € G(M) is the evaluation map X € g(M) — X(p) €
T,M of which the kernel {X € g(M) : X(p) = 0} = £ is complemented in
g(M), by Lemma 2.4.5.

Since submersions are open maps by Remark 2.1.18, the following com-
mutative diagram implies that the bijection p : G(M)/K — M in (2.23)isa
homeomorphism:

G(M)/K L M

TN € (2.25)
G(M)

Further, p is a diffeomorphism since the submersions 7 and € have local left
inverses, by Lemma 2.1.17. For instance, the submersion 7 has a local left
inverse f; on some neighbourhood V of each pointin G(M)/ K, which implies
pl, = € o fr is smooth. Likewise, p~! is smooth. Therefore we can identify
the manifold M with the homogeneous space G(M)/K.
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Taking differentials of the commutative diagram in (2.25) gives

Tx GI(M)/K ﬂ) TpM
dm, \ /dﬁ
9(M)

where the evaluation map de, restricts to a real linear isomorphism
Xep X(p)eT,M, (2.26)
where p is the (—1)-eigenspace of 6 : g(M) —> g(M).

Remark 2.4.7 Let G(M)° be the identity component of G(M). Then G(M)°
also acts transitively on M. Indeed, G(M)° is a clopen set in G(M)
which is locally connected, and the above commutative diagram implies that
e(G(M)°) = {g(p) : g € G(M)°} is a non-empty clopen set in M and hence
equals M, by connectedness of M. If we let Ky = {g € G(M)" : g(p) = p} be
the isotropy subgroup of G(M)° at p € M, then likewise M is also diffeomor-
phic to the homogeneous space G(M)°/K,.

Example 2.4.8 Let P, be the Riemannian symmetric space of rank-n projec-
tions in the JBW-factor A = L(H)y, in Corollary 2.3.27, where L(H) is the
von Neumann algebra of bounded linear operators on a complex Hilbert space
H. The real Banach Lie group

U=UH)={ue LH):uu* =u'u=1}

of unitary operators on H can be represented as a group of isometries of P,,
where g € P, — uqu* € P, is an isometry for each u € U. The action

(u,q) € U x P, — uqu* € P,

on P, by U is transitive. Let u be the Lie algebra of U, which consists of skew-
Hermitian operators on H. Fix some p € P,, the evaluationmape : U — P,
given by €(u) = upu*, is a submersion. Indeed, its differential

der:u— T,P,
is given by
dei(X) = Xp — pX X ew

with kernel t={Xecu: Xp=pX}={Xeu:1-2p)XA-2p)=X}.
The Lie algebra u has the decomposition

u=td{Xecu: X=Xp+ pX},
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where p = {X e u: X = Xp + pX} is the (—1)-eigenspace of the involution
0(X)=(1—2p)X( — 2p) on u. We have the real linear isomorphism

Xep—>Xp—pXe{Xel(H)y :X=Xp+pX}= Al(p) = T[,Pn,
where each X € T,P, has pre-image Xp — pX € p.

The previous discussion reveals two important features of Riemannian sym-
metric spaces whose isometries form a Lie group; namely, they are homoge-
neous spaces (of connected Lie groups) and the Lie algebras of vector fields
associated with them are involutive. The latter hinted at a connection with TKK
Lie algebras and Jordan triple systems. We are going to determine the class of
Riemannian symmetric spaces, among homogeneous spaces, whose Lie alge-
bras are related to TKK Lie algebras. We show that they correspond to a class
of normed Jordan triples called JH-triples.

In what follows, G/ K denotes a homogeneous space where G is a connected
real Banach Lie group with identity e and K a Banach Lie subgroup of G. We
first characterize homogeneous spaces G/K which are symmetric spaces, in
terms of the Lie algebra of G.

Let 7 : G — G/K be the quotient map, which is a submersion. Let g be
the Lie algebra of G and ¢ the Lie algebra of K, which is a Lie subalgebra of
g as well as a complemented subspace, since K is a submanifold of G. Let
p = m(e) = K. Then the differential dn, : g —> T,(G/K) has kernel £ and
induces to an isomorphism g/ ~ T,(G/K).

Denote the natural left action of G on G/K by

7,:aK € G/K — gaK € G/K (g € G).

A Riemannian metric (-, -) on G/K (cf. Remark 2.2.1) is called G-invariant if
the left translation 7, is an isometry in this metric for all g € G; that is,

(Xak, Yak)ak = ((drg)aKXaKv (dtg)aK)YaK>gaK (a, g € G).

Definition 2.4.9 Let G/K be a homogenous space. We call (G, K) a Rieman-
nian symmetric pair if there is an involutive automorphism o : G —> G such
that

(i) G° c K C G,, where G, is the closed subgroup of fixed points of o
and G? the identity component of G, ;
(i) G/K admits a G-invariant Riemannian metric.

In the identification of a Riemannian symmetric space M with the
homogeneous space G(M)/K, for each g € G(M), the left translation 7, :
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G(M)/K — G(M)/K is identified with the isometry g : M —> M. There-
fore (G(M), K) is a Riemannian symmetric pair by Lemma 2.4.6. Conversely,
if (G, K) is a Riemannian symmetric pair, we will see that G/K is a symmetric
space.

Leto : G — G be an involutive automorphism in a Riemannian symmetric
pair (G, K). Then the differential do, : ¢ —> g 1is involutive on the Lie algebra
g of G and hence g has a +1-eigenspace decomposition

g={Xecg:(do)X =X}Dp,
where p is the (—1)-eigenspace.

Lemma 2.4.10 Given a Riemannian symmetric pair (G, K) with involutive
automorphism o on G, the Lie algebra € of K is the 1-eigenspace of the
differential do, and the differential dr, of the quotient map m : G — G/K
is a linear isomorphism from p onto the tangent space T,(G/K), where p is the
(—1)-eigenspace of do, and p = 7 (e).

Proof The Lie algebra € of K is givenby ¢ = {X € g: exptX € K, Vt € R}.
We need to show

t={Xeg:(do.)X = X}.
Let X € ¢ Since K C G,, we have o(exptX) = exptX for all € R, which

implies (do,)X = X. Conversely, given (do,)X = X, we have o(exptX) =
exptX forall ¢ € R, since

d (exptX)=X d exptX
— o(ex =X=— X .
dr|_, 7P dr|,_o P

It follows that exp?X € G) C K forall r € R and hence X € &.
Finally, the differential dn, : ¢ —> T,(G/K) has kernel £ and g = £ @ p.
Hence dr, restricts to an isomorphism between p and 7,(G/K). O

Note that in Lemma 2.4.10 we have

[p.pl CE and [t p] Cp.

Let Ad : G —> Aut g be the adjoint representation. Given X, Y € g, we recall
from Lemma 2.1.25 that

d
[X,Y]=ad(X)(Y) = T (Ad(exptX)Y — 7). (2.27)
=0
Lemma 2.4.11 Let (G, K) be a Riemannian symmetric pair with the decom-
position g = €@ p into L1-eigenspaces of the involution do,, as in Lemma
2.4.10. Then fork € K and Y € p, we have Ad(k)Y € p.
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Proof Since o (k) = k, we have, by (2.5),

d
do(Ad(k)Y) = —| o(exptAdk)Y)= —| o(k(exptY)k™")
dt |, dt|,—o
= —| ko(exptY)k! = Ad(k)do.(X)
dt|,_o
= —Ad(k)Y.
Therefore Ad(k)Y € p. O

Lemma 2.4.12 Let (G, K) be a Riemannian symmetric pair with the decompo-
sition g = € @ p into x1-eigenspaces of the involution 8 = do,, as in Lemma
2.4.10. Then (g, 0) is orthogonal and G /K is a symmetric space.

Proof Let p = m(e) = K as before. We first define a complete inner product
g on the (—1)-eigenspace p via the isomorphism dr, : p —> T,(G/K). Since
(G, K) is a Riemannian symmetric pair, there is a G-invariant Riemannian
metric (-, -) on G/K. Define g : p x p —> Rby

q(X,Y) = (dm )X, (dr.)Y), (X,Y €p).

We show that g is Ad(k)-invariant for all k € K, Let k € K and X € p. Then
we have

(dr)(Ad(K)X) = % exp(tAd(k)X)K = % (k(exptX)k™ K

t=0 t=0

(exptX)K = (dn),(dm,)X.
0

d
= (dtk)p E

=

For X, Y € p, we have shown earlier Ad(k)X, Ad(k)Y € p. It follows that

q(Ad(k)X, Ad(k)Y) = ((dr,)Ad(k)X, (dr,)Ad(k)Y ),
= (([dw)pdm)X, (du)p(dm.)Y)

((dm)X, (dm)Y ),

=qX,Y),
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which is equivalent to ad t-invariance of ¢, since for Z € ¢ and X, Y € p, we
have

Ad(exptZ)X,Y)
1=0

d
q(—

q(ad Z(X),Y) 7

dt

q(Ad(exptZ2)X,Y)
0

t=

— q(X, Ad(exp —t2)Y)
dt |~

= q(X, —ad Z(Y)).

This proves that (g, 0) is orthogonal with respect to g.

Finally, we show that G/K is a symmetric space in the Riemannian metric
(-, -). Since G acts transitively on G/K by left translations which are isometries,
it suffices to exhibit a symmetry at p = m(e). Given K C G,, we can define
an involution s : G/K — G/K by

s(aK)=o0()K.
Since G? C K, itis readily seen that p = K is an isolated fixed point of 5. We
complete the proof by showing that s is an isometry.
We have
S'L'g—l = To-(g—l)S
since, for each aK € G/K,
sTe-1(aK) = s(g7'aK) = o (g o (@)K = T,-1)5(akK).
It follows from the G-invariance of the metric that

<X, Y)g[( = <d'L'g—1X, d‘L'g—l Y)](

= ((ds)pdte1 X, (ds),dTe1 Y )k

= (dTog-1)(ds)gk X, dTo(-1)(dS)gk Y )o(g1)s(gk)

= (ds)ex X, (d$)gk Y )s(ek)-

O

Example 2.4.13 Every Banach Lie group is a homogeneous space since trans-
lations act transitively on the group. In fact, a connected real Banach Lie group
G is a symmetric space if it admits a left and right invariant Riemannian metric.
On the product G x G of such a group G, we can define an involutive auto-

morphism o : (g, h) € G x G — (h, g) € G x G. Then the fixed-point set is
the diagonal

G,=1{(g,8):8€G}CGxG
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and G = G x G/G,.Hence (G x G, G,) is a Riemannian symmetric pair. In
particular, abelian or compact connected Lie groups are symmetric spaces.

We have the following Lie algebraic characterization of Riemannian sym-
metric spaces in any dimension.

Theorem 2.4.14 Let G/K be a homogeneous space, where G is a simply
connected Banach Lie group and K is connected. The following conditions are
equivalent:

(i) (G, K) is a Riemannian symmetric pair.
(ii) The Lie algebra g of G is involutive and orthogonal, and the Lie algebra
t of K is the 1-eigenspace of the involution.

In the preceding case, the involution of g is the differential (do ). at the identity
e € G, where 0 : G —> G is the given involution in (i).

Proof (1) = (ii). This is proved in Lemma 2.4.12.

(i) = (). The involution 6 of g induces a local involutive automorphism of
G, which can then be extended to an involutive automorphism o of G by simply
connectedness (cf. [20, p.49]). The exponential map exp sends a neighbourhood
of ¢ onto a neighbourhood V of the identity in K with o(k) = k forall k € V.
Since K is connected, we have K = Un>1 V* C G, and Gg =K.

Let g = € @ p be the eigenspace decor_nposition with respect to 6. Orthogo-
nality provides a completely positive definite quadratic form ¢ on p, invariant
under ad €. Via the identification p ~ T,G/K where p = m(e), the quadratic
form g induces an Ad K -invariant complete inner product (-, -}, on T,G/K,
which extends to a G-invariant metric (-, -) of G/K:

(X,Y)ex = (dt,1 X, dtg 1Y), (g€ Gand X,Y € T,xG/K),

where 7, is the left translation by g. This proves that (G, K) is a Riemannian
symmetric pair.
The last assertion is evident from the proof. O

Remark 2.4.15 In the above proof of (i) = (ii), it is not necessary to assume
simple connectedness of G, nor connectedness of K.

Our next task is to give a Jordan algebraic characterization of symmetric
spaces on which the vector fields form a TKK Lie algebra. In view of The-
orem 2.4.14, this amounts to identifying the Jordan triple structures in those
orthogonal involutive Lie algebras having TKK Lie algebraic structures.
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Lemma 2.4.16 Let V be a real Jordan triple and let £(V) be its TKK Lie
algebra, with the main involution 6. The following conditions are equivalent:

(1) The symmetric part (g(V), 0) of £(V) is orthogonal.
(1) The dual symmetric part (g*(V), 0%) of £(V) is orthogonal.
(iii)) V admits a complete inner product ( -, - ) satisfying

((ao b)x, x) = {(x, (bO a)x) (a,b,x € V).
Proof (1) = (iii). Let (g(V), 0) be orthogonl with eigenspace decomposition
gV)y=tep
={(0,h,0):0h=h}®{(a,0,—a):a eV},
where h € Vi is of the form h = (h*,h™) with hT =h~ = Zjajm bj —
bjoaj for some aj, b; € V. Let g be a completely positive definite quadratic

form on p, invariant under ad €. Then V is endowed with the following complete
inner product:

<-xv }’) = q((-x7 07 _X), (y7 07 _y))
Leta,be Vandleth =(aob—boa, anob —baoa) Then 6h = h and the
ad t-invariance of g gives
O = CI([(O’ hv O)v (X, Ov _.X)], (-xv 07 _.X))
= q(({abx} — {bax}, 0, {bax} — {abx}), (x, 0, —x))
= ((@aob)x,x) — {((bO a)x, x).
(i) = (i). Let € C g(V)bethe 1-eigenspace of 6 and p the (—1)-eigenspace.

We define a completely positive definite quadratic form g, : p x p — R by
the complete inner product (-, -) of V:

qv((av Oa _a)7 (l/l, 01 —M)) = (as l/l) ((a3 07 _a)s (l/l, 0’ —M) € p)
Thus g, is ad t-invariant. Indeed, let Z = (0, i, 0) € € with h = (h*,h™) and
h™ = h~. Then we have

qv([Z9 (M, 01 _M)]v (M, 07 _u)) = qv((h+u7 07 _h_u)7 (M, O? _u))
= (h"u,u),
which vanishes. Indeed, let 1T = Zj(xj Oy; —y;0x;) =0, say. Then
(hu, ) =Y (e 0y, u) — ((v; 0 x)u, u)
J

= ((xjoyu,u) — (u, (x;0 y;)u) = 0.

J
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Therefore g(V) is orthogonal with respect to g, .
The equivalence of (ii) and (iii) is proved similarly. O]

This lemma motivates the following definition.

Definition 2.4.17 A Jordan triple system V is called a Jordan Hilbert triple if
V is a Hilbert space in which the inner product (-, -) satisfies

((ap b)x, x) = (x,(bO a)x) (a,b,x € V). (2.28)

According to this definition, Lemma 2.4.16 says that a real Jordan triple V
is a Jordan Hilbert triple if, and only if, the Lie algebra g(V) is orthogonal.
Condition (2.4.19) can be rephrased in terms of inner derivations. For a Jordan
triple system V and a, b € V, denote by

da,b)y: V —V

the inner derivation d(a, b) = a0 b — b0 a. A simple calculation shows that
(2.4.19) is equivalent to saying that the inner derivations d(a, b) are skew-
symmetric:

(da,b)x,y) = (x,d(b,a)y)  (a,b,x,y€V).
Inner derivations are automatically continuous in a Jordan Hilbert triple.

Lemma 2.4.18 Let V be a Jordan Hilbert triple and a,b € V. The inner
derivation d(a, b) : V —> V is continuous.

Proof Since
(d(a,b)x,y) = (x,d(b, a)y) (x,yeV),

the linear operator d(a, b) is weakly continuous on V and therefore norm
continuous. O

In view of Lemma 2.4.1 and Lemma 2.4.2, given a normed Jordan triple V,
we always equip the Lie algebras g(V'), g*(V) and £(V) with the following
norms:

(@, (h, h), —a)llgvy = llallv + 2l vy
(a, (h, h), a)llg=vy = llally + lIhllLv)
e, (B b7y ey = Ixlly + 1 ey + 1A ey + Iyl
With these norms in the context of normed Jordan triples, Lemma 2.4.1 and
Lemma 2.4.2 can be stated as follows. A normed Jordan triple V admits a

continuous map (a,b) € V. x V + d(a,b) € L(V) if, and only if, g(V) is
a normed Lie algebra. A normed Jordan triple V admits a continuous map
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(a,b) e V x V> aob e L(V) if, and only if, the TKK Lie algebra £(V) is
a quasi-normed Lie algebra.

Definition 2.4.19 A real Jordan Hilbert triple V is called a JH-triple if the
bilinear map

d:(a,b)e V*+ d(a,b)e L(V)
is continuous; in other words, if there is a constant ¢ > 0 such that
ld(a, b)|| < cllalllibll (a,b, e V).

Theorem 2.4.20 Let V be a real normed Jordan triple and (£(V), 0) its
TKK Lie algebra, with symmetric part g(V) = € @ p, where p = {(u, 0, —u) :
u €V} is the (—1)-eigenspace of 0 on g(V). The following conditions are
equivalent:

(1) V is a JH-triple.
(i) (g(V), 0) is a normed orthogonal Lie algebra.
>iii) (g*(V), 6*) is a normed orthogonal Lie algebra.

In this case, the quadratic form q on p for orthogonality is related to the inner
product (-, -) of V by

q,0, —u) = (u, u) e V).
Proof This follows from Lemma 2.4.1 and Lemma 2.4.16. O

We see from this result and Theorem 1.3.11 that the category of TKK Lie
algebras with normed orthogonal symmetric part is equivalent to the category
of JH-triples. Our final task is to show that they correspond to a large class of
Riemannian symmetric spaces.

Definition 2.4.21 A JH-triple V is said to be continuous if its triple product is
continuous, which is equivalent to the condition

laob| < cllalllbll (a,beV)
for some constant ¢ > 0.

Theorem 2.4.22 Let V be a real normed Jordan triple and (£(V), 0) its TKK
Lie algebra, with symmetric part (V). The following conditions are equivalent:

(1) V is a continuous JH-triple.
(1) (£(V),0) is quasi-normed and (g(V), 0) is a normed orthogonal Lie
algebra.
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(i) (£(V), 0) is quasi-normed and (g*(V), 6*) is a normed orthogonal Lie
algebra.

Proof This follows from Lemma 2.4.2 and Theorem 2.4.20. O

Let V be a JH-triple with TKK Lie algebra £(V) = V @ Vo @ V and invo-
lution 6. Forh =Y~ a;0b; € Vo C L(V)and h* = 3", b;0 a;, we have

h+h* =0 if andonlyif, 2h = (a;0b; —b;0a;).
J
Let

Vi =1k e Voo :0k =k} ={(h,h) € V§ : h +h* =0},

which is a Lie subalgebra of V; and a subspace of L(V'), where the last equality
can be seen from (2.22). The symmetric part g(V) is contained in V & Vog0 ®
V. The dual symmetric part g*(V), with the dual involution 6*(a, k, a) =
(—a, k, —a), is also contained in V & Vj @ V.

The symmetric part g(V') is equipped with the norm

G, (B, B, =)l = (u, )" + |kl (u, (h, h), —u) € g(V)).
Let V_(ﬁ) be the closure of V090 in the £*°-sum L(V) @+ L(V). Then
(V) = {(u, (b, h), —u) :u € V., (h, h) € V3)

is the completion of g(V). The Lie product of g(V') extends naturally to g(V).
With the extended involution

Ou, k, —u) = (—u, k, u) ((u, k, —u) € g(V)),

(@(V),0) is a real involutive Banach Lie algebra with involution # and
eigenspace decomposition

(V) ={(0, (h, h),0) : (h, h) € V) D p, (2.29)

where p = {(u, 0, —u) : u € V} is also the (—1)-eigenspace of & in g(V).

Likewise g*(V) = {(u, (h, h),u) :u € V, (h, h) € V(fo} is the completion of
the dual symmetric part g*(V), which is a real involutive Banach Lie algebra
with the extended involution 6*(u, k, u) = (—u, k, —u) for (u, k, u) € g<(V).

Given (h, h) € Voe0 C L(V) x L(V), we have (hu,u) =0 forallu € V, by
the proof of (iii) = (i) in Lemma 2.4.16. Hence & is skew-symmetric with
respect to the inner product of V:

(hx,y) + (x,hy) =0 (x,y eV).

In other words, i* = —h = h*, where h* is the adjoint of # in L(V).
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Remark 2.4.23 If V is finite-dimensional in Theorem 2.4.20, then one can
define an inner product (-, -)¢ on £ = {(0, (h, h),0) : (h, h) € VOOO} by the trace

(0, (h, 1), 0),(0, (g, 8), 0)e = Trace (hg™),

which is ad €-invariant since

([, (h, h), 0), (0, (g, &), 0], (0, (g, 8), 0))e = Trace ([h, glg*) = 0,

where [h, glg* = hgg* — ghg* = —hg®> + ghg by skew symmetry of g. It
follows that the positive definite quadratic formg : g(V) x g(V) — R defined
by

Zi((a7 (h’ h)’ _a)v (av (ha h)’ _a))
=((0, (h, h), 0), (0, (h, h), 0))¢ + gq(a, 0, —a)

is invariant under 6 and ad €.

Lemma 2.4.24 Let (V, (-, -)) be a JH-triple and g(V) = € D p the symmet-
ric part of the TKK Lie algebra (£&(V), 0). Then the completion (g(V), 0) is
orthogonal with respect to the inner product of p.

Proof Let (V) =t @ p be the eigenspace decomposition with respect to 8,
where

E={(0, (1, 1), 0) : (h, h) € Vgy).

Let (-, ), be the inner product of p. For (h, h) € V_090 with & = lim, A, and
(hp, hy) € VOGO, we have (hu, u) = lim, (h,u, u) = O for all u € V. Hence for
Z = (0, (h, h),0) € ¢, we have

([Z, u, 0, —u)], (u,0, —u)), = ((hu, 0, —hu), (u, 0, —u))p = (hu,u) =0.
O

Remark 2.4.25 Evidently, the completion g*(V) of the dual symmetric part is
also orthogonal in the preceding lemma. We omit the details to avoid repetition.

Theorem 2.4.20 provides a key to the correspondence between JH-triples
and Riemannian symmetric spaces. We first derived some results to pave the
way towards such a correspondence. We begin by determining the centre of the
complete symmetric part g(V).

Lemma 2.4.26 Let V be a JH-triple and g(V) the symmetric part of its TKK
Lie algebra (£(V), 0). The centre of g(V) is given by

3@(V)) ={(@a,0,—a):anx =x0a,Vx € V}.
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Proof Let X =a @® (hg, ho) ® —a € g(V). If X € 3(g(V)), then for x &
(g,8) ® —x € g(V), we have

0=[a® (ho, ho) ® —a, x ® (g, g & —x]
= (hox — ga, ([ho, gl —aox+x0oa, [hy, gl —aD x +x0Oa), ga—hox).

Choose g = 0; then hox = ga =0 for all x € V and hence hy =0 and
ad x = x 0O a. The arguments can be reversed, sinceat x = xoO aforallx € V
implies ga = 0 for all (g, g) € V. O

The above lemma leads to the definition of the following closed subspace of
a JH-triple V:

Z(Vy={aeV:aox=x0Da,Vx € V}, (2.30)

where Z(V) is closed by continuity of the bilinear inner derivation map d :
(a,x) € V2 d(a,x) € L(V). As V is a Hilbert space, we have the direct
sum decomposition

V=2Z(V)® Z(V)*.

Lemma 2.4.27 Given a JH-triple V, the subspace Z(V') is an abelian subtriple
of V.

Proof We need only show that Z(V) is a subtriple of V, for which it suf-
fices to show thata € Z(V) implies a® = {a, a, a} € Z(V), by the polarization
formulae for a, b, x € Z(V):

6{b,a,b} = (a + b)* + (a — b)* — 24°
2{a,x,b} ={a+b,x,a+ b} —{a, x,a} —{b, x, b}.
Leta € Z(V). We have
la.x.{a,a,y}} = {{a, x,a},a,y} —{a. {a, x,a}, y} + {a,a, {a, x, y}}

=f{a,a,{a,x, y}}
= {a37x7 y} - {Cl, {ava7-x}7 y}+ {avxa {ava7 y}}
= {613,)6, y}’

where {a, {a, a, x}, y} = {a, y, {a, a, x}} = {a, a, {a, y, x}}. Hence

@ox)(y) = {a,a.{x.a, y}}
={{a.a,x},a,y} — {x,a’, y} + {x,a,{a.a, y}}
=2a’,x,y} — {x.a’, y}
= (xoa’)(y)
and a® € Z(V). O
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Lemma 2.4.28 Let V be a JH-triple and let 3(g) be the centre of g(V). Then
we have the decomposition g(V) = 3(g) @ 3(g)°, where

3@)° = {(x, (h, h), —x) : x € Z(V)* and (b, h) € v_o%}
is a Lie subalgebra of g(V') with trivial centre.

Proof The direct sum decomposition follows from Lemma 2.4.26 and the
decomposition V = Z(V) @ Z(V)*. We note that \/09O C L(V) x L(V), and
by a note before Remark 2.4.23, for each (g, g) € V_O%, the linear map g € L(V)
is skew-symmetric with respect to the inner product of V. Given x € Z (V)*
and (g, g) € V&, we have

(gx,a) = —(x,ga) =0

for all a € Z(V), where ga =0 as in the proof of Lemma 2.4.26. Hence
gx € Z(V)*.
Let X = (x, (h, h), =x), Y = (v, (g, §), —) € 3(§)°. We have

[X,Y]=(hy —gx, ([h,gl—xOy+yox,[h gl-xOy+yoOx), gx—hy),

where hy — gx € Z(V)* implies [X, Y] € 3(g)°.

Further, if [X,Y] =0, then choosing g =0, we have hy =0 for all
y € Z(V)* and hence h = 0 since ha = 0 for all a € Z(V). It follows that
xOy=y0ox forall ye Z(V):. But x0a = ao x for all a € Z(V). Hence
x € Z(V)NZ(V)*: and x = 0. This proves the triviality of the centre of
3(9)°. O

Definition 2.4.29 Let (G, K) be a Riemannian symmetric pair. The symmetric
space G/K is said to be associated to a TKK Lie algebra if the involutive Lie
algebra (g, o) of G is the complete symmetric part (ES, 0) of a TKK Lie algebra
(h, 0), in which case G/K is called a Jordan symmetric space.

Remark 2.4.30 A symmetric space G/K is a also Jordan symmetric space if
the Lie algebra (g, o) of G is the complete dual symmetric part (h_;‘, 0%) of a
TKK Lie algebra (h, 0). Indeed, b_’; is the complete symmetric part of (), 6*),
by Remark 1.3.6.

Theorem 2.4.31 We have the following correspondence between JH-triples
and Jordan symmetric spaces.

(1) LetV be a JH-triple. Then there is a Riemannian symmetric space G/K
such that the Lie algebra of G is the complete symmetric part g(V') of the
TKK Lie algebra £(V) of V.
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(i) Let G/K be a Jordan symmetric space. Then there is a JH-triple V
such that £(V) is the canonical part of the TKK Lie algebra associated
to G/K. Further, if G/K is associated to a canonical TKK Lie
algebra, then the complete symmetric part g(V) of £(V) is the Lie
algebra of G.

Proof (i) Let V be a JH-triple and let £(V) be its TKK Lie algebra with
involution 6. Then the complete symmetric part g(V) is a Banach Lie algebra
and 6 extends to an involution 6 on g(V). By Lemma 2.4.28, we have g(V) =
3(9) @ 3(9)°, where the centre 3(g) is the Lie algebra of itself as a Lie group,
and the Lie algebra 3(g)° has a trivial centre and is therefore the Lie algebra
of a connected Banach Lie group, by Remark 2.1.27. Taking the universal
covering of the group (cf. [111, lemma 6.10]), it follows that g(V) is the Lie
algebra of a simply connected Banach Lie group G, and the 1-eigenspace
¢ = {0, (h, h),0):(h,h)e VOGO} cag(V) of 6 is the Lie algebra of a connected
Banach Lie subgroup K of G. By Lemma 2.4.24, (g(V), #) is an orthogonal
involutive Banach Lie algebra and by Theorem 2.4.14, G/K is a Riemannian
symmetric space.

(ii) Conversely, let G/K be a symmetric space such that the Lie algebra
(g, o) of G is the complete symmetric part (Es, 0) of a TKK Lie algebra (5, 0).
Then, by Theorem 1.3.11 and the construction after Proposition 1.3.13, there
is a Jordan triple V such that

h=bh_1Dhdh DLV)=VDVyadV

with h1; = V and b contains the complete symmetric part g(V) of the TKK
Lie algebra £(V) which is the canonical part h of h.

By Theorem 2.4.14 and Remark 2.4.15, (h,, 6) is orthogonal with respect
to a complete inner product (-, -),, on the (—1)-eigenspace of 6, which equals
the (—1)-eigenspace p = {(a, 0, —a) : a € h_;} of 6 in h,. Since p is also the
(—1)-eigenspace of 6 in g(V), it follows that (g(V), 0) is also orthogonal with
respect to (-, -),. Hence V is a JH-triple by Theorem 2.4.20.

Finally, if b is canonical, then h = £(V) and (h,, 0) = (@(V), 9). O

In the correspondence between JH-triples V and Jordan symmetric spaces,
the symmetric part and the dual symmetric part of a TKK Lie algebra £(V)
correspond to a pair of symmetric spaces which are said to be dual to each other.
Let (g, o) be the involutive Lie algebra of a Jordan symmetric space G/K and
V a JH-triple such that g = g(V) and o = 6, where g(V) is the symmetric
part of the TKK Lie algebra (£(V), 0) of V. Let g = € @ p be the eigenspace
decomposition for 6. Then the complete dual symmetric part (g*(V), 6*) gives
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rise to a symmetric space, the dual of G /K, whose Lie algebra can be identified
with (g, o), where

g =t®ip and o'(k+ip)=k—ip.

Indeed, given g(V) = {(0,k,0): 0k =k € V_OGO} ® {(a,0,—a):a eV}, we
have

g ={(0.k,0): 0k =k € Vi} @ {(ia.0, —ia) :a € V}.
The following Lie algebra isomorphism identifies g’ with g(V):
¥ (ia, k,—ia) € g — (a,k,a) € g=(V),

where Yo' = 60*y and 6* is the dual involution of £(V).
We conclude this section with some examples. The structures of JH-triples
will be studied in more detail in the next chapter.

Example 2.4.32 A finite-dimensional formally real Jordan algebra V is a
Hilbert space with inner product (a, b) = Trace (a0 b) which satisfies

(ab, c¢) = (b, ac) (a,b,ceV).
Therefore V is a JH-triple in the canonical Jordan triple product
{a, b, c} = (ab)c + a(bc) — b(ac).

In fact, any JH-algebra, which can be infinite-dimensional, is a JH-triple in the
canonical Jordan triple product.

Example 2.4.33 We have shown in Theorem 1.2.34 that a finite-dimensional
Jordan triple V has a positive definite trace form Tr (x O y) if, and only if, it is
semisimple and positive. With the trace form as inner product, such a Jordan
triple is a JH-triple. These Jordan triples are also called compact in Loos [82]
because they correspond to a class of Riemannian symmetric spaces, called the
symmetric R-spaces, which are compact. The Lie algebras £ for these sym-
metric spaces, constructed in [82], are TKK Lie algebras. Given a compact
Jordan triple (V, {-, -, -}) which is non-degenerate, the corresponding Lie alge-
bra £ constructed in Loos [82] is the TKK Lie algebra £((V, —2{-, -, -}))
of the Jordan triple (V, —2{-,-,-}). The Lie algebra of the corresponding
symmetric R-space is the dual symmetric part g* of £((V, —2{-, -, -})), with
dual involution 6*(x, i, y) = (—y, —h%, —x). Let B be the Killing form of
LV, =2{-,-,-}) and let a0 a be the box operator with respect to the triple
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product {-, -, -}. By Koecher [78, p. 56], the restriction of 8 on the (—1)-
eigenspace p = {(a,0,a) : a € V} of g* is given by

B((a,0,a), (a,0,a)) = —8 Trace (aD a)
which is negative definite.

Example 2.4.34 A J H*-triple, as defined in Kaup [71], is a Hermitian Jordan
triple V which is a complex Hilbert space where the triple product is continuous
and every operator adia : V — V is self-adjoint. The latter condition is
equivalent to the associativity of the inner product:

((@aob)x,y) = (x,(bOa)y) (a,b,x,yeV). (2.31)

JH*-triples can be regarded as real Jordan triples with real inner product
Re (-, -),in which case they are continuous JH-triples. The inner productRe (-, -)
is also associative in the sense of (2.31).

Example 2.4.35 The inner product of a JH-triple need not be associative in
the sense of (2.31), even if it is continuous and finite-dimensional. A simple
example is the real Hilbert space H of quaternions, with basis {1, i, j, k}. The
triple product 2{a, b, ¢} = abc + cba in H satisfies

((ao b)x, x) = (x, (bO a)x) (a, b, x € H).

To see this, we can represent H by 4 x 4 matrices in M4(R) and observe that
the inner product satisfies

1 1
{a,x) = ZTrace (ax") = ZTrace (a'x),

where x’ denotes the transpose of x € M4(R) and xx’ = x’x for x € H. Hence

4{(ac b)x, x) = Trace (abxx" 4+ xbax") = Trace (x'xab + baxx")

= Trace (x'(xab + bax)) = 4(x, (b0 a)x).

We also have |[{a, b, c}|| < llalll|blllcll, since [|xy]l = |lx||||y|l forall x, y € H.
Hence H is a continuous JH-triple. However, the inner product is not associative,
since

(1ok)k, 1) # (k, (ko D1).
‘We note that H is not a flat Jordan triple; for instance, (io j)(i) # (o D)(@).

It has been shown in Kaup [71] that JH*-triples correspond to the Hermitian
symmetric spaces which are Riemannian symmetric spaces with a Hermitian
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structure and will be discussed in the next section. In fact, JH*-triples are
exactly those JH-triples which admit compatible complex structures.

A complex structure on a real vector space V is alinearmap J : V — V
such that —J? is the identity map on V. If V admits a complex structure J,
then we view it as a complex vector space by defining the complex scalar
multiplication iv := Jv for v € V. Conversely, every complex vector space,
regarded as a real space, admits a natural complex structure J : x > ix.

Proposition 2.4.36 A JH-triple (V, (-, -)) admits the structure of a JH*-triple
if, and only if, there is a complex structure J : V. — V satisfying

(Jx,Jy) =(x,y) and J(xoOy)=(xoy)J
forx,yeV.

Proof We only need to show the necessity. If a JH-triple V satisfies the given
condition, then it becomes a complex Hilbert space with the complex inner
product

Lx,y>» = {(x,y)—i{Jx,y),
and also it becomes a Hermitian Jordan triple with the Jordan triple product
{{x, v, 2} = {x, y, 2} +ifx, Ty, 2}
Substituting x + y and x + iy for z in the identity
L (@ob)z,z>» =<Kz, (boaz>

yields € (@0 b)x, y > = < x, (boa)y >.Hence (V, {{-, -, -}}, < -, - >)is
a JH*-triple. O

2.5 Jordan triples and symmetric domains

In this section, we study Jordan structures in complex Banach manifolds. Let
(M, g) be a Riemannian manifold. An almost complex structure J on M is a
map p € M — J, € L(T,M)such that J, is acomplex structure on the tangent
space T, M and for each smooth vector field X on M, the vector field J X is
smooth, where J X (p) = J,(X,) for p € M. The almost complex structure J
is called a Hermitian structure if the Riemannian metric g is Hermitian with
respect to J, in the sense that

gp(Jpu, Jpv) = g,(u, v) (u,veT,M,pecM).
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Under these conditions, one can define a Hermitian metric h on M by
hy(u,v) =g,(u,v)—ig,(Jyu,v) (u,veT,M).

Example 2.5.1 Let M be a complex manifold of dimension n < oo, with an
atlas {(Uy,, @, V,)}. Let p € M. If p € U, the tangent space T, M identifies
with V, = C" = R?" via ¢ and has a basis {x{, y{ :k=1,...,n}. We can
define an almost complex structure J on M by putting

Joxl =yl Iyl =—x{  (k=1,...,n),

which can be seen to be independent of the choice of local charts (U, ¢, V,,).
Indeed, if (Uy, ¥, V) is another local chart at p and 7, M >~ V,, has a basis
{x,l/’, y,l/’ :k=1,...,n}, the change of basis

X =D g + ) by
j j

W= Do ex] + D dyy
j j

is effected by the derivative

Wo Y (p(p): V, — Vy,

which is the 2n x 2n matrix

where ai; = dy; and by; = —cy; by the Cauchy—Riemann equations. It follows
that Jp(x,‘f) = y,g’ and Jp(y,'(/') = —x,'f'.We call J the canonical almost complex
structure.

The following definition is an extension of the concept of a finite-dimensional
Hermitian symmetric space (cf. [51, p. 372]).

Definition 2.5.2 A connected manifold M modelled on a complex Hilbert
space is called a Hermitian symmetric space if it is equipped with a Hermitian
structure and every point p € M is an isolated fixed point of an involutive
holomorphic isometry s, : M —> M.

The correspondence between Hermitian symmetric spaces and JH*-triples
shown in Kaup [71] can be seen from the perspective of TKK Lie algebras.
Let M be a Hermitian symmetric space. By definition, M is a Riemannian
symmetric space and has an analytic structure. By Theorem 2.2.17, the group
G,(M) of biholomorphic isometries of M forms a real Banach Lie group
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with Lie algebra g,(M). The manifold M is diffeomorphic to the homogeneous
space G,(M)/K, where K is the isotropy group at a point p € M. The isometry
sp: M — M gives rise to an involution 6 = Ads, : g.(M) —> g.(M). Let
go(M) =t D p be the eigenspace decomposition with respect to 6, with p
the (—1)-eigenspace. By Theorem 2.4.14, the involutive Lie algebra g,(M) is
orthogonal.

By (2.26), the eigenspace p identifies with the tangent space 7, M as real
vector spaces, via the evaluation map

Xep— X(p)eT,M.

With the Hermitian structure of M, the tangent space T, M is a complex Hilbert
space. Given X € p, the vector i X(p) € T, M is the evaluation of a vector field
JX e p. This gives a complex structure

J:ip—1p
satisfying 6 J = J6 and
X, Y](p)=ilX.YI(p) (X ep. Y egsM)).
If Y € ¢ then [X, Y] € p and hence
JIX,YI=[JX,Y]. (2.32)

We note that X € g,(M) does not imply i X € g,(M). In fact, g,(M) is totally
real. We show this for &.

Lemma 2.5.3 In the eigenspace decomposition g,(M) = €@ p, we have €N
it ={0}.

Proof LetY e tand Y =iZ € it. We show Y = 0. For s 4 it € C, the map
(expsY)(exptZ) = exp(s — it)Y : M —> M is abiholomorphic isometry and
therefore the map

F:s+iteC— (dexp(s —it)Y), € L(T,M)

is a bounded holomorphic map, where L(T, M) is the complex Banach space of
continuous linear self-maps on 7, M. By Liouville theorem, p o F : C — C
is constant for each continuous linear functional ¢ on L(T,M). Hence F is
constant and (d exp Y),, is the identity map. Since exp Y (p) = p, Proposition
2.2.9 implies that exp Y itself is an identity map on M, thatis, ¥ = 0. O

Lemma 2.5.4 Let J : p —> p be the complex structure just described. Then
we have

[JX,JY]=[X,Y] (X,Y ep).
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Proof Since [J X, Y](p) =i[X, YI(p),wehave [JX, Y] —i[X,Y] € astis
the kernel of the evaluation map. Likewise, we have [X, JY] +i[JX, JY] € &.
It follows that

iJX,JY]—i[X,Y]etnit
and hence [JX, JY] —[X, Y] =0. O]

Let p. be the complexification of p and extend J to a complex linear map on
p., also denoted by J. Let

pr={Xep:JX=iX}, p_-={Xep.:JX=-iX}
be the £i-eigenspaces of J such that
Pe=p+ O p-
and hence the complexification g, of g,(M) has a decomposition
ge=p+ DL Dp_,
where
Xep—>X—iJX ep,

is a complex linear isomorphism. Considered as a real Lie algebra, g. has an
involution given by

ocX =0X,

where the natural extension of 6 to g, is still denoted by 8. We have o (p4) = p_
and

[, pa1] C P, [P+, p+]1 =0, (2.33)

by Lemma 2.5.4 and (2.32). We also have [p,, p_] C &. Hence (g., o), as a
real Lie algebra, is a TKK Lie algebra and the space p; ~ p is a Jordan triple
with Jordan triple product

{X,Y,Z}=1[[X,0Y], Z] (X,Y,Z epy). (2.34)

Moreover, g,(M) can be identified with the complete symmetric part of g, by
the map

Y. X)egoM)=t@®p—> (X —iJX, Y, X+iJX) € g.

where X +iJX = —o(X — iJX). Hence p is a JH-triple and also a JH*-triple
by Proposition 2.4.36.
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Conversely, let V be a JH*-triple and let
LVy=vaeVpeeVi (Va=V)
be its TKK Lie algebra with the main involution 6. Define
cX=—-X for XeVy, oX=X for XeVy

and X = 00X forX € £(V).Letg = {X € £(V) : X = X} be the real form of
X > X. Then o is an involution on g. Since X € g if, and only if, X = 00X,
in which case X is of the form (a, k, —a) with a € V and 6k =k € Vj, it
follows that o' |; = 0|4 and (g, o) is the symmetric part of £(V') with orthogonal
completion g = £ @ p, where p = {(a, 0, —a) : a € V} inherits the Hermitian
structure from V and g gives rise to a Hermitian symmetric space.

Example 2.5.5 LetU = {z € C : |z| < 1} be the open unit disc in the complex
plane. It is a Riemannian manifold in the Poincaré metric

uv
(1 —[z]??
with the canonical Hermitian structure Jv = iv and the corresponding Hermi-
tian metric

(u,v), = Re (zeU,u,veT,D=0C),

uv
1 —1z»?*

The automorphism group of biholomorphic maps on U is the group

h (u,v) =

AutU = {ag, : || =1,a € U},

where g, : U —> U is the Mobius transformation
z+a
1 +az
induced by a and we have g U= g_, (cf.[98, theorem 12.6]). Evidently Aut U

acts transitively on U since g,(0) = a. The Riemannian distance on U is the
Poincaré distance

1 1
t
8(z, w) = inf {/ L)'zdt} = tanh™'
v Lo 1—=1y@)
where the infimum is taken over all piecewise smooth curves y : [0, 1] = U

from z to w (cf. [31, p. 42]). By the Schwarz—Pick lemma, a holomorphic map
f : U — U satisfies the inequality

‘f(z)—f(w) 3
1= f@Fw)| ~

ga(2) = (zel)

—w

, (2.35)

Z—w
1—zw
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and hence AutU is the group of biholomorphic isometries on U. With the
Poincaré metric, U is a Hermitian symmetric space. Each point @ € D has a
symmetry

2a — (1 +|a*)z
54(2) = 8a 0500 8-a(2) = T+ la —2az (zel),
where so(z) = —z is the symmetry at 0.

If we equip U with the Euclidean metric, then the group of biholomorphic
isometries of U consists of rotations, and hence U is not a Hermitian symmetric
space in the Euclidean metric.

Lemma 2.5.6 Let f : U —> U be holomorphic and satisfy
[f(2) = f(w)] = |z —w| (z,w € U).
Then f is a rotation.

Proof Consider the function F(z) = M, which has a removable singular-
ity at 0 and satisfies | F'(z)| = 1 for z # 0. By the maximum modulus principle,
F is a constant function, say F(z) = ¢'® for some o € R. It follows that

f(2) =€z + £(0) (z e U).
If f(0) = re'f = 0 for some r € (0, 1), then we have
1> (1 =P =1 —re® +re’| =1,
which is impossible. Therefore f(z) = e'®z forallz € U. O

Example 2.5.7 The upper half-plane [TT = {z € C : Imz > 0} is a Hermitian
symmetric space in the hyperbolic metric

|v|*

= Gmop (zell™,veC)

(U, v)Z

and has the canonical complex structure. In fact, the group G,(IT*) of biholo-
morphic isometries identifies with the special linear group

SL(2,R)={(? Z >:a,b,c,deR,det(i Z >=1},

a

b . .
where g = d gives the isometry
c

az+b

ent.
cz+d

zellt—g.z:=
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This action of SL(2, R) on I is transitive, since

(8 lj >~i=ab+ia2.

(01
-1 0 )

Let K ={geSL2,R):g-i =i} be the isotropy subgroup at i. Since
< a b ) -i=iifandonlyifa =d,b = —c and a? + b? = 1, we see that

c d
K:{( cost - sint ):teR}:SO(Z).

The symmetry at i is

—sint cost

The symmetric space I is biholomorphic to the open unit disc U via the
Cayley transform

z—1
zell™—» — €U,
Z+1

and SL(2, R) is isomorphic to Aut U via
a b
( c d )ESL(Z,R)r—)agﬁeAutU,

where
b—c—(a+d)i b+c+(a—di

o= AT g ZTIT AR
c—b—(a+di c—b+(a+di

In finite dimensions, it is well known [16, 48] that the Hermitian symmetric
spaces of non-compact type are the bounded symmetric domains in the space
of several complex variables of which the open unit disc U is the simplest
example. The concept of a symmetric domain can be extended naturally to the
infinite-dimensional setting which is given below.

Definition 2.5.8 Let V be acomplex Banach space and let D C V be adomain;
thatis, D is an open connected set. We call D symmetric, or a symmetric domain,
if each point a € D is an isolated fixed point of an involutive biholomorphic
map s € Aut D, in which case s is called a symmetry at a.

‘We note that symmetric domains are Banach manifolds, but in infinite dimen-
sion, they need not admit a Riemannian metric. Nevertheless, one can define a
metric on a bounded domain D, called the Carathéodory metric, as follows:

Sp(z, w) = sup{d(f(2), f(w)): f € HD,U)}  (z,we D), (2.36)
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where H(D, U) denotes the vector space of holomorphic maps from D to the
open unit disc U in C, and § is the Poincaré distance in (2.35). In particular,
Sy = 4 by the Schwarz—Pick lemma, and also, each g € Aut D is a §p-isometry:

6p(g(2), g(w)) =dp(z, w)  (z,w, € D).

The metric §p is equivalent to the metric on D defined by the norm of the
ambient space. If D is symmetric, then Cartan’s uniqueness theorem implies
that the symmetry s at a is unique since its differential ds, at a is minus the
identity map on V (cf. Lemma 2.3.2). Henceforth we denote the symmetry at
a by s,.

A symmetric domain is called irreducible if it is not a Cartesian product
of symmetric domains. Finite-dimensional bounded symmetric domains have
been classified by E. Cartan [16]. One can view Cartan’s classification as an
extension of the Riemann mapping theorem in one dimension, which can be
stated as follows.

Theorem 2.5.9 Let D be a finite-dimensional irreducible bounded symmetric
domain. Then D is biholomorphic to the open unit ball of one of the following
complex Banach spaces of matrices:

(D) My (C)
(i) S.(C)
(iii) H,(C)
(iv) Spa(H)
(V) Mi(0)
(vi) H3(0),

where the space M,,,,(C) is equipped with the operator norm of L(C", C™), both
S,(C) and H,(C) are norm-closed subspaces of M, (C), consisting of n x n
skew-symmetric and symmetric matrices, respectively, and Sp,(H) is a complex
triple spin factor of dimension n > 2, which is a norm-closed subspace of L(H)
for some complex Hilbert space H such that a € Sp,(H) implies a* € Sp,(H)
and a* € C1.

Classically the first four types of open unit balls in the preceding list are called
the Cartan domains, while the last two are called the exceptional domains. We
observe that the six types of finite-dimensional complex Banach spaces in
Cartan’s classification are all Hermitian Jordan triples, where S,(C) and H,,(C)
are subtriples of M,,,(C) and the triple spin factor Sp,(H) has an equivalent
norm of the inner product,

(a,b)1 = ab* +b*a = (a+b*)* —a* — "> €Cl  (a,b € Sp,(H)),
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and is equipped with the Jordan triple product
1
{a.b,c} = 5((61, b)c+ {c,b)a — (a, c*)b").

In Theorem 2.5.9, dim H < oo, although we include the definition of infinite-
dimensional complex triple spin factors for later reference. In fact, these
finite-dimensional Hermitian Jordan triples, as tangent spaces of Hermitian
symmetric manifolds, should all carry the structure of a JH*-triple by the dis-
cussion at the beginning of this section. These JH*-structures are described in
Proposition 3.5.1.

Our goal in this section is to present an infinite-dimensional version of Car-
tan’s classification, namely, to show that a bounded symmetric domain in a
complex Banach space is biholomorphic to the open unit ball of a Hermitian
Jordan triple equipped with a complete norm, thereby demonstrating the impor-
tant relationship of Jordan theory and complex geometry. A natural construction
of such a Hermitian Jordan triple for a bounded symmetric domain D is to take
the tangent space T, D at a point p € D and use the geometry of D to construct
a Jordan structure and a norm on 7, D so that D is biholomorphic to the open
unit ball of T, D. Although there is no explicit reference to Lie structures in
this result, one would, however, expect their relevance in the construction. This
is indeed the case. To begin, one makes use of the fact that the automorphism
group Aut D has the structure of a real Lie group.

Let D be a bounded domain in a complex Banach space V. Then D is a
complex Banach manifold modelled on V. Let § = §p be the Carathéodory
metric defined in (2.36). Then the group

Gs(D) = {g € Aut D : 8(g(z), g(w)) = 8(z, w), Vz, w € D}

of biholomorphic §-isometries is precisely the automorphism group Aut D by
the earlier remark. Using the Carathéodory metric § on D, the concept of an
admissible neighbourhood for a Riemannian manifold M with Riemannian
distance d, introduced in Section 2.2, can be carried over to D and as in (2.10),
one can define a metric p, on the biholomorphic §-isometry group G;(D),
for a given admissible neighbourhood B, of p € D. With this metric, G5(D)
becomes a topological group.

Each complete holomorphic vector field X on D generates a one-parameter
group exp ¢ X of biholomorphic §-isometies in G5(D). It follows that the com-
plete holomorphic vector fields aut D of D form a Lie algebra (cf. [111, corol-
lary 11.8]). Replacing M in Theorem 2.2.17 by D and using aut D in place of
g.(M), one can repeat the proof of the theorem and conclude that G5(D); that
is, Aut D, is a real Banach Lie group with real Banach Lie algebra aut D.
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In the absence of a Riemannian metric, the infinitesimal version of the
Carathéodory metric 8 on a bounded domain D is the Carathéodory norm on
the tangent space V = T, D defined by

lvll, = sup{l f'(p)(W)| : f € HID,U), f(p) =0}  (veV),

which is equivalent to the original norm || - || of V. Indeed, given that D is
contained in some ball B of radius » > 0 at the origin, withd(D, dB) = R > 0,
Cauchy inequality implies that

1
L' () = 1LF (vl < glvl (f € HD.U), f(p) =0). (2.37)

Hence ||v]|, < [[v]l/R. On the other hand, for each continuous linear functional

@ of V with [|¢]|| < 1, the holomorphic function u;(p) maps D to U, and p to

2
0 € U. Therefore

2rllvll, = I(e — @(p) (P)W)| = l(v)|

and it follows that

2rvlly = vl (2.38)

In particular, if D is the open unit ball of V and if we choose p =0 € D,
then we have ||v||o = ||v||. The Carathéodory norm is invariant under Aut D:

ol = 18" (P llgpy (v eV, g €AutD). (2.39)

A domain D in V is called homogeneous if the automorphism group Aut D
acts transitively on D.

Lemma 2.5.10 Let D be a bounded domain in a complex Banach space V and
let a € D. The following conditions are equivalent:

(1) D is homogeneous.
(ii) The evaluation map X € aut D — X(a) € V is surjective.
(iii) The orbit G(a) = {g(a) : g € Aut D} is open in D.

Proof (i) = (ii). Let K = {g € Aut D : g(a) = a} be the isotropy subgroup
at a. Since Aut D acts transitively on D and, as discussed in the Riemannian
case before, the quotient manifold Aut D /K is diffeomorphic to D via the map
gK +— g(a). Hence the map

€e:geAutD +— ga)e D

is the quotient map, which is a submersion. In particular, the evaluation map
X +— X(a), which is the differential de, of € at the identity ¢ € Aut D, is
surjective.
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(i) = (iii). In the above notation, surjectivity of the evaluation map de,
implies that the map € : g € Aut D +— g(a) € D is a submersion at the identity
¢ and therefore open by Remark 2.1.18. Hence the orbit G(a) = {g(a) : g €
Aut D} is open.

(ii1) = (i). Since D is the disjoint union of all orbits, the orbit G(a) is also
closed. By connectedness of D, we have D = G(a). O]

Lemma 2.5.11 A homogeneous domain D is symmetric if it admits a symmetry
at some point. In particular, a homogeneous open unit ball of a complex Banach
space is a symmetric domain.

Proof As in Example 2.3.4, if D is homogeneous, then the symmetry s, at a
pointa € D is given by s, = gos, 0 g~!, where sp is the given symmetry at
some p, and g € Aut D satisfies g(p) = a.

For the second assertion, we note that an open unit ball has a symmetry
so(z) = —z at the origin. O

Now let D be a bounded symmetric domain in a complex Banach space V.
It has been shown in Vigué [114, théorém 3.2.6] that D is homogeneous. As in
the case of Riemannian symmetric spaces, the manifold D is diffeomorphic to
the homogenous space Aut D/ K, where K is the isotropy subgroup at a point
p € D, withsymmetry s, : D —> D.The involution 6 = Ad(s,) : aut D —
aut D gives the +1-eigenspace decomposition

autD =t p, (2.40)

where p is the (—1)-eigenspace and is real linear isomorphic to the tangent space

T,D ~ V via the evaluation map X ~ X(p). Making use of the Carathéodory

norm on the tangent space V, we also have £ N it = {0} as in Lemma 2.5.3.
As before, let

J:ip—1p

be the complex structure defined by (J X)(p) = i X(p) which satisfies JO =
6 J. With the complex structure J, p is complex isomorphic to V. Analogous
to Lemma 2.5.4 and (2.32), we have

[JX,JY]=I[X,Y] and J[Z,X]=1[Z,JX] (X, Yep, Zeb.

Let g. be the complexification of aut D. Using the same construction as
in the beginning of this section, where the correspondence is shown between
Hermitian symmetric spaces and JH*-triples, we obtain the decomposition

gc = P+ RN Dp-
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and a complex linear isomorphism
Xep—>X—iJXep,

such that p is a Jordan triple with triple product

(X.,Y, Z}p, = ! [X,0Y], Z]

3 [
as in (2.34), apart from the scalar 1/8 which is added for later application. This
gives a Hermitian Jordan triple structure on p and V.

Proposition 2.5.12 Let D be a bounded symmetric domain in a complex
Banach space V. Then V admits a Hermitian Jordan triple structure.

Proof Following the above discussion, it suffices to show that p, as a complex
vector space which is complex isomorphic to V, is a Hermitian Jordan triple.
The triple product on p is obtained from p, via the isomorphism X € p —
X —iJX epy.

Let X, Z € p. Then the triple product in p is given by

%[[X —iJX,0(Z—-iJZ)], X —-iJX]

[[X—-iJX, 0Z+iJZ)], X —iJX]

00| == 00| =

[[X —iJX, —Z—-iJZ], X —iJX]

—%[[X, Z], X1+ i[[JX, 7], JX]+i(%[[X, Z], JX]

1
+ Z[[JX’ Z], X .

Therefore p is equipped with the triple product

1 1
{X.,7Y, Z}p=—Z[[X, Y], Z]+Z[[JX’ Y], JZ], (2.41)
which is Hermitian. Indeed,
1 1
{(X,iZ, X}, ={(X,JZ, X}, = —Z[[X, JZ], X1+ Z[[JX’ JZ], JX]

= %[[JX, Z], X1+ %[[X, Z], JX]= —‘l—lJ[[JX, Z], JX]

1
=—J{X,Z, X},.

Complex linearity in the outer variables can be verified likewise. U
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It would be useful to have an explicit description of the vector fields in p
for a symmetric domain D. For simplicity, let us assume now that the bounded
symmetric domain D happens to be the open unit ball of the Banach space
V. Naturally we choose p = 0 € D for the tangent space T, D and to simplify
notation, we consider a vector field X € aut D as a holomorphic map

X:D—V.

For X € ¢, we have exptX € K ={g € AutD : g(0) =0} forall r e R. It
follows from Cartan’s uniqueness theorem stated before Proposition 2.2.9 that
each exptX : D — D is (the restriction of) a linear map and | exptX| < 1
for all # € R implies that i X is (the restriction) of a hermitian linear operator
on V. We recall that an element ¢ in a Banach algebra A is called hermitian if
it has real numerical range N(a), which is equivalent to || exp ita|| = 1 for all
t € R (cf. [10, p. 46]). A hermitian continuous linear operator T : V — V is
one which is hermitian as an element in the Banach algebra L(V) of continuous
linear self-maps on V.

Remark 2.5.13 In the case above, we can and will regard each vector field
X € t as i times a hermitian linear map on V and for each v € V, the image
X(v)in V is well defined.

For each « € D, there is a unique X, € p such that X,(0) = . Let ¥, =
%(Xa —1JXy), where J : p —> p is the complex structure defined previously.
Then we have Y,(0) = «.

Define a holomorphic map F' : D — D by

F(z) = exp Y,(0) (z € D).

Evidently F(0) = 0. For v € V and sufficiently small ¢ € R, we have tv € D
and

d
F'(O)(w) = —

F(tv) d
V) = —
dt dt

exp1Y,(0) = Y,(0) = v.
=0

t=0

Again Cartan’s uniqueness theorem implies that F' is the identity map; that is,
expY,(0) =z (z € D).

As in (2.33), we have

1
Yo, Ypl = 71 Xe = id Xo Xp —iJXp] =0
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foralla, B € D.Therefore we have from the Campbell-Baker—Hausdorff series
(2.18) that

(exp1Yp)(z) = (exp Yip)(exp ¥;)(0) = exp(Ysp+.)(0) = 18 + z.
It follows that

d
Yo@) = — OeXPtYﬁ =B
=

is a constant vector field.

Given X € p, the vector field [X, Yg] € £ is linear for all Yg which, together
with the fact that Yy has zero derivative, implies that the derivative of X is
linear. Hence we must have

X() = X(0)+ p(), (2.42)
where p is a homogeneous polynomial on V of degree 2.

Remark 2.5.14 In view of (2.42), we can and will regard each vector field
X € p on D as a quadratic polynomial on V. Together with Remark 2.5.13,
each vector field X € autD = £ @ p can be identified as a polynomial of degree
2 on V, and the exponential map exp X : V. —> V is well defined.

Next, we compute the polynomial p in (2.42).

Lemma 2.5.15 Let D be the open unit ball of a complex Banach space V such
that D is a symmetric domain. Let V be equipped with the induced Hermitian
Jordan triple product {-, -, -} derived in Proposition 2.5.12 (2.41). Then in the
eigenspace decomposition aut D = € @ p, each X € p is of the form

X(z) = X(0) — {z, X(0), z} (z € D).

Proof By Proposition 2.5.12, the Jordan triple product of a = X(0), b = Y (0)
and ¢ = Z(0) in V is given by

{a,b,c} =1{X,Y, Z},(0).

Let 8 = Ad(sp) be the involution of aut D, where sy : D —> D is the sym-
metry at 0. Since p is the (—1)-eigenspace of 6, we have X'(0) = 0 for all
X € p. Indeed,

X'(0) = —0X'(0) = —s0"(0)X'(0)s'(0) = X'(0)s0 ' (0),
which gives
X'(0)(v) = X'(0)50'(0)(v) = X'(0)(~v) = =X"(O)(v) (veV)
and therefore X’(0) = 0.
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Now let X € p. By (2.42), we have
X()=a— pa(),

where a = X(0) and p,(v) = P,(v, v) is a homogeneous polynomial on V of
degree 2, P, being the polar form of p,.

Pick any z € D withz = Y(0)and Y = z — p,, where p,(v) = P,(v,v)isa
homogeneous polynomial of degree 2. We have

[Y, X1(v) = X'(0)(Y (v)) — Y'(0)(X(v)) = 2P, (v, Y (v)) — 2P.(v, X (v)).
(2.43)
Hence

[[Y, X]1Y](0) = —[Y, X]'(0)(Y(0)) = —2P,(0, Y (0))(Y (0))
+2P/(0, X(0))(Y(0)) = —2P,(0, Y'(0)(Y (0))
—2P,(Y(0), Y(0)) + 2P.(0, X'(0)(Y(0))) + 2P,(Y (0), X(0))
= —2P,(z,2) + 2P,(z, a).
Likewise, we have

[[JY, X], JY](0) = 2Pu(z, 2) + 2P.(z, a),

which gives

1 1
{Y,X,Y},0) = - 7L XIYNO) + 2 [17Y, X1, JY10) = Pa(z, 2).

Therefore

X()=X0) = pa(z) =a — Py(z,2) =a —{z,a, z}. -

Remark 2.5.16 Since both P, and {-, a, -} are symmetric bilinear maps,
we have P,(z, w) = {z, a, w}. Also, P;, = —i P,, since the triple product is
Hermitian.

From now on, given a complex Banach space V with a symmetric open
unit ball, we will always assume the Hermitian Jordan triple structure in V
constructed above.

Lemma 2.5.17 Let D be the open unit ball of V such that D is a symmetric
domain. Then the operator aui b+ boa :V — V is a hermitian operator
fora,b € V. In particular, ao a is hermitian.
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Proof Let X, Y € p be such that X(0) = a and Y(0) = ib. By (2.43), we have

[Y, X1(v) = 2P, (v, Y (v)) — 2P;p(v, X(v))
=2{v,a, (ib—{v,ib,v})} —2{v,ia, (a — {v, a, v})}
=2{v,a,ib} —2{v,ib,a} = 2((ib)aa — aD (ib))(v).

Since [Y, X] € &, it follows from Remark 2.5.13 that {[Y, X] is a hermitian
linear map on V. In other words,

boa+aob=— %(2((ia)t1a —and (ia))) = — %[Y, X]

is hermitian. O

Let us estimate the norm of ada = — L[Y, X1 in the above proof. We
recall from (2.14) that the norm ||[Y, X]|l.uc p Of the vector field [Y, X] in the
Banach Lie algebra aut D is defined as sup{||[Y, X1(z)|| : z € Bo}, where By is
an admissible neighbourhood of 0 € D and hence rD C By for some r > 0.
Applying the open mapping theorem to the real continuous linear bijection
Z €ep+— Z(0) € V, one finds a constant k > 0 such that

1 Z]lawp < kI Z(O)]| (Z € aut D). (2.44)
It follows that
i
laoa|l = supllac a(z)|l = sup |— Z[Y’ X1(2)
zeD zeD

1 K
< —IIY, Xlllawp < 1Y llawt o | X lawe
4r 4r

KK KK
= ——IYOIIXO)I = ——lall. (2.45)
4r 4r

Given a = X(0), b = Y(0) and ¢ = Z(0), using arguments as above and the
formula for the triple product in (2.41), we see that the triple product {-, -, -} is
continuous:

l{a, b, c}ll < Cllallliblllicll, (2.46)
where the constant C > 0 is independent of a, b and c.

Lemma 2.5.18 Let D be the open unit ball of V such that D is a symmetric
domain. For each a € V with ||a|| = 1, the operator | —aoa:V — V is
not invertible, where I is the identity operator on V.
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Proof Assume that I — a0 a is invertible. We deduce a contradiction.
For each v € V, there is a unique X, € p such that X,(0) = v. Let

1
X' = —51Xu, Xal + X, € t@ p = aut D.
By Remark 2.5.14 and (2.43), we have
1
X"(a) = (=5 [Xo. Xa] + Xy)a) = —aoa)(v).
Let F : V — V be the holomorphic map
F(v) = exp X"(a).

Then the differential dFy is the evaluation map dFy(v) = X"(a) = —
a o a)(v), which, by assumption, is a linear isomorphism. Hence, by the inverse
function theorem, F maps an open neighbourhood of 0 homeomorphically
onto an open subset of the orbit {exp X"(a) : v € V}. This would contradict
the fact that || exp XV(a)|| = 1 for all v € V. To see the latter, we observe that
exp X' : D — D is abiholomorphic map which is an isometry with respect to
the Carathéodory metric 8. Let D be the closed unitballin V. By continuity, we
have exp X'(D) c D.If exp XV(a) € D, then we have exp X"(a) = exp X"(z)
for some z € D. Since §p is equivalent to the metric on D defined by the norm,
we have

0 = Sp(exp X"(a), exp X"(z)) = lim 8p(exp X"(a — a/n), exp X"(z))
n—oo
= lim 8p(a —a/n, z) = 8p(a, 2),
n—0oQ

which gives a = z € D and is impossible. Hence || exp X"(a)|| = 1. This com-
pletes the contradiction and the proof. O

We have already observed that the box operator am a is hermitian and
therefore its spectrum o (a0 a) must lie in R. We will write 0 (a0 a) <t € R
to mean that A < ¢ for all A € o (a0 a).

Lemma 2.5.19 Let D be the open unit ball of V such that D is a symmetric
domain. Then we have

{aeV:o(aoa) <1} C D.
Consequently o(aD a) < 0 implies a = 0.

Proof Leto(aoa) < 1. If |a|| > 1, then we have

( a a ) 1
o|l—o— )= >
llall el llel|

o(@ada) <1,
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_a_

which implies that the operator / — a7 O ﬁ isinvertible, contradicting Lemma
2.5.18. Therefore we must have ||a| < 1.
Ifo(aoa) <0,thenta € D for all t € R, which implies a = 0. O

We shall strengthen Lemma 2.5.17 by showing that the box operator a0 a
has non-negative spectrum. Let V(a) be the closed subtriple in V generated
by a, which is the closed complex linear span of odd powers of a. We first
compare the two spectra o (a0 a) and o (a0 aly(q)).

Lemma 2.5.20 Let b € V(a). Then the spectrum o (b0 b|y,)) of the operator
ba bly) : V(a) —> V(a) is contained in the spectrum oc(bo b) of bO b in
L(V).

Proof In L(V), consider the closed subalgebra
B={T e L(V):T(V(a)) C V(a)}

which contains the identity and the operator b0 b. Since o (b0 b) C R, the
complement C\o (b D b) is connected. It follows thatog(bo b) = o (bO D) (see,
for example, [99, p. 239]). Observe that the restrictionmap 7' € B+ Ty €
L(V(a)) is an algebra homomorphism. In particular, we have o (b0 bly(,)) C
o(bO b) and the result follows. O

It follows from Lemma 2.5.17 that the operator b0 b|y () is hermitian in the
Banach algebra L(V(a)) of bounded complex linear operators on V(a). Let
Wo be the closed linear span of V(a)o V(a) |y in L(V(a)). Since V(a)
is an abelian Jordan triple system by power associativity, V(a), is an abelian
closed subalgebra of L(V (a)). Moreover, polarisation gives

dxoy=x+y)0@x+y)—x—-y)ox-—y)
+i((x+iy)o(x+iy)—(x —iy)O(x —1iy)) (x,y € V(a)).

Hence V(a), is the complexification of the hermitian elements in V(a), , and
by the Vidav—Palmer theorem [10, p. 65], V(a), is an abelian C*-algebra with
involution

(h+ik)" =h — ik,
where h and k are hermitian elements in V(a),.

Lemma 2.5.21 Let V be a complex Banach space which is a Hermitian Jordan
triple with continuous triple product. Let V (a) be the closed subtriple generated
by an element a € V. Then we have

o(ada) C %(S +9),
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where § = o(an alyy) U {0}. Also, the spectrum o (B(a, a)) of the Bergmann
operator B(a,a) : V —> V is contained in (1 — S)(1 — §).

Proof Let V¢ be the a-homotope of V and denote its Jordan algebra product by
juxtaposition xy = {x, a, y} (cf. Definition 1.2.9). By continuity of the triple
product, we have

lxyll = l{x, a, y}I < Clixllllyll  (x,y € V)

for some constant C > 0. Replacing the norm || - || by C|| - ||, we may assume
Cc=1.

Let V{ = V¢ @ C be the unit extension of V¢. Since V(a) is abelian, it
is a closed associative subalgebra of V¢ and V(a); := V(a) & C is a unital
commutative Banach algebra.

Let o(a) be the spectrum of a in V(a);. It is identical with the spectrum
o (L,) of the left multiplication L, : V(a); —> V(a); given by

L,x)=ax ={a,a,x} =a0a(x) (x € V(a)).
Hence we have
U(a) = O(La) = O(aD a|V(a)) ) {O}

The box operator ada : V — V is the left multiplication by a on the
Jordan algebra V¢, which extends naturally to the left multiplication L,:
Vi — V{ bya.

The set L = {Zb : b € V(a)} of left multiplications on V| mutually com-
mute by power associativity (cf. Theorem 1.1.1). Let .4 be a maximal commu-
tative subalgebra of L(V|") containing L.

LetA €eo(ada) C O(Za). Then there is a nonzero complex homomorphism
x of A suchthatx(za) = A.Foreachb € V(a);,let Q, = 22% — sz Vi —
V" be the quadratic operator defined in (1.1). We have Q,, € Aand, in particular,
we can find A, A, € C satisfying

AM+2r2=21 and Ajdy = x(Qo).

Leta; =a — A; € V{ for j =1, 2. Then Qu; = 0 — ZAjZa +A§ and hence
Xx(Qq;) = Airy — 244 + )»? = 0. Therefore Q,, is not invertible in A, and
also not invertible in L(V}"), by maximal commutativity of A. It follows that
a; is not invertible in the Jordan algebra V|*, and also not invertible in V(a);.
In other words, A; € o(a). This gives

1 1
A==+ i) e =(S+9).
S A1+ 22) € 2(S+5)
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The preceding argument also shows that the spectrum of the quadratic oper-
ator Q, : V{ — V{"is contained in S, and that the Bergmann operator

B(a,a)= Q, —2aoa+id,

on V is the quadratic operator Qy_, : V¢ —> V¢, where 1 is the adjoined
identity in V{". It follows that o(B(a, a)) C (1 — S)(1 — S). O

Proposition 2.5.22 Let V be a complex Banach space with a symmetric open
unit ball and the induced Hermtian Jordan structure. Then for each a € V, the
spectrum o (a0 a) of the box operator at a is contained in [0, 00).

Proof Let V(a)be the closed subtriple in V generated by a. By Lemma2.5.21, it
suffices to show thato (a O aly(,)) C [0, 00). As remarked before, the closed lin-
ear span WO of V(a)o V(a)|v () is an abelien C*-algebra. The C*-sublagebra
A(a 0 a) generated by the hermitian elementad a|y ) € mo isisometrically
isomorphic to the C*-algebra Co(o(aO aly(4))) of complex continuous func-
tions on o(ad a|y(,), vanishing at infinity, and a O aly(,) identifies with the
identity function on the spectrum o (a0 a|y ().

If (a0 aly(,) contains any negative real number, then there is a nonzero
function f € Cp(o(aD aly()) vanishingono(ad aly ) N [0, 00). Identify f
as an element in A(a0 a) C L(V (a)), which is the limit of a sequence of poly-
nomials p, in a0 a|y ). By power associativity, we have p,(a)0 p,(a)|v) =
(pﬁ)(a 0 a)|v(q). It follows that f(a)O f(a)|lvw) = (fz)(a 0 a)lv(a)- As an ele-
ment in Co(o (a0 aly))), the function (fz)(a 0 a)|v(q) has non-positive spec-
trum. Hence o (f(a)0 f(a)lv) < Oandalsoo(f(a)O f(a)) < 0.By Lemma
2.5.19, we have f(a) = 0, contradicting (fz)(a O0a)lye # 0.

Hence o (a0 aly(,)) C [0, 00). O

Remark 2.5.23 Considering aO a as a hermitian element in a C*-algebra in
the above proof, we have ||(a0 a)?| = |lao a?.

Corollary 2.5.24 Let V be a complex Banach space with a symmetric open
unit ball and the induced Hermtian Jordan structure. Then we have

faeV:o@oalygw) <1l}={aeV:c(@oa) <1},
where V (a) denotes the closed subtriple generated by a, and
lalleo == llanall?  (aeV)

defines anormonV.
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Proof The first assertion follows from Lemma 2.5.20 and Lemma 2.5.21.
Since a0 a is an hermitian operator on V, the norm |[aO a| equals the
spectral radius of ad a. If a0 a|| = 0, then Lemma 2.5.19 implies a = 0. It
remains to show that || - || satisfies the triangle inequality.
Let ||@llsos [P]loo < 1. We show ||a + b]lo < 2. Observe that

4—(a+b)o(@+b)=2(—aoa)+2(I —bab)+(a—b)o(a—b),

where I is the identity operator on V and the operator on the right-hand side
has non-negative spectrum. Hence o ((a + b)T (a + b)) C [0, 4] concludes the
proof. O

By Lemma 2.5.19, the ball Dy, :={a € V : ||a]lo < 1} is contained in the
open unit ball D of V, equivalently, || - || < || - ||o- Hence these two norms are
equivalent by (2.45). We shall see that they are actually identical.

The preceding lengthy exposition exhibits a number of important properties
of the Banach space (V, || - ||o) and motivates the following definition.

Definition 2.5.25 A complex Banach space (V, || - ||) is called a JB*-triple if
it is a Hermitian Jordan triple with a continuous triple product and the box
operator a D a of each element a € V satisfies the following conditions:

() a0 a is a hermitian operator on V, thatis, || expit(an a)| = 1 for all
t eR;
(i) aO a has non-negative spectrum;
(iii) [laDall = [lal.

To summarise, we have shown that (V, || - ||») is a JB*-triple. Although our
demonstration was based on the assumption that the given symmetric domain is
the open unit ball of the complex Banach space V, we have nevertheless shown
the central tenets of analogous arguments for arbitrary bounded symmetric
domains D in V. Indeed, via a suitable local chart at a point p € D, one can use
similar arguments to show that ||a]l. := |laD a| 172 defines a complete norm
on V, turning it into a JB*-triple. Further, it follows from Kaup [70, proposition
4.7] that the ball Dy, = {a € V : ||a]looc < 1} can be considered as a universal
covering of the given domain D and the covering map is actually biholomorphic.
This gives an infinite-dimensional version of the Riemann mapping theorem,
as follows.

Theorem 2.5.26 Let D be a bounded symmetric domain in a complex Banach
space V. Then there is anorm || - ||oo on V such that (V, || - ||«) is a JB*-triple
and D is biholomorphic to the open unit ball Do of (V, || - |lco)-
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As a special case of this theorem, we show in the next theorem that D = D,
if D is the original open unit ball of V. We first look into the symmetry of
Do Leta € Dy and let I be the identity operator on V, which is a JB*-triple
in the norm | - [|oo. By Lemma 2.5.21, the Bergmann operator B(a, a) has
positive spectrum. For each x € Dy, the linear operator / —xoa:V — V
is invertible, since o (x 0 a) < 1. The latter follows from the observation that

the polarization
X+ €a X+ €a
Oa= £ O
sa=) ( 2 ) ( 2 )

et=1

implies that the numerical range N(xO a) of xO a is contained in the square
(=1, 1)> ¢ C by Lemma 2.5.21. Replacing x by Ax in the above argument for
all complex numbers A of unit modulus, we see that

N@xoa)c [ M=1 1’ ={zeC:|z| < 1}. (2.47)
A=l

Let X, be the vector field X,(z) = a — {z, a, z} on D, and X the constant
vector field taking value a € Do,. By Kaup [70, proposition 4.6], the map
84 : Doo —> D defined by

ga = (exp X“) o B(a, a)'/* o exp(X, — X%)

is a biholomorphic map with inverse g_, such that g,(0) = a and g/ (0) =
B(a,a)'/?. This gives an explicit description of homogeneity of D. In
fact, exp X“(z) = a + z is a translation by a and exp(X, — X*)(z) = ([ +
z0 a)~ () for z € Ds. Hence the map g,, called the Mobius transformation
induced by a, has the form

g.(2)=a+B(a,a)*I+z0a)'(z) (z€ Dw) (2.48)

in terms of the Jordan structures of V.
We can now complete the special case of Theorem 2.5.26 and conclude this
section with some examples.

Theorem 2.5.27 A complex Banach space V is a JB*-triple if and only if its
open unit ball D is a symmetric domain.

Proof Given a JB*-triple V with open unitball Do, = {a € V : 6(aT0a) < 1},
the preceding argument shows that D, is homogeneous and hence symmetric.

Conversely, let V be a complex Banach space in which the open unit ball D is
symmetric. Then we have already shown that V is a JB*-triple in the equivalent
norm ||a|lso = |la0 al|'/? and Do = {a € V : |la|ls < 1} C D. We complete
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the proof by showing that Do, = D and hence | - || is the original norm of
V.

If there exists ||v]|| < 1 and ||vO v|| = 1, then o(fvOtv) < 1, that is, v €
Dy, for 0 <t < 1. Let y : (0, 1) —> D4, be the curve y(¢) = tv. We show
that y has infinite length in D, giving a contradiction and completing the
proof.

Ateach point v € Dy, the tangent space T;, Doo = V has the Carathéodory
norm

lulle = sup{| f'(tv)@)] : f € H(Doo, U), f(tv) =0} (u € V).

The Mobius transformation g, : Do —> Do, defined in (2.48) satisfies
21,(0) = tv and g/, (0) = B(tv, tv)'/2.

When restricting to the closed subtriple V(v) generated by v in V, the
Bergmann operator B(tv, tv) has the form

B(tv, tv) = id, — 2t>v0 v + t*(vo v)?

by power associativity, where id, is the identity map on V(v). Therefore
B(tv, tv)!?v = (id, — *(vO v))(v). Let f = g;,! so that f(tv) = 0 and

/@) = g,0)"'(v) = (id, — *(vO v)) "' (v)
=v+42vav)@) + o)’ @) +---. (2.49)

Let R(v) be the closed real linear span of odd powers of v in V and let
R C L(V) be the closed real linear span of the box operators R(v)d R(v).
Since R(v) is flat, each box operator at b = %(a O b + bO a) is hermitian for
a,b € R(v), by Lemma 2.5.17. Hence we have |la0 b|| < ||alleollb]loo since,
as shown previously, |||, ||Pllc < 1 implies o(ac b) < 1. Let

A= R®) &, Rlvw)

be the £;-sum of real Banach spaces, where R(v) is equipped with the norm
Il - lloo> and define a product in A by

(a @ h)(b @ k) = (h(b) + k(a)) ® (a0 blyw) + hk).

Then A is a real abelian Banach algebra. Since |[vO vyl = 1, there exists
areal linear character x : A —> C such that x (vO v|y(,)) = 1, which implies

x() #0.
From (2.49), we have

_ Ix)]
T 1=

L' @) = [ (f )] =[x @) + 2 x @)+t x ) + - |
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It follows that
S ’ Clx@I _ x@l 1+
Dll;pdt = V|l dt > = lo
| Ot = [ polar = [~ T 1o 2
for s < 1. Letting s — 1, we get the contradiction that y has infinite length.

O

Remark 2.5.28 The above theorem and the remark before it imply immediately
that, for all a, b in a JB*-triple, ||an b|| < ||a||||b|| if aT b is hermitian. Since
ad b+ b0 a is hermitian, (2.47) also implies |lao b + bT a|| < 2|a||||b| and
laob—boal = |lian b+ boial <2|allb|l. 1t follows that

llao bl < 2lalllbll. (2.50)
By Remark 2.5.23, we also have
{a, a,a}l” = I{a, a,a}0 {a, a, a}|| = (@0 a)’|| = lav al® = |a|°.
In particular, ||a|| = 1 if a is a nonzero tripotent.

Corollary 2.5.29 Let W be a closed subtriple of a JB*-triple. Then W, with
the inherited Jordan structure, is itself a JB*-triple.

Proof This is because the open unit ball Dy = D N W of W is homogeneous
for if a € Dy, then the Mobius transformation g, € Aut D in (2.48) satisfies
g.0)=aand g,(Dy)C DNW. O]

Definition 2.5.30 A JB*-triple V is called a J/ BW*-triple if, as a Banach space,
it has a predual.

By Theorem 2.5.27, the spaces of matrices in Theorem 2.5.9 are all finite
dimensional JBW*-triples. Infinite-dimensional examples are given next.

Example 2.5.31 Let H and K be complex Hilbert spaces,andletJ : H — H
be a conjugation; that is, J is a conjugate linear isometry and J? is the identity
map on H.

The Hermitian Jordan triple L(H, K) of bounded linear operators between
H and K, defined in Example 1.2.6, has the trace-class operators as its pre-
dual. Consider the Hermitian Jordan triple L(H) = L(H, H), which is a von
Neumann algebra. For each a € L(H), the box operator a0 a has the form

1 * *
atda(x)= E(aa X + xa*a)
and it follows that

2 2
lall® = llaa* + a*all = lao aD|| < laoall < |lall*.
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It is not difficult to show that aoa has a non-negative numerical range
(cf. Lemma 3.1.3). Hence L(H) is a JBW*-triple.

The Hermitian Jordan triple L(H, K) can be embedded naturally as a
closed subtriple of L(H @ K) and is therefore a JBW*-triple. It is an infinite-
dimensional generalization of the first space M,,,(C) in Cartan’s classification
in Theorem 2.5.9. Hence it is called a type 1 or rectangular type Cartan factor.

The closed subtriples {a € L(H):a=—Ja*J} and {a € L(H):a =
Ja*J} of L(H) generalize the second and third spaces in Cartan’s classfi-
cation in Theorem 2.5.9, hence called respectively a type 2 (or symplectic type)

and a type 3 (or Hermitian type) Cartan factor. They are JBW*-triples since
they are weak* closed in L(H).

The triple spin factor Sp, (H), defined in Theorem 2.5.9, also called a type 4
Cartan factor, is a JBW*-triple. In fact, it is a reflexive Banach space. The
finite-dimensional JB*-triples M; »(O) and H3(O) are called the type 5 and
type 6 Cartan factors, respectively. They are also called the exceptional Cartan
factors.

Example 2.5.32 Given a complex Hilbert space (H, (, -, -)), the linear isometry
x € L(C, H) — x(1) € H identifies the two spaces and induces a JB*-triple
structure on H. The adjoint x* of x € L(C, H) is given by x*(h) = (h, x(1))
for h € H and hence the triple product in H can be expressed as

1
{x,y,z} = §(<x, )z +(z, y)x).

In all the examples of IBW*-triples given above, it is evident that the triple
product is separately weak* continuous.

Example 2.5.33 Every C*-algebra is a closed subtriple of L(H) for some
Hilbert space H and hence carries the structure of a JB*-triple in which the
tripotents are exactly the partial isometries. In particular, the abelian C*-algebra
Co(£2) of complex continuous functions on a locally compact Hausdorff space
2, vanishing at infinity, is a JB*-triple with the Jordan triple product

{f.g.hy=fgh  (f g heCy),

where g denotes the complex conjugate of g.

A von Neumann algebra A is a JBW*-triple with unique predual and the
triple product in .4 is separately weak* continuous, since involution x* and
multiplication xy in A are separately weak* continuous.
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Definition 2.5.34 A closed subtriple of L(H) for some Hilbert space H is
called a JC*-triple. If V is a JC*-triple as well as a JBW*-triple, it is also
called a JW*-triple.

JC*-triples are called J*-algebras in Harris [49]. We shall see that JB*-
triples share many common features with C*-algebras and can be viewed as a
generalization of C*-algebras. Nevertheless, it cannot be overemphasized that
the predominant role of JB*-triples is in complex geometry. We see from the
previous discussion that JB*-triples are a study of quadratic vector fields on
bounded symmetric domains.

Notes

There is a substantial literature on infinite-dimensional manifolds, Lie groups
and Lie algebras. The basic material presented in this chapter can be found in
Bourbaki [12], Chevalley [20], Dieudonné [33], Helgason [51], Klingenberg
[75], Lang [81], Omori [94], Upmeier [111] and Varadarajan [112].

The two key words in the chapter are “Jordan structures” and “symmetric
manifolds.” Our object is to expose their close relationship. An important link
for this is the automorphism group Aut M of a particular symmetric manifold
M, which carries the structure of a Lie group and induces a TKK Lie algebra.
From this, the related Jordan structure is derived. For a bounded domain M
in C", it was first shown by H. Cartan [18] that Aut M is a Lie group. If
M is a connected complex Banach manifold with a compatible metric, it has
been shown by Upmeier [110] that Aut M is a Lie group in the topology of
locally uniform convergence. For the special case of a bounded domain M in
a complex Banach space of any dimension, this result has also been proved by
Vigué [114]. All these results have been proved carefully and completely in
Upmeier [111]. If M is a finite-dimensional connected Riemannian manifold,
it is a well-known result of Myers and Steenrod [91] that the isometry group
G(M) of M is aLie group. The proof of Theorem 2.2.17 that the biholomorphic
isometry group G,(M) is a Lie group, where the Riemannian manifold M can
be infinite-dimensional, follows the ideas and exposition of Upmeier [111].
The metrizable topology defined on G,(M) is the topology of locally uniform
convergence mentioned previously.

The geometry of finite-dimensional symmetric cones and related Jordan
structures, as well as analysis on these cones, has been treated comprehensively
in Faraut and Koranyi [38]. Satake’s book [103] also discusses connections
between Jordan algebraic structures, finite-dimensional symmetric cones and
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bounded symmetric domains. Proposition 2.3.24 is an infinite-dimensional
extension of the result in Hirzebruch [55, satz 2.1]. Theorem 2.3.32 is taken
from Chu [21]. Manifolds of finite rank tripotents in JB*-triples have been
studied in Chu and Isidro [26].

The extension of the concept of an orthogonal involutive Lie algebra to
infinite dimension was introduced in Chu [22]. Its motivation comes from
the correspondence between Riemannian symmetric spaces and orthogonal
involutive Lie algebras, a well-known fact in finite dimensions [11, 63]. This fact
in the infinite-dimensional case has been shown in Chu [22]. In Definition 2.4.4,
orthogonality is defined in terms of a completely positive definite quadratic form
instead of a positive definite quadratic form in Chu [22]. The definition of a JH-
triple given in Definition 2.4.19 is more general than the one given in Chu [22];
the latter assumes non-degeneracy and continuity of the triple product. Hence
the correspondence between JH-triples and a class of Riemannian symmetric
spaces, shown in Theorem 2.4.31, covers a wider class of Jordan Hilbert triples
than the one given in Chu [22].

Cartan domains are called classical domains in Hua’s book [59]. In Fried-
man’s book [39], bounded symmetric domains are called homogeneous balls
and have been identified as a mathematical model for several areas of physics.
The concept of a JB*-triple and the correspondence between bounded sym-
metric domains and JB*-triples are due to Kaup [69, 70]. Prior to this, Loos
established the correspondence between finite-dimensional bounded symmet-
ric domains and Jordan pairs by showing that, in finite dimensions, the circled
bounded symmetric domains are exactly the open unit balls of Jordan triples
with the spectral norm [85]. The key to the construction of the Jordan triple
product from a symmetric Banach manifold D is the result that the complete
holomorphic vector fields aut D are quadratic polynomial vector fields. This
result is also crucial in deriving further properties of the triple product. An
alternative construction of the triple product via a TKK Lie algebra is given
in Proposition 2.5.12, which relates the triple product to the curvature tensor
directly. Apart from this, the development in the last section leading to Theorem
2.5.26 and Theorem 2.5.27 can be found in the seminal papers [69] and [70].
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Jordan structures in analysis

3.1 Banach spaces

The importance of Jordan structures in geometry has been amply demonstrated
in the previous chapter. We go on to show their useful role in analysis. In this
section, we discuss Jordan structures in Banach spaces. To begin, we observe
that every complex Banach space V admits a subspace with a Hermitian Jordan
structure in the following way. Let D be the open unit ball in V and let

atD=¢tpp

be the eigenspace decomposition induced by the symmetry so(z) = —z at the
origin 0 € D. Although D need not be homogeneous in general, and hence
the evaluation map X € aut D — X(0) € V need not be surjective, the vector
fields X € p are still polynomials of degree 2, without a linear term, as derived
in (2.42). Let

V, = {X(0): X € aut D} = {X(0): X € p}.

The restriction of each X € aut D to the open unit ball Dy = DNV of Vi is a
complete vector field on D,. By (2.44), V; is a closed subspace of V and admits
a Hermitian Jordan triple structure via p, as in Proposition 2.5.12. In fact, since
the evaluation map X € aut Dy — X(0) € V; is surjective, the open unit ball
of V; is homogeneous by Lemma 2.5.10 and hence V; is a JB*-triple. We call
Vi the symmetric part of V; it is the largest subspace of V with a symmetric
open unit ball under the action of Aut D. Of course, V; = V if, and only if, V
itself is a JB*-triple.

The fact that every complex Banach space V contains a subspace V; which
is a JB*-triple is a remarkable phenomenon. This suggests that V; and its

171
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relationship with V should be an interesting object of study. For instance, it can
be used to characterize Banach algebras satisfying the von Neumann inequality.
A Banach algebra .4 with identity 1 is said to satisfy the von Neumann inequality
if for each a € A with |la|| < 1,

Ip(@)] < sup{|p()] : la| =1}

for every polynomial p with complex coefficients. It has been shown in Arazy
[5] and, Chu and Mellon [29] that A satisfies the von Neumann inequality if],
and only if, 1 € A,.

The study of Hermitian symmetric spaces and related Jordan structures
motivates the following definition.

Definition 3.1.1 A complex Banach space V is called a Hermitian Jordan
Banach triple or J*-triple if it is a Hermitian Jordan triple with a continuous
triple product such that the box operator aoa : V — V is hermitian for all
acV.

Remark 3.1.2 To avoid confusion, it should be noted that a Banach space
which is a Hermitian Jordan triple need not be a Hermitian Jordan Banach
triple! Indeed, any Banach *-algebra A is a Hermitian Jordan triple in the triple
product

{a,b,c}=(aob*)oc+ao(b*oc)—b"o(aoc),
where o is the special Jordan product in .A.

Both JH*-triples and JB*-triples are Hermitian Jordan Banach triples.
Although the structures of JH*-triples and JB*-triples are now well under-
stood, the larger class of Hermitian Jordan Banach triples, which correspond to
symmetric Banach manifolds, are less so. This is an important class of Banach
spaces from the geometric perspective and deserves further investigation. A
Hermitian Jordan Banach triple is called positive if the spectrum of each box
operator a0 a lies in [0, 0c0) (cf. Definition 1.2.29). The negative Hermitian
Jordan Banach triples are the ones in which the spectrum of each a0 a lies in
(—o00, 0]. The sign of these Jordan triples relates to the opposite sign of the
curvature of the corresponding symmetric manifolds. JB*-triples are positive.

Lemma 3.1.3 A positive Hermitian Jordan Banach triple V is a JB*-triple
if, and only if. ||{a, a, a}|| = ||a|]® for all a € V. In particular, JB*-triples are
anisotropic.

Proof The necessity follows from Remark 2.5.28. Conversely, given that V
is a positive Hermitian Jordan Banach triple, the proof of Corollary 2.5.24
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reveals that
lalleo := llacall'®  (aeV)

defines a norm on V. The domain Do, := {a € V : |la|| < 1} is contained in
the open unit ball D of V, since

2 a 2
lalls = llaoall = (a0 a) (W)H = llall (aeV).
Continuity of the triple product implies that the norm || - || is equivalent to
the original norm || - ||. The bounded domain D, has a symmetry so(z) = —z

at 0 and is homogeneous via the Mobius transformations in (2.48). Hence
(V, Il - llso) is a JB*-triple by Theorem 2.5.27, and in particular, we have
Ha, a, a}llo = llall,

by Remark 2.5.28. We complete the proof by showing that || - || = | - [lco-
Otherwise, we would have ||v|| < ||v]lec = 1 for some v € V, which entails the
contradiction

lim v¥ =0 and lim ||v¥ ]|« = 1.
n—oo n—o0

O

In this section, we derive the basic analytic properties of JB*-triples, but we
present some examples first.

Example 3.1.4 Let {V,}yca be a family of JB*-triples. Then the £.,-sum

loo
D.

acA

is a JB*-triple in the triple product

{(xa), Vo), (2a)} = ({Xas Yas Za}),

which is well defined by Remark 2.5.28 and satisfies ||{(xy), (x4), (xo)}|| =
sup,, [1xa 1%

Definition 3.1.5 A complex Jordan algebra B with a conjugate linear algebra
involution * is called a J B*-algebra or Jordan C*-algebra if it is also a Banach
space in which the norm satisfies

3
labll < llallli&ll, la*ll = llall, {a. a, a}| = llal

for all a, b € B, where {-, -, -} denotes the canonical Hermitian Jordan triple
product defined in (1.12). A JB*-algebra is called a JBW*-algebra if it has a
predual.
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Given a JB*-algebra B, its self-adjoint part
Byo ={ae€eB:a"=a)
forms a JB-algebra in the inherent Jordan product [47, 3.8.2] and we have
B = By + iBy,.

Conversely, it has been shown in Wright [117] that a JB-algebra A can be
complexified to a JB*-algebra .4 so that A identifies with the self-adjoint part
Asq of A.

We see from Example 2.3.9 that the exceptional Jordan algebra H3(O) is a
JB*-algebra. A C*-algebra A is a JB*-algebra in the canonical triple product

1
{a,b,c} = E(ab*c + cb*c).

Lemma 3.1.6 A JB*-algebra B, with the canonical Hermitian Jordan triple
product

{a, b, c} = (ab®)c + a(b*c) — b*(ac),
is a JB*-triple. Hence a JBW*-algebra is a JBW*-triple.

Proof In the canonical triple product, B is a Hermitian Jordan triple with
continuous triple product. In view of Lemma 3.1.3, we only need to show that
B is a positive Hermitian Jordan Banach triple.

For each z € B, it has been shown in Youngson [119, theorem 6] that z = z*
if, and only if, the left multiplication L, : B — B is hermitian.

Leta = a* in B. Then a0 a = L, is hermitian. The closed subalgebra .A
generated by a in B is associative and is therefore an abelian C*-algebra, since
each x € A satisfies

3 2 3
Il = NCexxll < llax™[Hlxll < el = Nlxll”

When A is identified as the algebra Cy(£2) of complex continuous functions
vanishing at infinity on some locally compact Hausdorff space €2, it is readily
seen that the operator

adalgy: A— A

has non-negative spectrum, since it is just the left multiplication by |a|?>. The
closed subtriple V(a) generated by a is contained in A and hence am aly
also has non-negative spectrum, as in Lemma 2.5.20. By Lemma 2.5.21, we
have o (aD a) C [0, 00).

Given x € BB, we can write x = a + ib with a = a™ and b = b*. Since

xO0x =adoa+bob+2i(L,L,— L,L}),
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where the left multiplications L, and L, are hermitian, x 0 x is hermitian
(cf. [10, p. 47)).
Observe that

x*ox* =%xo0(xOx)ox*,
where * : B —> B is the involution of 5. Hence o (x*0 x*) = o (x O x). Now
xOx +x*o0x*=2a0a+2bob
implies o(x O x) C [0, 00). O
An important feature of JB*-triples is that their norm and triple product

determine each other completely. We first show that a complex Banach space
can admit at most one JB*-triple structure.

Theorem 3.1.7 Let ¢ : V. —> W be a surjective linear isometry between two
JB*-triples V_and W. Then ¢ is a triple isomorphism.

Proof Consider V and W as the tangent space at 0 of the open unit balls
Dy and Dy, respectively, which are symmetric domains. As in (2.40), let
aut Dy = €@ p be the eigenspace decomposition of complete holomorphic
vector fields on Dy, induced by the symmetry so(w) = —w at0 € Dy.

Leta € V. Then there is a unique vector field Y, ) € p such that Y, (0) =
¢(a). Likewise, let X, be the unique complete holomorphic vector field on
Dy such that X,(0) = a. Since ¢ : Dy —> Dy is a surjective linear isometry,
©X .0~ is a complete holomorphic vector filed on Dy, satisfying

(@X.0~)(0) = ¢(a).

Hence we have (an(p’l = Yy(a). This gives, by Lemma 2.5.15,

p(a) — {p(2), p(a), ()}
= Yy (@(2) = (9 X0~ )Np(2) = (@) — ¢{z,a,z}  (z € Dy)

and hence

iz, a, z} = {9(2), p(a), p(2)} (z € Dy),

which proves that ¢ is a triple isomorphism by polarisation. O

We will prove the converse of the above theorem later. In the special case
of C*-algebras, this theorem subsumes, but more importantly, provides a
geometric perspective of a well-known result on linear isometries between
them [65].
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Given a complex Banach space V, we define its conjugate V to be the
Banach space V, but with scalar multiplication (A,x) € C X V rx e V.
The conjugate V of a JB*-triple V is also a JB*-triple in the same triple
product.

In analogy to the fact that JB-algebras are real forms of JB*-algebras, we
introduce JB-triples as real forms of JB*-triples. First, we define, as usual, a
conjugation on a complex Banach space V to be a conjugate linear isometry
7 : V — V such that 72 is the identity map. A conjugation T on a JB*-triple
V can be viewed as a complex linear isometry 7 : V — V. In particular, it
preserves the triple product, by Theorem 3.1.7.

Definition 3.1.8 A real form of a JB*-triple V is a closed real subtriple of the
form

Vi={xeV:tkx)=x},

where 7 is a conjugation on V. A real Banach space E which is a real Jordan
triple is called a JB-triple or a real JB*-triple if its hermitification (E, {-, -, -}5),
defined in (1.24), can be normed to become a JB*-triple.

Lemma 3.1.9 The JB-triples are exactly the real forms of JB*-triples and
identify with the class of real closed subtriples of JB*-triples.

Proof Let E be a JB-triple. Then its hermitification E, = E @i E is a JB*-
triple and t(a + ib) = a — ib is a conjugation on E.. Hence E = {x € E, :
7(x) = x} is areal form of E..

Given a real form V* of a JB*-triple V, the hermitification

Vi=Vi®iVi=V

is a JB*-triple.

Let E be a real closed subtriple of a JB*-triple V. Then the £oo-sum V @ V
is a JB*-triple and E can be identified as the closed real subtriple {(x, x) €
V@V :xeE}of V@ V. The hermitification E @ i E of E identifies as a
closed subtriple of V @ V via the embedding

X®iye E®IE— (x,x)+i(y,y)=x+iy,x —iy) e VOV

and is a JB*-triple by Corollary 2.5.29. O

In the sequel, the (real) dual space of a real Banach space V, for instance, a
JB-triple, will be denoted by V".
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Example 3.1.10 Real C*-algebras and JB-algebras are JB-triples. Of course,
JB*-triples can be viewed as JB-triples when restricted to real scalar multi-
plication. Although Theorem 3.1.7 still holds for real C*-algebras [23] and
JB-algebras [118], it is no longer true for arbitrary JB-triples. A surjective lin-
ear isometry ¢ between JB-triples need not preserve the triple product [30] but
only satisfies the condition

p@) =g’ (aeV).
We discuss isometries further in Section 3.4.

It is evident that the geometry of symmetric domains hinges on the spectrum
o(aD a) of the box operators. We now develop further the spectral theory
of JB*-triples. Let V be a JB*-triple and let a € V\{0}. If dim V < oo, then
the element a admits a spectral decomposition, by Theorem 1.2.34, and, in
Definition 1.2.35, one defines the triple spectrum of a. We now extend the
concept of a triple spectrum to infinite dimension and derive useful spectral
properties of JB*-triples.

As before, let V(a) be the closed subtriple of V generated by a, and let R(a)
be the real closed subtriple of V generated by a. The latter is the closed real
linear span of odd powers of a and

V(a) = R(a) + i R(a).

Let R C L(V) be the closed real linear span of R(a)O R(a). By power
associativity, V(a) is abelian and R(a) is flat. Hence each operator uO v is
hermitian for u, v € R(a) and |uO v|| < |lu|/||v]] by Remark 2.5.28. Also,
Rlv( is a real abelian Banach subalgebra of L(V (a)). Let

A = R(a) ®¢, Rlv
be the £;-sum of Banach spaces and define a product in A by
(u@® Mm@ k)= (h(v) + k() & (U0 vly@ + hk).

Then A is a real abelian Banach algebra and R(a) can be identified with
R(a)® 0 C A. Let 2 be the spectrum of A, consisting of all characters of
A, where a character of A is a nonzero real linear multiplicative functional
x : A —> C which is necessarily continuous and is actually the restriction
of a character on the complexification A @ iA of A. The spectrum S is
locally compact in the topology of pointwise convergence, and 2 U {0} is
compact.
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The Banach algebra quasi-spectrum o’y (b) of each b € A is given by
oy (b) ={0y U {x(b): x € Q}.

We note that y(a) # 0 for each x € Q, since x does not vanish on A. Hence
x(@*) = x(a)* # 0, where a> = aD alvay.

Foreach b € R(a) C A, the quasi-spectrum o :4(192) is the same as the quasi-
spectrum of b0 b|y () in R|y (), Which is a Banach subalgebra of L(V (a)).

Lemma 2.5.20 implies that the quasi-spectrum of b0 by in L(V(a))
is contained in [0, co) and is therefore the same as the quasi-spectrum
o'(b0 bly(s)) of the element bO b|y(, in the subalgebra R|y ) C L(V(a)),
by the same reason as given in the proof of Lemma 2.5.20. It follows that
0/,(b*) = 6'(bT bly () C [0, 00) and x(b*) € [0, 00) for each x € Q. This
implies x (b) € R for each x € Q.

The spectrum €2 is the disjoint union of two open subsets,

S={xeQ:x@>0} and T ={x € Q: x(a) <0}

Let Cy(S, R) be the real JB*-triple of real continuous functions on S, vanishing
at infinity. The Gelfand transform

T R(a) — Cy(S,R)
defined by

b(x)=x(b)  (beR@),xeS)

is a real triple homomorphism and extends naturally to a complex triple homo-
morphism ~ : V(a) —> Cy(S, C). These two triple homomorphisms are actu-
ally isomorphisms.

Observe that for each b € V(a), the element b*> = b b|y(,) is hermitian in
the complex abelian Banach algebra A & i.A since

llexp(itbo blyw)ll < [lexplirbob)| <1 (r € R).

Hence the norm ||b0 b|y (|| coincides with the spectral radius of b0 by,
[10, p. 54]; that is,

160 bly @l = sup{lx (BT blyw)| : x € Q)
=sup{|x(bO blyw)l : x € 2},

where each character x € 2 is the restriction of a character in the spectrum €2,
of A @ iA and we use the same symbol for both characters.
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We first show that the map ~ : R(a) —> Cy(S, R) is isometric. Indeed, for
b € R(a), we have

IBI* = sup{[bGOF : x € S}
= sup{x(b)’ : x € S}
= sup{)((b)2 :x €SUT}
= sup{x (b0 blvw) : x € 2}
= [|b0 bly@ll < 6T b = [|b]*.
On the other hand,
161 = 1o bY(IBI ' D)l < 1160 blyw = 151>

Next, each z € V(a) is an element in the complexification A & i A of A and
by the definition of the algebraic product, 72 =z0 Zv@- Let z=b+ic e
R(a) + iR(a). Then we have

zOz=bob+coc+i(cob—boc)
and it follows that
x@) =x@x@  (xe.
Hence, as before, we have
IZ1% = sup{[Z0)I” : x € S}
sup{x(2)x (@) : x € S}

sup{|x (zB zlv)l : x € 2}

lzo zlv@ll-

Again, this leads to ||z|| = ||Z].
Finally, we show that the map™ : R(a) —> Co(S, R) is surjective. We first
observe that the map

a:x €S alx)=x(a ea(s) = |o'@\{0} C (0, c0)
is a homeomorphism, since the algebra A is generated by a. Therefore the map
f e Co@S),R)—~ foaeCyS,R)

is an isometric isomorphism.
Let p € Co(a(S), R) be an odd polynomial. We have

pod(x) = p@i) = p(x@) = x(p@) = p@x)  (x €S,

where p(a) is an odd polynomial in a and belongs to R(a).
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Let F € Co(S,R). Then F = foa for some f € Cy(a(S),R), and f
extends to an odd function f € Co(a(S) U —a(S), R) satisfying

f(=a(x) =—-f@x) (xe€9.

Hence fis the uniform limit of a sequence (p,,) of odd polynomials in Co(a(S) U
—a(S), R). Each p, restricts to an odd polynomial p,|zs) in Co(@(S), R), and
it follows that p,lz(s) o @ = pn(a) with p,(a) € R(a). This gives

F = f oa = |5(S) oa = lllgn Pn |ﬁ(S) od = llrfn pn(a) € R(a),

proving the surjectivity of ~ : R(a) —> Co(S, R) as well as that of its extension
to V(a).

We note that the nonzero real triple homomorphisms ¢ : Co(S, R) — R
of Cy(S, R) are exactly the point evaluations {£8, : x € S}. Identifying R(a)
with Cy(S, R), we see that the nonzero real triple homomorphisms of R(a)
are exactly the restrictions {x|rw) : x € €2}, and the nonzero complex triple
homomorphisms of V(a) are exactly the restrictions |y ).

The above discussion leads to a natural notion of spectrum in JB*-triples.

Definition 3.1.11 Let V be a JB*-triple and let a € V\{0}. Let V(a) be the
closed subtriple generated by a. We denote by X (a) the spectrum of the operator
adalyg) : V(a) — V(a), where X(a) is a compact subset of [0, co). The
symmetrized triple spectrum of a is defined to be the compact set

Sp(a) ={t e R: 1* € ()},
where Sp (a) = — Sp (a) is the union of two compact subsets

Sp(@)T ={t €[0,00): 1> € (a)} and
Sp(a)” = {t € (—00,0] : t* € Z(a)}.

We define the riple spectrum of a to be the set
s(a) = Sp(@)"\{0}.
We see from the preceding construction of the Gelfand map ~ that

Z(@\{0} = 0/4@)\{0} = {x(@>) : x € 2},  Sp@\{0} = {x(a): x € )

and also

Sp @)\ {0} = {x(a) : x € S} =a($).
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We note that s(a) U {0} is compact by compactness of S U {0}. Moreover, we
have

Sp(a) U {0} = {x(a) : x is a (real) triple homomorphism of R(a)}
= {x(a) : x is a (complex) triple homomorphism of V(a)}

and
lla]l = sups(a) = sup{|x(a)| : x is a (real) triple homomorphism of R(a)}.
Summarising, we draw the following conclusion.

Theorem 3.1.12 Let V be a JB*-triple and a € V\{0}. Then there is an iso-
metric triple isomorphism ® from the closed subtriple V(a) generated by a
to the C*-algebra Cy(s(a), C) of complex continuous functions on the triple
spectrum s(a), vanishing at infinity, such that

Da)(s) ==« (s € s(a)).

The restriction of ® to the real closed subtriple R(a) generated by a is an iso-
metric triple isomorphism to the real C*-algebra Cy(s(a), R) of real continuous
functions on s(a), vanishing at infinity.

Let V* be a IB-triple which is a real closed subtriple of a JB*-triple V. Given
a € V7, itis evident that the real closed subtriple R(a) of V* generated by a is
also the smallest real closed subtriple of V containing a. Hence R(a) identifies
with Cy(s(a), R) as before.

Remark 3.1.13 We note that Cy(s(a), C) is isometrically triple isomorphic to
Coaa(Sp(a), C) = {f € C(Sp(a),C) : f(—s) = —f(s),V¥s € Sp(a)}.

Example 3.1.14 If e is a tripotent in a JB*-triple, then R(e) = Re and e has
triple spectrum s(e) = {1}. Let V. = M,(C) be the C*-algebra of 2 x 2 complex

1
matrices. Then the C*-algebra spectrum of the tripotent < g 0 ) is {0}.

Let {e;;} be the matrix units in M>(C) and let a = ( (1) 02 ) Then

the box operator ad a : My(C) — M;(C) has a 4 x 4 diagonal matrix rep-
resentation with respect to the ordered basis {ej1, €12, €21, €22}, with diago-
nal entries {1,5/2,5/2,4}. Hence a0 a has spectrum o (a0 a) = {1, 5/2, 4}.
We have V(a) = Cey; 4+ Cey,, and the spectrum of the restriction operator
aldalyg : V(a) — V(a)is {1, 4}. The triple spectrum of a is s(a) = {1, 2}
and the symmetrized triple spectrum Sp (a) = {£1, £2}. The C*-algebra spec-
trum of a € M,(C) is {1, —2}. In fact, we have the following result.
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Corollary 3.1.15 Let a be a nonzero self-adjoint element in a C*-algebra A.
Let o'y(a) be the C*-algebra quasi-spectrum of a. Then the triple spectrum
s(a) is just the set |0/, (@)\{0}| = {|a| : @ € o'(a)\{0}}.

Proof We have V(a) C C*(a), where C*(a) is the abelian C*-subalgebra gen-
erated by a and the C*-algebra quasi-spectrum of a is given by

o'4(a) = {0} U {p(a) : p is a character of C*(a)}.

Since each character p of C*(a) restricts to a nonzero complex triple homo-
morphism of V(a), we have p(a) € s(a) or —p(a) € s(a).

On the other hand, Lemma 2.5.20 implies that X(a) = o (a0 aly(a)) is con-
tained in the spectrum o (a0 a) of the box operator at a : C*(a) — C*(a),
which is the left multiplication on C*(a) by a’. Identifying C*(a) with the
C#*-algebra Co(c/4(a)\{0}), and the element a with the identity function on
o/4(a)\{0}, we see that

o(aoa) C {t*:t € oy(a)},
which implies s(a) C |o/4(a)\{0}]. O

Corollary 3.1.16 A Hermitian Jordan Banach triple V is a JB*-triple if, and
only if, the closed subtriple V(a) generated by each a € V is isometrically
triple isomorphic to an abelian C*-algebra.

Proof If V is a Hermitian Jordan Banach triple and if V(a) is iso-
metrically triple isomorphic to an abelian C*-algebra Cy(s(a), C), then

we have |{a,a,a}|| = |la|® and ao alv@ has non-negative spectrum.
By Lemma 2.5.21, o(aba) C [0, o0). The sufficiency now follows from
Lemma 3.1.3. O

Let J be a closed triple ideal of an abelian C*-algebra A. It is readily
seen that J is an algebra ideal of A and hence the quotient .4/J is an abelian
C#*-algebra. If 7 : A —> V is a triple homomorphism onto a Banach space V
which is a Hermitian Jordan triple, then .A/m ~!'(0) is an abelian C*-algebra and
triple isomorphic to V. Since 7 induces an abelian Banach algebraic structure
on V, it follows that .A/7 ~!(0) is isometric to V.

Remark 3.1.17 In fact, the closed triple ideals in any C*-algebra are exactly
the closed two-sided algebra ideals. We refer to Barton and Timoney [7] for a
proof. It can also be shown that a closed subspace J of a JB*-triple V is a triple
ideal if, and only if, {V, J, J} C J [15].

Corollary 3.1.18 Let V be a JB*-triple and J a closed triple ideal of V. Then
the quotient space V /J is a JB*-triple.
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Proof The quotient map  : V — V/J is a surjective triple homomorphism
and V/J is a Hermitian Jordan Banach triple. For each a € V, let V(r(a))
be the closed subtriple generated by m(a) in V/J. Then V(w(a)) = n(V(a)),
where V(a) is isometrically triple isomorphic to an abelian C*-algebra .A. By
the above observation, a continuous triple homomorphic image of .4, and hence
V(m(a)), is isometrically isomorphic to an abelian C*-algebra. O

Corollary 3.1.19 Let ¢ : V. —> W be a triple homomorphism between two
JB*-triples V and W. Then ¢ is contractive. The same conclusion holds if V
and W are JB-triples.

Proof Let a € V\{0} and let V (a) be the JB*-subtriple generated by a. Then
¢(V(a)) is the JB*-subtriple W(gp(a)) generated by ¢(a) in W. Further, for
each complex triple homomorphism x of W(¢(a)), the composite x o ¢ is a
complex triple homomorphism of V(a). It follows that

llo(@)|l = sup{lx (¢(a))| : x is a triple homomorphism of W(g(a))} < |a|.
The arguments using R(a) for JB-triples do not change. O

The following result is the converse of Theorem 3.1.7 and shows uniqueness
of the norm in a JB*-triple.

Theorem 3.1.20 Let ¢ : V. —> W be a triple isomorphism between two JB*-
triples V.and W. Then ¢ is a linear isometry. The same conclusion holds if V
and W are JB-triples.

Proof Apply Corollary 3.1.19 to ¢ and its inverse ¢ ' O

Corollary 3.1.21 Let V be a JB*-triple which is the vector space direct sum
V =V & V, of two closed subtriples V| and V,. If Vio V, = {0}, then |v; +
vall = max{ v I, [v2ll} for v; € V; and j = 1,2.

Proof The £s-sum V; @ V, is a JB*-triple which is triple isomorphic, and
hence isometric, to V. ]

3.2 Holomorphic mappings

From the perspective of the Riemann mapping theorem, the open unit ball of
a JB*-triple can be regarded as an infinite-dimensional generalization of the
open unit disc in C, since every bounded symmetric domain in a complex
Banach space is biholomorphic to such a ball. Cartan domains, as well as
the two exceptional domains, are open unit balls of JB*-triples. It is therefore
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natural to study function theory on the open unit ball of a JB*-triple and expect
some fruitful applications of Jordan structures. Of course, analysis on finite-
dimensional bounded symmetric domains is already a vast and rich enterprise,
and literature abounds. The novelty here is the application of Jordan methods
in the infinite-dimensional setting. We will show several infinite-dimensional
results on holomorphic maps to highlight the use of Jordan structures.

Let D be the open unit ball of a JB*-triple V. A natural question comes
to mind is the boundary structure of D. Answering this question would be a
lengthy task and we refer to Loos [85], Sauter [102] and Wolf [116] for details.
It involves analyzing the manifold of tripotents in V and its components. A
simple task, however, is to identify the extreme points ext D of the closed unit
ball D. We show they are complete tripotents of V. As before, let

autD =tPp

be the eigenspace decomposition induced by the symmetry so at 0 € D. Inte-
gration of vector fields in aut D has been computed explicitly in Kaup [70].

A point u € D is called a complex extreme point if whenever v € V satisfies
u + Av € D forall complex numbers A of modulus at most 1, we have v = 0.
Evidently, an extreme point of D is also a complex extreme point.

A point u € D is called a holomorphic extreme point if for every open
neighbourhood 2 C C of 0 and holomorphic map f : @ —> D C V satisfying
f(0) = u, we have f’(0) = 0. Plainly, a holomorphic extreme point is also a
complex extreme point.

Lemma 3.2.1 Let u be a tripotent in a JB*-triple V. Then the Peirce projections
Pr(u) (k =0, 1, 2) induced by u are all contractive and we have

expit(un u) = Py(u) + "> Pi(u) + €" Py (u).

Proof Since the box operator u O u has eigenvalues 0, 1/2 and 1, with cor-
responding eigenspaces Po(u)V, Pi(u)V and P>(u)V, the spectral mapping
theorem implies that the linear isometry exp if(u D u) has eigenvalues 0, /2
and e” as well as

exp it u) = Po(u) + e Pi(u) + " P,(u)  (t € R).
For each v € V, we have
llvll = || exp it(un u)v|| = || Po(u)v + €% Py(u)v + €™ Py(u)v]|| forall ¢ e R.
It follows that

[PcGvll < vl (k=0,1,2).
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For t = 27 in Lemma 3.2.1, we have
exp2rni(unu) = Py(u) — Pi(u) + P,(u) = B(u, 2u),

where B(u,2u): V — V is the Bergmann operator and the last equality
follows from (1.33). The isometry exp 27i(u O u) is involutive and fixes u, but
is not necessarily a symmetry at u in the manifold of tripotents of V (cf. [26,
p. 747]). However, it is called the Peirce symmetry at u. Since

1
Po(u) + Pr(u) = 5(1 + B(u, 2u)),

it is also a contractive projection on V.

We observe that, if a JB*-triple V admits a nonzero tripotent u, then the
u-homotope of the Peirce 2-space P>(u)V is a JB*-algebra in the inherited
norm, with involution defined by

a* = {u,a,u},

and u becomes the identity of the algebra. This often enables us to make
use of results in JB*-algebras and reduce a problem concerning JB*-triples to
one of JB*-algebras. For simplicity, we use the same notation P,(u)V for its
u-homotope and write the product by juxtaposition:

ab ={a,u, b}.

Remark 3.2.2 Since we have not yet removed the constant 2 from the inequality
in (2.50), one can show |lab|| < |la|l||b]| in P»(x)V in the following way. For a
self-adjoint element a = a* = {u, a, u}, the triple identity implies {u, a, b} =
{a,u, b} for b € P,(u)V, and hence the box operator a O u| p,,)v is hermitian
on the JB*-triple P>(u)V. Therefore

labll = lao u®)|l < llalllullibl = lallibll,

by Remark 2.5.28. Also, the triple product [-, -, -] of the u-homotope with
involution * coincides with the original triple product on P,(u)V':

[X, yv-x] = {x» y*v-x}u = {)C, {M, y*suLx} = {-x» ysx}'

It follows that the self-adjoint part {a € P,(u)V : a = a*} of P,(u)V is a JB-
algebra and its complexification is P>(u)V itself which, as noted before, can
be equipped with a norm || - || to become a JB*-algebra. Since a JB*-algebra
is also a JB*-triple and the norm in a JB*-triple is unique, || - || is the original
norm of P,(u)V.

We recall that a tripotent u in a Jordan triple system V is called complete if
the Peirce space V(1) equals {0}.
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Theorem 3.2.3 Let D be the open unit ball of a JB*-triple V and letu € V.
The following conditions are equivalent:

() u is an extreme point of D.
(ii) u is a complex extreme point of D.
(i) wu is a complete tripotent.
(iv) u is a holomorphic extreme point of D.

Proof (i1) = (iii). The closed subtriple V (1) generated by u is triple isomorphic
to an abelian C*-algebra .4 in which the complex extreme points of the closed
unit ball are partial isometries. It follows that u is a tripotent. One needs to
show that Py(u)V = {0}. We first observe that {z, u, z} = 0 forz € Py(u)V, by
the Peirce multiplication rule.

Let X(-) = u — {-, u, -} be the unique vector field in p such that X(0) = u.
The integral curve exp X (z) of X can be described explicitly by [70, theorem
2.25]. In our case, however, one can verify easily that, for z € Py(u)V, the flow

&(z) = (tanh)u + z

solves the differential equation

dg:(2)
dt

= X(8:(2)).
Hence
D D exptX(Py(u)V N D) = (tanh t)u + (Po(u)V N D).

Letting t+ — oo, we see that u + (Py(u)V N D) C D, which implies that
Po(u)V = {0}.
(iii) = (iv). For v € V, we write

v=uv; + v € Vi(u) ® Va(u)

for its Peirce decomposition. Let €2 be an open neighbourhood of 0 € C and
f : @ — D a holomorphic map satisfying f(0) = u.

Let X be the unique vector field in p such that X(0) = u. For each r € R,
write g, = exp(—tX). We have

gw)=u and gu)(v + v2) = e'v; + ¥ v,.

Observe that {g, o f : t € R} is a family of holomorphic maps from 2 to
V, uniformly bounded, and g; o f(0) = u. By the Cauchy inequality (2.1),
{g/(u)(f'(0)) : t € R} is bounded in V and hence f'(0) = 0.



3.2 Holomorphic mappings 187

(iv) = (i). By (iv), u is a complex extreme point of D and hence a complete
tripotent by (ii) = (iii). Letu + Av € D forall » € [—1, 1]. We show v = 0 to
complete the proof.

Let v =v; 4+ v, € Pi(u)V @ P>(u)V be the Peirce decomposition of v. By
Lemma 3.2.1, we have

u+iv,eD and u+révi+rivneD  (r €R).

Now P(u)V is a JB*-algebra as noted before and u is a complex extreme
point of its closed unit ball. By the result [14, lemma 4.1] for JB*-algebras,
u is an extreme point of the ball and hence v, = 0. It follows that v; =0
also. O

An immediate consequence of the above result is that JBW*-triples con-
tain many (complete) tripotents by the Krein—Milman theorem, although the
JB*-triple Cy[0, 1] of complex continuous functions on [0, 1], vanishing at 0,
contains none except 0. In fact, we can say much more.

Corollary 3.2.4 Let V be a JBW*-triple. Then V is the norm-closed linear
span of the extreme points of its closed unit ball D.

Proof Pick any nonzero a in the open unit ball D. Evidently, the Mobius
transformation

2.(x) =a+ B(a,a)'*(I + zoa) ' (z)

can be extended to a biholomorphic map g, on a neighbourhood of D. Given any
extreme point u € D, we have 2,(cu) € D for || = 1 and it is easily verified
that g, (acu) is a holomorphic extreme point. We can define a holomorphic map
f : 2 — V on a neighbourhood 2 of the open unit disc in C by

fl@)=g.(au) (xeQ)

so that f(0) = a. By the mean value property of f, we have

1 2 )
a=— [ guuado,
21 0
which is in the norm-closed linear span of the extreme points of D. O

The facial structure of the closed unit ball of a JBW*-triple and its predual
has been studied in detail in Edwards and Riittiman [35]. We will not pursue this
linear aspect of JB*-triples. Instead, we are concerned with two holomorphic
maps which are fundamental in the geometry of the open unit ball D of a JB*-
triple V, namely, the Bergmann operator on V and the Mobius transformation
on D. The significance of the Bergmann operator can be seen from the fact



188 Jordan structures in analysis

that, in finite dimensions, the Bergmann metric 4 on D, which is a Hermitian
metric, is given by

hp(z, w) = ho(B(p, p)~'z,w)  (p € D),
where the metric at 0 is given by
ho(z, w) = Trace (zO w)

(cf. [85, theorem 2.10]). In Corollary 3.2.4, we have already made use of the
Mobius transformation g, at a € D, introduced in (2.48):

g«2)=a+Ba,a)'?I+z00)7'(2) (zeD),
which is related to the Bergman operator and g/,(0) = B(a, a)'/?.
Example 3.2.5 Let D be the open unit ball of a Hilbert space (V, (-, -)). Then
extD={veV:|v|=1}.
For each a € D, the Bergmann operator B(a, a) is given by
B(a,a)(v) = v —2{a,a, v}+{a,{a,v,a},a}
= (1= llal») — (v, a)a),

which is a self-adjoint operator on V.
Let u € ext D be such that a = ||allu. Let V = V;(u) @ V»(u) be the Peirce
decomposition induced by u. Then we have

A —=TalPHv (v e Vi)
Bla, a)v) = {(1 —lal? (e Va(u).
The inverse of B(a, a) can be easily computed, and
1 1 (z,a)a
B(a,a)” () = = a2 (Z + T ||a||2> (zeV).

Also, one can verify that

Ba,a)"(z) = V1 [a|? (”( 1"'””2_1)“’“)#)'

It follows that B(a, a)'/?*(a) = (1 — ||a||*)a = a — {a, a, a} and

B(a.a)""2(z) = B(a.a) 'Ba,a)"*(z)

= B(a,a)”! <¢1 ~al? (z + (/1= al? - 1><z,a>i))

llall?

1 1—+/1—]al?

= 4+ z,aya| .
V1—lal? lal?y/1 = llall?
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In particular,

By =

Direct computation gives

(I+zoa)'z=z2—z0ak)+ zoa) @) — zoaP @) +---
z—(za)z+ (z,a)’z— (z,a)’z + -

Z
—m (z € D).

It follows that the Mobius transformation g, is given by

g(2) =a+ Ba,a)'*(I +z0a) ' (2)

= o I (o T - D )

14
a+ E,(2)++/1—lal*>(I — E,)(z)
- (z € D),
1+ (z,a)

where E, is the projection from V onto the subspace Ca.
Now let V = C". The Bergmann metric on D is given by

+1

hO(Zv U)) = ) (Z9 w)
n+1 . .
ha(z, w) = T(B(a,a) Z, w) (@aeD,z,weC"
__rtl e
=20 = [alP? (1 = llall"}z, w) + (z, a){a, w)).

We have already discussed the case n = 1 in Example 2.5.5.

The Mobius transformations g, (a € D) on the open unit ball D in a JB*-
triple V determine its automorphism group Aut D. We first note that, using
the Hahn—Banach theorem, the Schwarz lemma for the open unit disc in C
can be readily extended to D; that is, given a homomorphic map 4 : D — D
satisfying 7(0) = 0, we must have ||h(z)|| < ||z|| forall z € D.

Proposition 3.2.6 Let D be the open unit ball of a JB*-triple V. Then
AutD ={pog,:a € D, ¢isalinear isometry on V}.

Proof Let g € AutD and a = g~ '(0). Let ¢ = g_,g~'. Then ¢ € Aut D and
©(0) = 0. Since for all ¢ € R, the automorphisms ¢(e” -) and e”¢(-) have the
same value and the same derivative at 0, they are equal, by Cartan’s uniqueness
theorem. It follows that ¢ is a linear isometry and we have g = ¢~ 'g_,. [
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Example 3.2.7 The bidisc U x U in C? is not biholomorphic to the open ball
B=1{(z, w)eC*:|z]> + |w* < 1}.
We have
Aut(U x U) = {g : g(z1, 22) = (81(20,), 82(20,)) 81, 82 € AutU},
where o is a permutation of {1, 2}. On the other hand,
AutB ={pog,:9 €UQ2), a € B}.
The isotropy group
(AutB)y = {¢ € AutB : ¢(0) =0} = U(2)
is not abelian, whereas, by Example 2.5.5, we have the isotropy group
Aut (U x U)y = {(¢'*, ¢ : a, B € R},
which is abelian.

In analysis, one often needs to estimate the norm of the Bergmann operator.
In the case of Hilbert spaces and abelian C*-algebras, the norm can be computed
exactly from the explicit expression of the operator.

Lemma 3.2.8 Let D be the open unit ball of a Hilbert space V and let a € D.
Then we have

(I —llal>* i dimV =1

B 17212 _ B —
1B@ @) PP =1B@al =1 ey S

Proof The first equality holds, since B(a, a) is self-adjoint. From Example
3.2.5, we have

B(a,a)z) =1 —lla|)z — (z.a)a)  (z€V),
where
Iz = (z,a)al* = (z — (z,a)a, z— (z,a)a)
= lzII> = 21z, @)|* + [{z. @) *[la])?

2 2 2
< llzlI” = Kz, a)I” < llz|I”.

Hence ||B(a, a)(@)|| < (1 — [la|»)]z].
If V = C, we have actually the equality |B(a, a)(z)| = (1 — |a|*)?|z].
Ifdim V > 2, we can pick a unit vector zy € V orthogonal to a, and therefore

1B(a, a)ll = 1 B(a, a)zoll = II(1 = lal*)zoll = 1 — llall?,

which proves || B(a, a)|| = 1 — ||a||*. O
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If V is a JC*-triple contained in some L(H), then the Bergmann operator
has the form

B(a,b)(x) = x —2{a, b, x} + {a, {b, x, b}, a}
=x —ab*x — xb*a + ab*xb*a
=1 —-ab"Hx(A — b*a),
where 1 denotes the identity operator in L(H). In particular, we have
B@a,a)x) =1 —aa™)x(1 —a*a)
and
B(a,a)*(x) = A — aa®)"*x(A — a*a)"? (xeV)
This readily gives the estimate
1B(a, @)'”?| < |1 = aa®)'|[|(1 — a*a)' |
=1 —aa*|'"?1 - a*a]'/* < 1. 3.1

One can compute the norm ||1 — aa*|| via the Hilbert space H. For each
a €V C L(H), we define
a(a) = inf{llaé| : § € H,||§| =1} and
Bla) = inf{|la”E]| : & € H, ||I§]] = 1}.
Lemma 3.2.9 Let D be the open unit ball of a JC*-triple V. C L(H) and let
a € D. We have ||B(a, a)'/?|?> < (1 — a(a)®)(1 — B(a)?).

Proof This follows from (3.1) and ||(1 — aa®)"?||> = sup (1 — aa*), £) =
lIEN=1
1 — B(a)* as well as ||(1 — a*a)' /2|2 = 1 — a(a)?. O

For JB*-algebras, one can obtain an estimate of ||B(a, a)|| independent of
Hilbert spaces. For a self-adjoint element b in a unital JB*-algebra A4, the closed
subalgebra generated by b and the identity 1 is an unital abelian C*-algebra.
The spectrum o (b) of b in the latter algebra is called the C*-spectrum of b.

Lemma 3.2.10 Let D be the open unit ball of a unital JB*-algebra A and let
a € D. Then we have

I1B(a, a)'|* < (1 — inf o (aa*))(1 — info(a*a)),
where o (aa™) and o (a*a) denote respectively the C*-spectra of aa™ and a*a.

Proof This can be seen easily from functional calculus, since the closed sub-
algebra of A generated by aa* and the identity 1 identifies with the algebra
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C(o(aa™)) of complex continuous functions on the spectrum o (aa*) C [0, 00),
where aa* identifies with the identity function id : o (aa*) — o(aa*). Hence
|1 —aa*|| =1 — inf o (aa™) and likewise |1 — a*a|| = 1 — inf o (a*a). O]

Example 3.2.11 On the open unit ball D of a JC*-triple V, the Mobius trans-
formation g, induced by a € D has the form

8a() =a+Ba,a)'?A+x0a)"'(x)
=a+1—aa)"*A+x0a0) ' (x)A —a*a)'/?
=a+1—-aa")"?A-x0a+ (xo0a)
—@oa)’ +-- )W -a*a)?
=a+ 1 —aa")"*(x — xa*x + xa*xa*x
—xa*xa*xa*x + )1 —a*a)'?
=a+ 1 —aa)"*A - xa* + (xa*)* — xa*)* + - xA — a*a)'?
=a+1—aa")"*1 —xa*)"'x1 - a*a)'/.

Example 3.2.12 Let D be the open unit ball of an abelian C*-algebra, repre-
sented as a continuous function space Cy(€2) on some locally compact Haus-
dorff space Q2. Let a € D. The Bergmann operator B(a, a) has the form

B(a,a)(f) = f —2{a,a, f} +{a,{a, f,a},a}
= f =2lal*f + lal* flal?
=(1—la®*f (f € Co(),

where the last factorisation can be regarded as a convenient shorthand, since
C(£2) may not contain an identity. It follows immediately that

B(a,a)'*(f) = —la) f
and
IB(a,a)'?|| = |1 — |a]*| = 1 —inf |a|.
We also have

(I+zoa) 'z=z—z0a(k)+ (zZoa)l k) — (zoa)l @) +---
=z—ar’+a7 —a +

z
= e D).
1+az (2 )
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Hence the Mobius transformation g, has the familiar form

g.(2) =a+ B(a,a)'*A+z0a)"'(z)

1— 2
gy U laly
1+az
a+z
= e D).
1+az (ce D)

We note that the linear fractional transformation z € D — F,(z) =
(I + zo a)~'z € Cy() has the derivative

Fi(2)(v) = =B(z,—a) '(v)  (z€ D,ve Cy),

(1 + za)?
and it follows that

g,(zx) = B(a,a)'*B(z, —a)™", (3.2)
which is in fact true for all JB*-triples (cf. [70, (2.18)]).

Returning to an arbitrary JB*-triple V, let D be the open unit ball and leta €
D. The Bergmann operator B(a, a) is invertible since it has positive spectrum.
Although B(a, a) need not be a hermitian operator on V [73, example 4.5],
its square root can be expressed as the exponential of a hermitian operator on
V. To see this, we make use of the formula g/ (0) = B(a, a)"/? and write the
Mobius transformation g, as the exponential of a vector field X : D — V.

We first identify, via Theorem 3.1.12, the real closed subtriple R(a) gen-
erated by a with the JB-triple Cy(s(a), R) of continuous functions on the
triple spectrum s(a). Denote by f(a) the element in R(a) corresponding to the
function f € Co(s(a), R). Let o = tanh™!(a) € R(a). Then R(a) = R(a). Let
X()=a —{-, «, -} € pbe the unique vector field such that X(0) = «. By [70,
Proposition 4.6], g, = exp X and the one-parameter group exptX : D — D
satisfies exp X (0) = tanh(t«) € R(a). Since

%(exp tX(2) = X(exptX(z)) = o — {exptX(2), o, expt X(2)} (z € D),
differentiation gives
j—t(exth)’(O) = —2{exp1X(0), a, (expX)'(0)}
= —2(exptX(0) O a)(exp tX(0)),

where (exptX)(0): V —> V is the identity map at # = 0. For this initial
condition, the solution of the equation is given by

(exptX)(0) = exp (—2/ (expsX(0) O a)ds)
0
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and in particular,

1
B(a,a)'* = g/(0) = (exp X)'(0) = exp (—2 / (expsX(0) O a)ds) )
’ 3.3)
As noted in the proof of Theorem 2.5.27, the box operatoruc v : V — V is
hermitian for u, v € R(a) and hence the integral is a hermitian linear operator
on V, since the hermitian operators in L(V') form a real closed subspace [10,
p- 47].

It follows from Bonsall and Duncan [10, p. 54] that the norm of
B(a, a)'/? coincides with its spectral radius, and the same applies to the norm
1B(a,a)~"/?|.

By Lemma 2.5.21, the spectrum of B(a, a) is contained in (1 — S)(1 — S),
where sup S = ||a0 a|| = ||a||>. Therefore || B(a, a)|| < ||B(a, a)'/?||> < 1and

IB(a,a)”"?| < (34)

L —llall*

If V C L(H) is a JC*-triple, this inequality can be deduced directly from
the formula

B(a,a) " *(x) = A —aa®) V*xA —a*a)™V* (x e V).
In fact, (3.4) can be strengthened to an equality.

Proposition 3.2.13 For every a in the open unit ball D of a JB*-triple V, we
have
1

IB(a,a) "?| = ——.
1— [la]?

Proof Let g, be the Mobius transformation induced by a. We recall that
g-4(a)=0and g’ (a) = B(a,a)"'/%.
Pick a functional & € V* satisfying

h(a) = llall and [lA] = 1.

Define a holomorphic function g : D — U = {A € C: |A| < 1} by

b — llal

Y& = )

(z € D).

Then we have

h()(1 = llall®)

¢ R0 = 4 Ay
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As noted before, the Carathéodory norm

lIzllo = sup{lf'(0)(2)| : f € H(D, U), f(0) = 0}
coincides with the norm ||z||. Since ¢ o g:;(O) = 0, it follows that, for each
zeD,
1B(a,a)™'"@@)|l = lg_,(@)@)llo
> (g 0 822) (0)(g 4 (@)(2))]
= |¢'(a) o g (@) 0 g (a)2)]

|h@)I(1 — llall?)
=l (@@= "
(1 — llallh(a))?
_ @)
1—flal*
Hence
1
1B(a, @)~ = sup{|| B(a, @) " *(2)l| : z € D} = Tl
and by (3.4), the last inequality becomes an equality. O

Corollary 3.2.14 Let D be the open unit ball of a JB*-triple V. Then we have

Ig' O~ = ——5
1 —lal?
for each g € Aut D satisfying g(0) = a.

Proof By Proposition 3.2.6, every automorphism of D is the composite of a

Mobius transformation and a linear isometry. If g(0) = a, then g~

for some linear isometry £ on D. Hence

18O~ =™ @Il = lIg"y@] = | Bla.a)~|.

=Llog,

As examples of applications of Jordan methods in infinite-dimensional holo-
morphy, we now use the Bergmann operator and the Mobius transformation
to deduce some properties of holomorphic maps on the open unit balls of
JB*-triples.

First, the Schwarz—Pick lemma can easily be deduced for JB*-triples.

Lemma 3.2.15 Let f be a holomorphic self-map on the open unit ball D of a
JB*-triple. Then we have

llg—ran(fE@DI < llg—w (@)l (z,w € D),

where g, denotes the Mobius transformation induced by a € D.
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Proof Since g_ ) o f o gw(0) = 0, the Schwarz lemma implies

lg-rw) o fogu(g—w@)l < llg-w@l (z, w € D),
which gives

l&— ey (f DIl = lIg-w(@II-
O

Theorem 3.2.16 Let D be the open unit ball of a JB*-triple V and let f :
D — V be a biholomorphic map onto f (D), which is convex. Given f(0) = 0
and that f'(0) is the identity map, we have, for a € D,

, 1 ) 1
® (1 + Jlal)? = 7@l = (1 —llaly*
(1 —llallz] Izl

@ T aniB@ oy = @01 = 55050

Proof We make use of the following distortion result in [46]:

— llall + llall
T3 al Izlla < I f' @@l < = lal — - Izllas

where || - ||, is the Carathéodory norm which is invariant under the automor-
phisms of D by (2.39).

Let g_, be the Mobius transformation induced by —a. We deduce from
Proposition 3.2.13 that

(z eV

1+ |lall 1+ llall
If @@l = T _ — izl = — lg" o (@@lg @)
1+||a|| i 1+ llall Izl
= IB(a,a) '*(2)llo <
1—al 1—lall \1 - Jla|?
__ lzl
(1 — [lall)?

Likewise we have

— lal U
B V’
IF @@ > ~ TaB@ o™ @l cev

which gives the lower bound in (i).
The lower bound in (ii) follows from
1 —lall
If (@@ = ———Izlla
1 + llall
— llall

_1 + llall

g~ (@)@,



3.2 Holomorphic mappings 197

where |lz|| = [ B(a, @)'/*g (@)@l < ||B(a, )" [lllg_,(a)(2)] gives

A = llalDlizll
+ llalDll Ba, a)'/2||”

I f (@@ = a
O

We conclude this section with a brief discussion of the dynamics of a holo-
morphic map, namely, the behavior of the iterates f” of a holomorphic self-map
f on the open unit ball D of a JB*-triple V. We retain the same notation in the
remainder of the section. The objective is to seek invariant domains of f. This
can be achieved by means of the Bergmann operator.

Lemma3.2.17 Fora, b € D, thenorm | g_,(a)| for the Mobius transformation
gy is related to the Bergmann operator B(a, b) by

Tiea@p = 1B@ @ B hB@b. by |l

Proof Since g, ,4)(0) = g—p 0 g4(0), the Cartan uniqueness theorem implies
that

8g_ya) = PO 8—b O &a
for some linear isometry ¢ on D. It follows that
B(g-5(a). g-p(a))'* = g ,(@)(0)

=gog ,(a)og,(0)
=¢pog ,(a)oBa,a)?

and hence
m = |1 B(g-p(a), g_p(@) "'l = | B(a, @)~ /*g" (@),
where
g @~ = B(a,b)B(b, b)'?
by (3.2), which completes the proof. O

Theorem 3.2.18 Let D be the open unit ball of a JB*-triple V and let f :
D — D be a holomorphic map without fixed point. Let f be a compact map;
that is, f(D) is relatively compact in V. Then there exists a sequence (z;) in
D converging to a boundary point & € 0B with H;fn f(zx) = &. Further; if the

sequence of operators

A = lzxlHBGz, z) V?:V — V
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converges uniformly to an operator T € L(V), then for any A > 0, the set
D, 2) = {x € D: B, )" /*B(x, )T < 1)
is f-invariant; that is, f(D(€, L)) C D(E, \).

Proof Choose an increasing sequence () in (0, 1) with limit 1. Let f; = oy f.
Then f; maps D strictly inside D and by Earle and Hamilton [34], f} has a fixed
point z; € D. Since f(D) is relatively compact, by choosing a subsequence,
we may assume (z;) converges to some & € D. If¢ € D, then f(§) = &, which
is impossible. Hence & € 0D and h/fn f(z) =E&.

Let
T =lim(1 - lzx I*)B(zx, z) /2.

Then ||T|| = 1, by Proposition 3.2.13. Let x € D. By Lemma 3.2.15 and
Lemma 3.2.17, we have

IB(fi(x), fix)™2B(filx), 20) B(zx, z1) ™2
< I1B(x, )" B(x, 2)B(zx, 2) 7
and hence
IBCfix), fiG)™2B(filx), 201 = Nz ) B(zr, 1)~
< IB(x, )" B(x, z)(1 = |zl®) Bzx, z) 2
for all k. Letting k — oo, we get
IB(f(x), fO) ™ 2B(f(x), TN < |B(x, )" B(x, )T I,
from which it follows immediately that f(D(§, A)) C D(&, 1). ]
In the above theorem, we always have
| B(x,x)">B(x, £)T|| > 0, (3.5)
since |T|| = 1 and B(x, x)""/?B(x, &) is invertible by the remark after (3.2).

Also, for 0 < o < 1, we have

A —a?IBEDINTI _1-«

1B(ag, &)™ B(ag, )Tl < v =T s

which implies «§ € D(&, A) for A > :—g In fact, it can be shown that D(&, 1)
is a convex domain. The invariant domain D(&, 1) is a key to the study of the
iterates of f. We illustrate this with a Hilbert ball, but refer to Mellon [89]
for details in the general case as well as relevant literature on iterations of
holomorphic maps.
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Let D be the open unit ball of a Hilbert space V in Theorem 3.2.18. Then

T(y) =1lim(1 = 1z Bz, 200~ ()

1—41— 2)(y,
:H;n( oyt ¢ VT =z Dy zkm) .

llzill?

Hence
B(x, E)T(y) = (v, &)B(x, §)(&) = (y, £)(1 — (x, £))(E — x).
It follows that
IBGxe, x)™ 2B, )T | = 11 = (x, E)II1Bx, x)"2(5 = 0

- .
= wua — <% BCx, x)712(€) — xll.
L — x|l

Let (x¢) be a sequence in D converging to some ¢ € dB. Then
fim(1 — [l 1) Bee, 60~ 4(8) = (&, 0L
Hence
fim [1(1 = 161 B Cxi x) ™ 2(8) = xell = [1 = (€, O) = Tim |1 — {xi, &)1,
It follows that, from some k onwards,
21| B(xe, xi)~ 2 B(xi, E)T ||

2|11 — (xg, _
= kaf”n(l — [l B xi) ™ 2(€) — x|
1= [l

M= 8P

I EAh

> —[|BCx, x0) 2By, €)T.

R -

For 8 > 0, we define

. 2
EE. p) = {x ep; Lomal ﬁ},
e

which can be viewed as the ellipsoid

[(x,8) = =0l . lx — (x, £)E11 - 1}’

E(g,ﬁ):{xeD: > -
B

where ¢ = T

< 1. This implies

EE,B)NoD = {&}.
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The above inequalities give

E&,A/2) C D&, A) C E(E,20)
and in particular
D(E, A)NOD = {&).

We have the following extension of the Denjoy—Wolff theorem for C to
Hilbert spaces.

Theorem 3.2.19 Let f : D —> D be a fixed-point-free compact holomorphic
map on the open unit ball D of a Hilbert space. Then there exists a unique
boundary point & € 3D, called the Wolff point, such that

Jlim ff)=§  (xeD),

where (f") is the sequence of iterates of f. Moreover, this convergence is
locally uniform in the sense that the convergence is uniform on each open ball
B C D satisfying d(B, dD) > 0.

Proof Uniqueness of the Wolff point is obvious. We show its existence. Let
& € D be the boundary point in Theorem 3.2.18. Since f is a compact map,
one can show that every subsequence of ( /") admits a subsequence converging
to a function & : D — D locally uniformly. This is shown in the next lemma.

To complete the proof, it suffices to show that every subsequential limit
h of (f") is the constant map Ah(-) = &. For this, one first shows that 4 is a
constant map. To highlight the role of the Bergmann operator, we suppress the
arguments for this, which have been given in Chu and Mellon [28]. We now
show h(-) = &.

Given y € D with

h(y) = lim f™(y),
k— 00
we must have f*(y) € D(&, A,), since D(§, A,) is f-invariant, where
Ay =[B(y. ) "?B(y,E)T| > 0.

Since f has no fixed point in D, we must have h(y) € dD. It follows that
h(y) € D&, Ly) N 9D = {£}, which completes the proof. L]

Remark 3.2.20 The example in Stachura [107] shows that the preceding the-
orem is false without the compactness assumption on f, even if f is biholo-
morphic.
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Lemma 3.2.21 Let f : D —> D be a compact holomorphic map on the open
unit ball D of a Hilbert space. Then the sequence (f") of iterates has a
subsequence converging locally uniformly to a function on D. The same result
holds for each subsequence of (f").

Proof Choose a sequence (r,,) in (0, 1) such that r,, 1 1 and f(D)Nr; D # 0.
We have

o0

fy=J(f(>)ynr,D).

n=I

We first find a subsequence of (") converging uniformly on f(D) N r;D. By
compactness of f(D)Nr;D C f(D), there is a countable set {z,} in f(D)N
r1 D, which is dense in f(D) NryD.

Since f is compact, (f") has a subsequence (£ V) such that (f"(z,))
converges. Likewise, (fV) has a subsequence (f*?) such that (f"?(z,))
converges. Proceed to find subsequences ( f (”*k))n which converge at zy, ..., z.
We show that the diagonal sequence (f**) converges uniformly on f(D) N
r1 D. It suffices to show that it is uniformly Cauchy on f(D)Nr;D.Lete > 0.
Since d(riD, D) =1 —r; > 0, the Cauchy inequality and the mean value
theorem give

Ih(z) — h(w)ll < ”f%’:” (zw € D) (3.6)

for each holomorphic map & : D — D. By compactness, there exist
Znys - - - » Zn, 10 {2,,} such that

1
FonrD ¢ DG, 2(1 — ).

i=1

where D(x, r) denotes the open ball centred at x, of radius r. There exists N
such that j, k > N implies

|79 = 40 < &

for i =1,...,1. Hence, for any z € f(D)Nr D, we have z € D(z,,,
5(1 —ry)) for some i, and

| 797@) = 0@ < [£97@) = FIP )| + |1 ) = f 4 @)
+ [ 40 = 10|
el—ry) € &el—ry)
< = =¢&
3(1—7’1) 3 3(1—1’1)
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whenever j, k > N.This shows that ( f (k’k)) is uniformly convergenton f(D) N
ri D.

We repeat the diagonal process as follows. Choose a subsequence (f"')
of (f") converging uniformly on f(D)Nr;D. Then choose a subsequence
(f™) of (f™) converging uniformly on f(D) N r,D, and so on. The diagonal
sequence (f"*) then converges uniformly on f(D)NrDfork =1,2,...

Finally, we show that (f™*!) converges locally uniformly on D. Pick
x € D and choose r, R > Osuchthatr + R =1 — ||x|| and % <1—=|fl.
Then D(x, r) and D(f(x), r/R) are contained in D. Using (3.6), we see that
d(D(x,r),dD) > R > 0 implies

f(D(x,r) c f(D)ND(f(x),r/R)C f(D)NrD

for some k. It follows that ( f"*) converges uniformly on f (D(x, r)) and hence
(f™*1) converges uniformly on D(x, r).
The last assertion can be proved by the same arguments. O

3.3 Contractive projections on JB*-triples

Contractive projections on Banach spaces are important objects of study. The
Peirce projections induced by a tripotent in a JB*-triple are contractive. In this
section, we present a fundamental result which states that the category of JB*-
triples is stable under contractive projections. The proof, given in Kaup [72], is
an elegant combination of Jordan theory, geometry and complex analysis. This
result has many applications and subsumes several functional-analytic results
concerning contractive projections on C*-algebras.
Let V be a JB*-triple with open unit ball B and boundary

aB={zeV:|z| =1}

As before, we identify a holomorphic vector field X on B as a holomorphic
map X : B —> V. Let X be a holomorphic vector field on B such that X can
be extended holomorphically to a neighbourhood containing the closure B. It
can be seen that X is complete if and only if, for every boundary point zp € 9B
and every continuous real linear map ¥ : V — R satisfying ¥ (B) > ¥ (2o),
we have /(X (zo)) = 0.

Theorem 3.3.1 Let V be a JB*-triple with triple product {-, -, -} and let P :
V — V be a contractive projection; that is, | P|| < 1 and P> = P. Then the
range P(V) is a JB*-triple in the inherited norm from V and the triple product

{Px, Py, Pz}, := P{x,y, 2} (x,y,zeV).
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Proof First, P(V) is a Banach space in the inherited norm, since P has closed
range. To show that W = P(V) has the structure of a JB*-triple, we need
only show that its open unit ball D = P(B) = B N W is homogeneous, by
Lemma 2.5.11.

Letz € V and consider the complete analytic vector field X : B — V given
by

Xw)=z—{u,z,u}  (u € B),
where z = X(0). Define an analytic vector field Y, : D — V by
Y.(v) = P(z—{v,z,v}) (v € D).

Let v € D and let ¥ : V. — R be a continuous real linear map satisfy-
ing ¥(D) > ¥(vo). Then vy € 0B and ¥ o P(B) > Y (vg) = ¥ o P(vg). By
completeness of X, we have ¥ (Y,(vg)) = ¥ o P(X(v9)) > 0. Hence Y, is a
complete vector field on D, by the above remark. The same argument implies
that the holomorphic vector field

Yp(v) := Pz — P{v, Pz, v} (v e D)

on D is also complete.

Since Y;(0) = Pz = Yp(0) and Y/(0) = Y, (0), where Y/(v) = —=2P{v, z, -}
and Y,(v) = —2P{v, Pz, -}, we must have Y, = Yp, by Cartan’s uniqueness
theorem. It follows that

P{Px,z, Py} = P{Px, Pz, Py} (x,y,zeV). 3.7

Let aut D be the Lie algebra of complete holomorphic vector fields on D.
Then the evaluation map X € aut D — X(0) € W is surjective, since each
Pz € W is the image of the complete vector field Y.. It follows from Lemma
2.5.10 that the open unit ball D is homogeneous and W is a JB*-triple, with
the triple product P{x, y, z}. O

Corollary 3.3.2 Let A be a C*-algebra with identity 1 and let P : A —> A be
a contractive projection such that P(1) = 1. Then the range P(A) is a unital
JB*-algebra with Jordan product

xXoy= éP(xy—i—yx)
and involution
x*=P{1,x,1}) (x € P(A)).
If A is abelian, then (P(A), o, %) is an abelian C*-algebra.
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Proof By Definition 1.2.9, the JB*-triple P(.A) is a unital Jordan algebra as the
a-homotope P(A)“ of a = P(1) = 1, with Jordan product
touy = [e.a vl = P(Lx, 1 y) = 5 Py + o).
For x € P(A), we have, from (3.7),
x*=P{,x*,1} = P{1, P{1,x,1},1} = P{1,{1,x,1},1} = P(x) = x
and
Il < llxll = ™0 < [lx™]l.

Hence P(A) is a JB*-algebra.
Finally, if A is abelian, then the product x o y = P(xYy) is associative and
we have

1P = l{x, x, 0}l = (x o x*) o x|l < flx o x*[[llxl < IxII*Ix]l,
which implies that P(A) is a C*-algebra. O

Remark 3.3.3 One can replace the contractive assumption in the above corol-
lary with a positive condition, since a positive linear map P on a unital C*-
algebra is continuous with norm || P|| = || P(D)]].

One can also use Theorem 3.3.1 to show that the second dual V** of a JB*-
triple V is JBW*-triple, since V** is the range of a contractive projection on
an ultraproduct of V. We recall that a filter on a nonempty set S is a family F
of nonempty subsets of S such that

(i) AcFandACB= BeF;
(i) A,....,A, e F=AN...NA, €F.

A filter is called an ultrafilter if it is not properly contained in any other filter.
Let (Vy)aes be a family of Banach spaces and let I/ be an ultrafilter on S. Then
for any family (x4 )qcs Of elements in a compact Hausdorff space €2, the limit

limx, = x
u

exists in €2, which means that, for every neighbourhood O of x, the set {« €
S : xy € O} belongs to U. In particular, for any (v, ) in the £o-sum P, Vi, the
limit liz/rln [lve || exists. Let

N = {(va) € € Ve : lim || = 0}.



3.3 Contractive projections on JB*-triples 205

The quotient space

(Valu = EP Va/N

is a Banach space in the quotient norm and is called the ultraproduct of the
Banach spaces (V,),. We note that

o =1 o
(W)l 111111||U l

for (vo)u € (Vy)u. If each V,, = V, then the ultraproduct (V) is called an
ultrapower of V. We refer to Heinrich [50, proposition 6.7] for the proof of the
following fundamental result.

Lemma 3.3.4 Given any Banach space V, there are an ultrafilter U and an
isometric embedding J : V** — (V) such that J(V**) is the range of a
contractive projection P : (V) —> V** defined by

P(vy)y = limu,,
u

where the limit is taken in the weak™* topological space V** and Jv = (vy)y
with vy, = v forv e V.

Corollary 3.3.5 The second dual V** of a JB*-triple V is a JBW*-triple in the
triple product

{u’ U9 w} = liZ/I{n{MOH vaa wa}

for Ju = (uy)y, Jv = (Vo) and Jw = (wy )y, where J is the embedding in
Lemma 3.3.4 and the limit is taken in the weak* topological space V**. The
triple product of V** restricts to the original triple product of V.

Proof By Example 3.1.4, an £-sum €, V,, of JB*-triples is a JB*-triple.
Since ||{u, v, w}| < 2|lu|lllv]|lw]|| by Remark 2.5.28, the closed subspace

N = {(vy Vo o i «ll =0
(@ >e@ im vy = 0}
is a subtriple of P, V,. Hence, by Lemma 3.1.18, the ultrapower (V) in
Lemma 3.3.4 is a JB*-triple with triple product

{(uol)l/{’ (Uot)l/{’ (wa)Z/l} = ({uou Va,s wa})u‘

By Theorem 3.3.1, J(V**) is a JB*-triple in the triple product
P{(ua)lxlv (Ve )us» (wa)lxl} = P({uav Va s wot})Z/{ = li&n{ua, Vo » wa}

for (ua)u, (Wolus (Walu € J(V*).
The last assertion is immediate from the description of J inLemma3.3.4. [
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If V.C L(H) is a JC*-triple, then the embedding V** C L(H)** shows
directly that V** is a JW*-triple and that the triple product in V** is separately
weak* continuous. In the case of a JB*-triple V, the triple product in V** is
also separately weak*-continuous. This fact, proved in Barton and Timoney [7]
by a refinement of the ultrafilter ¢/, has the consequence that a JBW*-triple W
has a unique predual W, C W*; that is, W, is the only closed subspace of W*
which is a predual of W in the canonical duality. We provide some details for
the latter.

Let W be a JBW*-triple with a predual N such that the triple product
{-,-, -} is separately continuous on W in the weak topology o (W, N), called
the w*-topology for convenience in the following discussion. Every w*-closed
subtriple of W has a predual and is a JBW*-triple by Corollary 2.5.29. Consider
N as a subspace of W* via the natural embedding. Then N consists of func-
tionals f € W* which are w*-continuous on W. The Peirce projections P;(e)
induced by a tripotent e € W are w*-continuous. In particular, the e-homotope
Ws(e) = P>(e)W is w*-closed and has a predual Wy(e), = N/ W, (e)?, where

Wa(e)’ = {f € N : f(Wa(e)) ={0}} = {f € N : f o Pr(e) =0}
Therefore we have the identification
Wale)s ={foPe): feN}={feN:f=foPe) (3.8)

The e-homotope W,(e) is a JBW*-algebra on which the involution a* =
{e, a, e} is w*-continuous. Hence the self-adjoint part

W2(e)m = {Cl € WZ(e) rat = a}

is w*-closed and has a predual. It follows that W;(e),, is a JBW-algebra and
has a unique predual (Wy(e)sq)« by Hanche-Olsen and Stgrmer [47, 4.4.16].
This enables us to apply properties of JBW-algebras to W;(e) via

WZ(e) = Wa(e)sa + iWZ(e)sa~

Denote by W»(e)., the (real) dual space of Ws(e)sq.
Given f € Wj(e)*, define

ff@) = fla*)  (a € Wy(e)).
Then f + f*and i(f — f*) are real-valued on W;(e),, and
f+rr =5
2 Ty

f=
with 255 |y, € Wale),, and 5L |y, € Wale),,. Conversely, given
g € Wy(e),, , we define its complexification g. € W,(e)* by

gcla +ib) = gla) +igh)  (a,b € W(e)s)

/
sa’
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so that gclw,(),, = & The mapping g € Wa(e),, > g. € Wa(e)* identifies
Wy(e),, as a real subspace of W»(e)* and we have the canonical identifica-
tions

Wz(e)* = Wz(e);a + in(e);a

and (Wa(e)sa)s C Wa(e),,.

Let (Wa(e)w)n = {f € Wale)s : f = f*} which is a (norm) closed real sub-
space of Wy(e),. Let (Wa(e).);, be the (real) dual space of (W, (e),);. For each
f € (Wy(e))., we have f* € (Wy(e)), by (3.8) and hence f + f* € (Wa(e).)n-
It follows that

Wale), = Wale)n + i(Wa(e))n and  Wale) = (Wale),)), + i(Wale))),.

In the latter identification, W»(e),, identifies as a subspace of (W,(e)..);, via the
map a € Wa(e)s, > a@ € (Wa(e)),, where a(f) = f(a) for f € (Wa(e)in.

Given b € (Wa(e).), C Wale) and b = by + ib, with by, by € Wa(e)sq, and
given any f € (Wy(e).)n, we have f = f* and f(b) € R. This implies
fiby) = f(b) — f(b1) € Rand

fiby) = f*(iby) = f(=iby)) = — f(ib2) = — f(ib2),

which gives f(ib,) = 0. Hence g(ib,) =0 for all g € Wy(e), and b, = 0.
Therefore b = by € W,(e)s, and we have shown W(e);, = (Wa(e),),. By the
uniqueness of predual, we have (W(e).), = (Wa(e)sq)« and

WZ(e)* = (WZ(e)su)* + i(Wa(e)sa)s- (39)

Remark 3.3.6 If ¢/ € W is a tripotent and if ¢ : Wh(e) —> W,(€') is a sur-
jective linear isometry such that ¢(e) = ¢/, then ¢ is a triple isomorphism
by Theorem 3.1.7, and the restriction @|w,),, : Wa(e)sa —> Wa(e')sq is a
Jordan algebra isomorphism between JBW-algebras. By Hanche-Olsen and
Stgrmer [47, 4.5.6], ¢|w,(e),, 1S continuous in the weak™® topologies of Ws(e),q4
and W;(¢');,. Hence ¢ is w*-continuous on W(e) by (3.9).

Let z € W and let W(z) be the w*-closed subtriple generated by z in the
JBW#*-triple W. Then W(z) is an abelian JBW*-triple and has a complete tripo-
tent v. By Lemma 1.2.38, W(z) = W(z)2(v), the Peirce 2-space of v € W(z),
which is an associative JBW*-algebra, and hence an abelian von Neumann
algebra, in the homotope product ab = {a, v, b} and involution a* = {v, a, v}.
In particular, z has a polar decomposition

7z =u(2)|z]
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where u(z) is a partial isometry in W (z),(«) and u(z)*u(z) is the range projection
of |z|. In the von Neumann algebra W (z),(v), we have

()2 u(z) = u()|zlu(2)*u(z) = u(2)lz| = z.

Hence u(z) is a tripotent in W and satisfies {u(z), z, u(z)} = z. We call u(z) the
support tripotent of z. Actually we can also find a complete tripotent ¢ € W
satisfying {e, z, e} = z.

Lemma 3.3.7 Let W be a JBW*-triple with a predual N and separately
o (W, N)-continuous triple product. Given any z € W, there is a complete
tripotent e € W such that {e, z, e} = z.

Proof If W is an abelian JBW*-triple, we can take any complete tripotent
e € W since, by Lemma 1.2.38, we have W = W,(e), the Peirce 2-space, in
this case.

Consider the case where W is not abelian. Let M be a maximal abelian
w*-closed subtriple of W containing z. Then M is an abelian JBW*-triple. Let
e € M be a complete tripotent of M. Then, as before, we have {e, z, e} = z and
M C Wy(e). We show e is a complete tripotent in W, that is, Wy(e) = {0}. If
there exists x € Wy(e)\{0}, then the w*-closed subtriple W (x) generated by x
is abelian and is contained in Wy(e). The Peirce multiplication rules imply

Mo Wx):={aob:ae M,be W)} ={0}.

Hence M is properly contained in the abelian w*-closed subtriple M + W(x)
generated by M + W(x). By maximality of M, we have W = M + W(x) and
W is abelian. This is impossible, and therefore Wy(e) = {0}. ]

Given a family {ey}yc4 of mutually orthogonal tripotents in the JBW*-triple
W, let F be the directed set of finite subsets of A, ordered by inclusion. For
F e F,letu, = Z ey, which is a tripotent by orthogonality. The net () S

FeF 1
. . aeF . . . . . .
an increasing net; that is, F C F) implies u, < U, in the partial ordering < of

tripotents introduced in Definition 1.2.42. By w*-compactness of the unit ball,
there is a subnet (vg)gep of (u,) w*-converging to some e € W. The subnet
(vg)gep 1s increasing and for each F € F, we have u, < vg for some g € B.
For each By € B, we have the w*-convergence

e, vg,, e} = li;n{v,g, Ug,, e} = {vg,, vg,, €}

= 1ign{vﬂw Vg, Vgt = {Vgy, Vgys Uy} = Vg,
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since vg, < vg eventually. Hence

{e,e, e} = lilgn{e, vg, e} = lién vg =e.

Therefore e is a tripotent and vg € P,(e)W = W(e) for all 8 € B. It follows
that u, € Wy(e) for all F € F and (u,) is an increasing net of projections in
the JBW*-algebra W;(e), or rather, in the JBW-algebra W;(e)s,. By (3.9), the
weak* topology o (Wa(e)sa, (Wa(e)sq)s) on Wa(e),, coincides with the relative
w*-topology o (W>(e), Wa(e),). By Hanche-Olsen and Stgrmer [47, 4.2.9], the
net (u,) weak* converges to a limit in W,(e);, and this limit must be e. We

write
E eq =e=limu,.
F

Lemma 3.3.8 Let W be a JBW*-triple with a predual N and separately
o (W, N)-continuous triple product. Let f € W*. The following conditions are
equivalent:

i) feN.
(i) f o Pa(e) € Wale)s, equivalently, f|w,) € Wale)s, for every tripotent
ecW.

(iii) f is completely additive; that is, f (Z ea> = Z f(ey) for every
Sfamily (ey) of orthogonal tripotents in W.

Proof (i) = (ii). This follows from (3.8).

(i) = (iil). By the remark before this lemma, e =) , e, is a tripo-
tent and is the o(W(e)sq, (Wa(e)sq)«)-limit of the increasing net (ZmE Fea)r
of projections in the JBW-algebra (P>(e)W),,. Since f o Py(e) € Wh(e), =
(W2(€)sa)x + i(Wa(€)sa)«, we have

f (Z ea) = f o Pye) (Z ea) =l f o Pae)ea) = ) f(ea).

acF

(ili)) = (i). Let e € W be any tripotent and consider the JBW*-algebra
Wy(e) = P(e)W. For any orthogonal family (p,) of projections in W;(e),
condition (iii) implies that f (}", pa) = >, f(po); that is, f is completely
additive on the JBW*-algebra W, (e). Analogously to the case of von Neumann
algebras and as noted in Horn [57, 3.18], it can be shown that f|w,e) is
o (Wy(e), Ws(e),)-continuous; that is, f o Py(e) € W(e).

To show f € N, it suffices to show f restricts to a w*-continuous function
on the closed unit ball D of W, by the Krein—Smulyan theorem.

Let (zg) be a net in D w*-converging to z € D. We need to show f(z) =
limg f(zp). Let ¢ > 0. By the Bishop—Phelps theorem [9], there exist g € W*
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and a € D such that || g|| = g(a) and ||g — f|| < ¢/4. By Lemma 3.3.7, there
is a complete tripotent e € W such that a = {e, a, e}. By w*-continuity of
f o Py(e), we have

|f o Pyle)(zp —2)| < &/2

from some B onwards. Since ||g o Py(e)|| = ||gll, we have g o P,(e) = g by
Lemma 3.3.14 below. It follows that, from some 8 onwards, we have

|f(zp =2 < [f o Pale)(zp — 2| + | f o Pile)(zp — 2)|

< g +1(f —8) o Pi(e)(zp — 2)[ + |8 o Pi(e)(zp — 2)I
ciifoe
-2 2

where [|zg — z|| <2 and g o Pi(e) = 0. O

Up to this point, the above lemma requires the condition of separate o (W, N)-
continuity of the triple product. However, using Lemma 3.3.8 and Remark 3.3.6,
together with separate weak™ continuity of the triple product on the second dual
V** of aJB*-triple V, one can now follow the arguments in Barton and Timoney
[7] to show that every JBW*-triple W has a unique predual W, and hence it is
unambiguous to speak of the weak* topology o (W, W,) on W. We show next
that uniqueness of the predual of W actually implies that the triple product on
W is always separately weak™* continuous. Consequently, one can replace N in
Lemma 3.3.8 by W, and also omit the assumption of separate w*-continuity of
the triple product.

Theorem 3.3.9 Let W be a JBW*-triple. Then the triple product in W is
separately weak* continuous.

Proof The uniqueness of the predual of W enables us to apply the fact that
surjective linear isometries on W are weak* continuous. Let a € W. Then the
isometries exp it(a0 a) : W —> W are weak* continuous for ¢ € R. Therefore
the box operator

iada= — expit(an a):liml(expit(am a)—1)
1=0 =01

is weak* continuous, where the limit is in operator norm and [ is the iden-

tity map on W. For any b € W, weak*-continuity of the box operators

(a+b)o(a+b) and (a +ib)o (a + ib) implies that of am b. In particular,

the Peirce projections on W are weak* continuous. To complete the proof, it

suffices to show weak* continuity of the quadratic operator Q, fora € W.
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Let f € W, C W*. Then weak™* continuity implies that f achieves its norm
at an extreme point e of the closed unit ball of W. By Theorem 3.2.3, ¢ is a
(complete) tripotent in W. By Lemma 3.3.14 below, we have f = f o Ps(e).
The quadratic map Q. restricts to the involution on the JBW*-algebra P,(e)W
and is weak* continuous on P,(e)W. It follows that Q, is weak* continuous
on W, since it is the composite map Q.|p,yw © P2(e).

Next, the composite map Q. o Q, is weak* continuous, since

Q.0 0, =2e0a)* —en{a, e, al.

Hence fo Q,= foPye)oQ,= foQ.0(Q.0 Q) is weak* continuous.
Since f € W, was arbitrary, we conclude that O, is weak* continuous. O]

A linear functional f on a JBW-algebra A is called normal if it preserves
bounded increasing nets in A. By [47, 4.5.6], the normal functionals on A are
exactly the o (A, A,)-continuous functionals on A, which form the predual A,
of A. A weak* continuous linear functional on a JBW*-triple W is sometimes
called a normal functional. In this context, normality is synonymous with
complete additivity.

It is well known that the predual of a von Neumann algebra is weakly
sequentially complete [101]. The proof of this fact in Akemann [1] carries over
to preduals of JBW*-algebras.

Proposition 3.3.10 Let W be a JBW*-triple. Then its predual W, is weakly
sequentially complete.

Proof Let (f,) be a weakly Cauchy sequence in W,, C W*. Then the sequence
is bounded and hence weak* converges to some f € W*. For each tripotent
e € W, the sequence (f,|p,yw) is weakly Cauchy in the predual (P(e)W),
of the JBW*-algebra P>(e)W and therefore weakly converges to some h €
(P(e)W),. It follows that f|p,yw = h. Hence f € W, by Lemma 3.3.8 and
(fu) converges to f weakly. O

Let W be a JIBW*-triple. Given an element a € W, we denote by J(a) the
smallest weak™* closed triple ideal of W containing a. A tripotent u € W is
called abelian if J(u) is an abelian Jordan triple system as defined in Definition
1.2.12. We call u a minimal tripotent if P,(u)W = Cu.

Definition 3.3.11 A JBW*-triple W is said to be of type I if it admits an abelian
tripotent u such that W = J(u).

A JBW*-triple W is called a factor if it does not contain any weak* closed
triple ideal other than {0} and W. We note that, however, a factor can contain a
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non-trivial norm-closed triple ideal. For example, the factor L(H) of bounded
operators on a Hilbert space H contains the norm-closed ideal K (H) of compact
operators on H. A minimal tripotent # in a JBW*-triple is clearly abelian. It
follows that a factor must be of type I if it contains a minimal tripotent.

The structures of JBW*-triples can be described concretely. Type I JBW*-
triples have been classified in Horn [56], where the following two fundamental
structure theorems are proved.

Theorem 3.3.12 A type I factor is triple isomorphic to one of the six types of
Cartan factor in Example 2.5.31.

Theorem 3.3.13 A rype [ JBW*-triple is triple isomorphic to an {,-sum
P Q.. Cu).
o

where Q, is a hyerstonean space, C, is a Cartan factor and C(2y, Cy) is the
complex Banach space of Cy-valued continuous functions on 2, which is a
JBW*-triple in the pointwise triple product

{f. & M} (@) = {f(w), g(w), h(@)} (.8 h € C(Q. Co), © € Q).

The preceding theorems play a useful role in the theory of JB*-triples. We
will show that a JB*-triple embeds as a norm-closed subtriple of a type I
JBW*-triple. For this, we need some preliminary results.

Lemma 3.3.14 Let u be a tripotent in a JB*-triple V with Peirce projections
Py(u) and P>(u). Then for each f € V*, we have

@ Nf o Pow) + f o Pl = IIf o Po@)ll + IIf o P(w)ll;
(i) |If o Px()ll = Il f |l implies f o Py(u) = f.

Proof (i) Since the Peirce projections are contractive, we have
| PoC)x|| = [ Po(u)(Po(u)x + Pr(u)x)|| < || Pou)x + Pr(u)x||

and likewise || P>(u)x|| < || Po(u)x + P>(u)x| for all x € V. Let ¢ > 0. Pick
Xxo € Py(u)V and x, € P,(u)V such that ||xo]|, [[x2]] < 1 and

S o Po(u)(xo) +& = || f o P, [foPa(u)x2)+e=|foPau)l.
Then we have

(f o Po(u) + f o Py(u))(xo + x2) = f o Po(u)(x0) + f o Pa(u)(x2)
= |f o Pl + I f o Pa(w)|| — 2e.
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By Corollary 3.1.21, ||xg + x2]| = max{||xo||, [[x2]|} < 1, and it follows that

If o Pou)+ fo Pl = |If o Po)ll + ||.f o Px(w)]| — 2,

which proves (i).

(i1) Since Py(u) + P>(u) is contractive, we have f o Py(u) = 0 by (i). To see
that f o P;(u) =0, we show f(x) =0 for all x € P;(u)V. We may assume
Ifll=1>|x| and f(x) > 0.Let 1 > & > 0 and pick z € P>(#)V such that
Izl = 1 and f(z) > 1 — ¢. We have

lz+txl| = f(z+1tx)>1—e+1tf(x) (t € R).
Since {z, x, z} = 0 by the Peirce multiplication rule, we have
Iz + tx, 2+ tx, 2+ tx}| < [z, 2. 2}l 4 20ellz0 20 + O )
and iterating gives the inequality
Iz + 0™ < 127 1|+ 21t [l ]l + Ot )
for the odd powers. It follows that
I(1— &) +3"f(x)(1 — &)1 + 0@?)

=11 —e+tf)| < llz+ x|
= [l(z + tx)*" || < 14+ 2"t[|x|| + O(|t]*).

Since ¢ > 0 was arbitrary, we have

2 n
fx)+0() = (§> x|l + O(lz])
for all n and |¢t| > 0. Hence f(x) = 0 and the proof is complete. O

We continue to use the partial ordering < introduced in Definition 1.2.42 for
tripotents.

Lemma 3.3.15 Let W be a JBW*-triple and let f be an extreme point of the
closed unit ball of the predual of W. Then there is a unique minimal tripotent
u € W such that f(u) = 1.

Proof The Hahn—Banach theorem implies that the set F = {w € W : ||lw| =
1 = f(w)} is a non-empty weak™* closed face of the closed unit ball of W.
Hence F contains an extreme point w of the closed unit ball. By Theorem
3.2.3, w is a tripotent. The w-homotope P>(w)W is a JBW*-algebra and the
restriction f|p,(w)w 15 a normal state of P,(w)W since

IfIl=1=f(w).
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We show that f|p,uw is an extreme point of the closed unit ball B of the
predual of P(w)W.
Let flpuyw = %(g + h) for g, h € B. Then

1 1
f=Ffohw) = 58° Py(w) + Eh o Py(w)

since || f o Py(w)|| =1 = || f||. Hence f = g o P,(w) = h o P,(w). It follows
that there is a unique minimal projection u# in P(w)W such that f(u) =
Sf1pyawyw(u) = 1. Plainly u is a tripotent in W. It is also minimal, since

Pz(u)W = Pz(u)Pz(w)W = Cu.

To see that u is unique, let v € W be a minimal tripotent satisfying f(v) = 1.
We have P,(u)v = au and 1 = f(v) = f o P,(u)(v) = . Hence Pr(u)v =u
or u < v. Likewise P>(v)u = v and therefore v = u. O]

We call the above minimal tripotent u the support tripotent of f and note
that

Indeed, || f o P(u)|| = limplies f = f o P>(u). Given P>(u#)x = au, we have
{u, x,u} = {u’, x,u’} = {u, P(w)x,u} =au and f(x) = f(P(u)(x)) =
af(u) = a.

Lemma 3.3.16 Let J be a weak™ closed triple ideal in a JBW*-triple W. Then
there is a weak* closed triple ideal J5 in W such that JU 0 J = {0} and
wW=JoJU.

Proof Let u be a complete tripotent in the JBW*-triple J. Then u is a tripotent
in W. Let Pj(u) : W —> W be the Peirce projections. For x = x| +x; €
Pi(u)W + P,(u)W, we have jx; = 2{u, u, x} € J and hence

J =Pi(w)W + PB(u)W.

Let JH = Py(u)W which is a weak* closed subtriple of W. We have
JH o P,u)W ={0}. For y e JU and z € Pi(u)W, we have {z,z,y} €
Po(u)W N J = {0}. Hence JU o J = {0} and it follows that {W, JH , JO} =
(J@JO,JB JH} c JU;thatis, JU is a triple ideal in W. O

Remark 3.3.17 In the preceding lemma, it is easy to see that JH = {w € W :
wo J = {0}} since the latter set contains J5 and has intersection {0} with J.

Lemma 3.3.18 Let u be a minimal tripotent in a JBW*-triple W. Then the
smallest weak* closed triple ideal J(u) in W containing u is a type I factor.
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If ve W is another minimal tripotent, then -either J(u)= J(v) or
J(u)o J(v) = {0}.

Proof If J is a nonzero proper weak™ closed triple ideal in J(u), then Lemma
3.3.16 implies J(u) = J @& JU for some nonzero proper weak* closed triple
ideal JH with JO o J ={0}. Henceu = u; +ur € J ® JU and u, u, must
be tripotents, contradicting minimality of u. Therefore J(u) is a factor which
is of type I. The second assertion is an immediate consequence. O

Let W be a IBW*-triple. It follows from Lemma 3.3.16, Lemma 3.3.18 and
Corollary 3.1.21 that W can be decomposed into an £,,-sum

O
W= (@ J(u)) ) (QB ](u)) (3.11)

of two weak* closed triple ideals, where the first summand sums over all
minimal tripotents # in W and is called the atomic part of W. By Theorem
3.3.12, it is triple isomorphic to an £..-sum of Cartan factors. The second
summand does not contain any minimal tripotent.

Theorem 3.3.19 A JB*-triple V is triple isomorphic to a closed subtriple of
an £-sum of Cartan factors.

Proof By (3.11), the second dual V** is an £,-sum
V** — Va o) VaD

of two weak* closed triple ideals in which V, is an £,-sum of Cartan factors.
Let P : V** — V, be the canonical contractive projectionand ™ : V —> V**
the canonical embedding. Both maps are triple homomorphisms and therefore
P(V)is a closed subtriple of V,. If P(v) = 0, then v € V7 . For each extreme
point f in the closed unit ball of V* with support tripotent u y € V,,, we have

f@) = fluy,v,up} =0.
Hencev=0and Po™ :V — P(V) is a triple isomorphism. O

Remark 3.3.20 The above proof reveals that Vc V, and indeed, if V is a
C*-algebra, then ™ : V —> V, is just the atomic representation of V. For each
minimal tripotent u € V**, let P, : V** — J(u) be the canonical projection.
Then the map P, o~ : V —> J(u) is called a factor representation of V which
generalizes the notion of a factor representation of a C*-algebra.

An immediate consequence of Theorem 3.3.19 is that the inequality

[{x, v, zHE < lxlily iz
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holds for all elements x, y and z in a JB*-triple, since this is so in all Cartan
factors.

Finally, to describe the structure of an arbitrary JBW*-triple, we need to
recall some definitions first. A von Neumann algebra A is said to be continuous
if it does not contain a nonzero projection p such that pAp is abelian. If
B : A —> Ais alinear *-antiautomorphism of period 2, we let

H(A, B)={a € A: Ba) =al,

which is a weak* closed subtriple of A since 8 is weak* continuous. We can
now state the following structure theorem, which has been proved in Horn and
Neher [58].

Theorem 3.3.21 . A JBW*-triple is triple isomorphic to an £ .-sum

P .. C)®R® HA P)

where R is a weak™ closed right ideal of a continuous von Neumann algebra
and H(A, B) is as defined earlier.

Example 3.3.22 A complemented subspace E of a Banach space V is said to
be 1-complemented if there is a contractive projection from V onto E. Weak*
closed triple ideals in JBW*-triples are 1-complemented. Looking at each
Cartan factor in Example 2.5.31, we observe that the predual of a Cartan factor
is 1-complemented in the predual of a JBW*-algebra (see also Example 1.2.8).
Using the preceding structure theorem, it is not difficult to see that the predual
W, of a JBW*-triple W is 1-complemented in the predual of a JBW*-algebra
and W, is also a complemented subspace of the predual A, of a von Neumann
algebra A. Moreover, if W does not contain as a subtriple the exceptional
Cartan factors M 5(O) and H3(O), then W, is 1-complemented in .4, for some
von Neumann algebra A. Consequently, a JBW*-triple W is isomorphic as a
Banach space to a complemented subspace of a von Neumann algebra, and W
is triple isomorphic to a 1-complemented subtriple of a von Neumann algebra
if and only if W does not contain the exceptional Cartan factors. We refer to
Chu and Iochum [25] for more details.

Example 3.3.23 A linear projection P : W — W on a JBW*-triple is called
a structural projection if it satisfies

Pla, Pb,c} = {Pa,b, Pc} (a,b,c e W).

Such a projection is contractive and weak* continuous. In fact, it has been
shown in Edwards et al. [36] that a subtriple of W is a weak* closed inner ideal
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if and only if it is the range of a unique structural projection on W, and if W is
a von Neumann algebra, then the structural projections on W are of the form

P:weWr pwgeW,

where p, g € W are projections with equal central support.

3.4 Isometries between JB-triples

Non-surjective linear isometries between Banach spaces often occur in appli-
cations. This section discusses the case of JB*-triples and the larger class of
JB-triples. We begin by extending Theorem 3.1.20 to triple monomorphisms.

Theorem 3.4.1 Let y : V —> W be a Jordan triple monomorphism between
two JB*-triples, V and W. Then y is a linear isometry. The same conclusion
holds if V and W are JB-triples.

Proof Let a € V\{0} and let V(a) be the JB*-subtriple generated by a in V.
Then ¢(V (a)) is the closed subtriple W(y(a)) generated by y(a) in W. The
restriction y : V(a) — W(y(a)) is a triple isomorphism between JB*-triples
and hence an isometry by Theorem 3.1.20.

If V and W are JB-triples, then by considering the real closed subtriple R(a)
generated a and the restriction of y to R(a), and applying Theorem 3.1.20, one
also concludes that ||y (a)|| = |la]l. O]

We have seen from Theorem 3.1.7 that the converse of Theorem 3.4.1 holds
if y is surjective. Does a non-surjective linear isometry between JB*-triples
still preserve the triple product? The answer is negative and in fact, it is easy
to find a simple counterexample. Here is one.

Example 3.4.2 Let y : C — M;(C) be defined by

0 4
y(a)=<a (2))

Then y is a linear isometry and y (C) is not a subtriple of M(C). Also, y(1) is
not unitary in M(C) and y(C) contains no nonzero positive matrix.

Nevertheless, in view of the fact that the norm and the triple structure
determine each other in JB*-triples, it would be interesting to see how a
non-surjective isometry is related to the underlying Jordan structure. This
is the question concerning us. We are going to show that a linear isometry
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¢ : V. —> W between JB-triples is, none the less, locally a triple monomor-
phism; that is, it preserves the triple product after a reduction by a tripotent
in the second dual W”. This interesting phenomenon is in contrast to the fact
that even a surjective linear isometry between JB-triples need not preserve the
triple product globally, as noted in Example 3.1.10 (see also Example 3.4.10).
We first prove some basic results which will be needed later.

A JB-triple V is always considered as a closed subtriple of its second dual
V" via the canonical embedding.

Lemma 3.4.3 Let f be a continuous linear functional on a JB*-triple V such
that || f|l = 1 = f(u) for some u € V**. Then we have the Cauchy—-Schwarz
inequality

|,y ull < flx, x,ub fiy, y, u}
forallx,yeV.

Proof Define a sesquilinear form (-, -) : V2> — C by

(x,y) = flx,y,u} (x,y e V).

The inequality will follow once it is shown that the form is Hermitian and
positive semidefinite.

For each x € V, the box operator x O x is hermitian with non-negative spec-
trum o (x O x). The numerical range N(x O x) is the convex hull of o(x O x)
and therefore resides in [0, o). The functional @ € L(V) — f(a(u)) € C has
unit norm and value 1 at the identity 1 € L(V). It follows that

(x,x) = f(xox(u) =0
for all x € V. Expanding the real number

flx+y, x+y, u} = flx =y, x =y, u},

we find that Imf{x, y,u} = —Imf{y, x, u}. Repeating this with f{x +
iy, x +iy, u} — f{x —iy, x —iy, u},wegetRe f{x, y,u} =Re f{y, x, u}.
Hence f{x,y,u} = f{y, x,u}and (-, -) is Hermitian. O]

Let W* be a real form of a JB*-triple W; that is, W* is a JB-triple as defined
in Definition 3.1.8. We call W* a JBW-triple or a real JBW*-triple if W is a
JBW*-triple. Using the conjugation t, many properties of the JBW*-triple W
can be carried over to W*. For instance, it can be shown that W* has a unique
predual and that {u € W : t(u) = u = {u, u, u} } is the set of tripotents in W*
[37]. Infact, t : W — W is weak* continuous and its predualo : W, — W,
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is a conjugate linear isometry such that the predual W} of W* is given by
W, ={peW,:0(p)=¢} and W,=W;diW,.

Now let V' be a JB-triple which is a real form of a JB*-triple V. Then its
(real) dual space (V) identifies with the fixed point set

(V) ={p e V" :1%p) = ¢}

and the second dual (V7)” = (V*)*" is a JBW-triple. Let ¢ € (V) be an
extreme point of the closed unit ball of (V7). Since t* has period 2, it is
easily seen that ¢ is also an extreme point of the closed unit ball of V*. By
Lemma 3.3.15, ¢ has a support u, which is the unique minimal tripotent in
V** satisfying ¢(u,) = 1. It is evident that 7**(u,) is also a minimal tripotent
in V**. Since

(T (uy)) = (T7p)uy) = p(uy) = 1,

we must have t**u, = u,, by uniqueness; that is, u, belongs to the JBW-triple
(V7)” and we also have the Cauchy—Schwarz inequality

|(p{-xv yvu(p}| S (p{-xv-xvu(p}(p{y’ }’a”w}
forallx,y € V©.

Lemma 3.4.4 Let V be a JB-triple and let ¢ be an extreme point of the closed
unit ball of the dual V', with support tripotent u € V". Let

N, ={beV": b, b u}=0}.
Then N, = Py(u)V", which is the Peirce 0-space of the minimal tripotent u.

Proof Let x € Py(u)V". By the Peirce multiplication rules in Theorem 1.2.44,
we have {x, x, u} = 0 and hence x € N,,.

Conversely, let b € N,. By the Cauchy-Schwarz inequality, we have
o{u,b,u} =0 and hence minimality of u implies P,(u)(b) = 0 by (3.10),
and also {u, b, u} = 0. It remains to show b; := P;(u)(b) = 0. Since

@{u, by, b} = @lu, by + Po(u)(b), b} = ¢{u, b, b} =0,

we have p{u, by, b1} = 0, again by the Cauchy—Schwarz inequality. The Peirce
multiplication rule implies {u, by, b;} € P>(u)V" and therefore {u, by, b1} =0
by (3.10).

We now show that (u0 b;)? = 0. Let x € V" with Peirce decomposition x =
X0 + x1 + x3. We have u 0 bi(x;) = 0 by the Peirce multiplication rule. The
Cauchy—Schwarz inequality gives ¢{u, by, x;} = 0 and it follows from (3.10)
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that {u, by, x;} = 0, since {u, by, x;} is in the Peirce 2-space of u. Applying a
similar argument to

@fu, by, {u, by, xo}} = e{{u, b1, u}, by, xo} = 0,
we obtain (10 b;)*(xg) = 0. It follows from the identity (1.18) that
0=2wnb)> = Qub)O by + 0, Qs = 04 Qs

Hence O, u.biy = Op, QuQp, =0 and {by, u, by} = 0. Applying the identity
(1.19),

201, u)(uo by) = Q(Qp, (), u) + WO u)Qp, = D u)Qp,,

to by, we get
1
0=2{b1, {u, by, b1}, u} = {u, u, {b1, by, br1}} = z{bl’bl,bl}a
which yields b, = 0. O
Remark 3.4.5 The space N, is called the left kernel of ¢.

Now we are ready to discuss isometries between JB-triples. In what follows,
Co(S, R) denotes the JB-triple of real continuous functions on a locally compact
Hausdorff space S, vanishing at infinity.

We denote by ext V| the set of extreme points of the closed unit ball of a
Banach space V.

Theorem 3.4.6 Let W be a JB-triple with second dual V" and let T :
Co(S,R) —> W be a linear isometry, which need not be surjective. Then
either T is a triple monomorphism or there is a tripotent u € W” such that

{u, T{f, & h}, u} = {u, {U'f,Tg,Th}, u}
forall f,g,h € Co(S, R) and
{u, T(),u}: Co(S,R) —> W’
is an isometry.

Proof Let E = I'(Cy(S, R)) be the range of I'. Then the dual map I'' : E/ —
Co(S,R)Y of T : Co(S, R) — E is a surjective linear isometry. We also denote
by I'” the dual map of I' : Cy(S, R) —> W, since no confusion is likely. Let

O ={pecextW|:g|p€extE}.

Then Q is non-empty, since each extreme point i/ € ext E| extends to an
extreme point ¢ € ext W;.
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Let ¢ € Q with ¢ = ¢|g € ext E]. Then I"¢ = I''¢ is an extreme point
of the closed unit ball of Co(S, R)" and hence there exists x, € S such that
Iy = aé,, with || = 1, where 8, is a point evaluation. Let u, € W” be the
support tripotent of ¢. By (3.10), we have

{tg, b, uy} = @(bu, bew".
From ¢ o T(f) = (IMe)(f) = (T'Y)(f) = af (x,), we obtain, in W”,
{ug, T(f) upt = af(xpuy — (f € Co(S,R))

and {uy, I'(), u,} is a triple homomorphism. In particular,

af* oy = {ug, Tf gy = (g, (Tf. Po(ug)Tf), Tf}, 1)

= af (xpup AUf, uy, T}, up}
and hence @{uy, {T'f, uy, Tf}, u,} = (ef (x,))* or
O(Lf ug Tf} = f(x,)’. (3.12)
We prove that
(g D(f) ug} = (g, (OFY ugl  (f € Co(S.R)).
It suffices to show that
Plug, (T ug} = af(x,).
We first show that
{ug,uy,, 'h} =u,

for h € Co(S, R) satisfying ||2]| = 1 and h(x,) = a. We have, by the Cauchy-
Schwarz inequality,

1 = |lp(Th)* = |plug, Th,u,}
< @luy, uy, u,}o{TCh, Th,u,} < |Th|*> = |h]* =1,

giving o{I'h, T'h, u,} = 1. Let
Ny,=1{beW":¢{b,b,u,} =0}
be the left kernel of ¢. Then we have
Ny = Po(ug)(W") (3.13)
by Lemma 3.4.4. We show I'h — u, € N,,. Indeed, we have
o{Th —uy, Th —uy, uy}
=@{Th,Th,uy} — @luy, Th,uy} + @lug, ug, uy} — @{Th,uy, uy,} =0,
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where @{I'h,u,,u,} = @{uy,, 'h,u,} =1. Hence, by (3.13), we have
{up,up, 'h —uy} =0and {uy,, uy, Fh} = u,.

We next show that ¢{I'g,I'g, u,} =0 whenever g € Co(S, R) satisfies
g(x,) = 0. We may assume, by Urysohn’s lemma, that g vanishes on a neigh-
bourhood of x,, in which case, we can choose k € Cy(S, R) such that ||k]| =1,
k(xy) =a and kg = 0. Then ||k + g|l =1 and (k + g)(x,) = a. Therefore,
by the preceding argument, we have I'(k + g) + Ny, = u, + N, =Tk + N,
which yields I'g € N,; thatis, ¢{I'g, I'g, u,} = 0.

Now let f € Co(S, R).Pickh € Cy(S, R)with ||| = 1and h(x,) = «. Then
(f —af(xy)h)(x,) = 0 and therefore we have I'f — af(x,)['h € N, and by
(3.13) again,

{ug, up, I'f —af(x,)'h} =0,
giving
{ug, up, I'f} = af(x ) ug, uy, Th} = af (xy)u,.

Moreover, for any g € Cy(S, R), we have

af (xp)ug, Tg,up} = {uy, I'g, {ug, uy, T f}}
={{ug, U8 up}, ug, Tf}—{ug, T8, ug, ug}, Uf}+-{ug, up, {uy, T'g, I'f}}
= agxpug, ug, U'f}—ag(xp ) ug, ug, Tf}+{ug, ug, {uy, I'g, I'f}}
={up, uy, {uy, I'g, I'f}} (3.14)

and hence
§0{M¢, ng Ff} = go({uzpv Uy, {M(pv ng Ff}}) = af(xw)(/){uzpv ng u¢}~ (315)
Therefore we have

olug, (O, uy} = @lug, uy, {Lf. T Tf}
= o({{ug, uy, Tf L, Tf. Tf} = {Tf. {ug, uy, Tf}, Tf}
+{Tf. Tf {ug, ug, T}
=20 f(x)¢{uy. Tf. Tf} — af (x,)@{Tf, uy, T'f}
= af(x,)

using (3.12). It follows that

{tg, DO, up) = af?(xpuy = {uy, (Tf), uy).
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Although polarization in terms of cubes is unavailable in real Jordan triples,
one can still extend the previous identity to

{utﬂv F{f’ gv h}a u(ﬂ} = {u(ﬂv {Ffv ng Fh}a u(p} (fa ga h € CO(S7 R))
(3.16)
To achieve this, it suffices to establish (3.16) for the case f = h. Since

2Tf,Tg, Tf} = (Tf +Tg)’ + (g —=Tf)’ —2(Tg)* - 2{I'g, T, T'f},

we need only show

{Mgﬂv F{gv fﬂ f}v M(p} = {M§07 {ng Ffv Ff}1 u(ﬂ}

for f, g € Co(S, R). Indeed, using (1.18), we have

{ug, {Tg. Tf. Tf}, uy)
=2{uy, T'g. {ug, Tf. Tf}} — {{uy. Tg, uy}, Tf. Tf}
=2 (x,){uy, T8, uy} — ag(xy){ug, Tf. Tf}
= 20f (xy)°8(x,) — ag(xy) f(x,)
= af(x,)’g(x,) = {uy. T{g. f. [}, uy}.

We next show that

{u(ﬂv M§07 F{fv gﬂ h} } = {u(ﬂv u(pv {Ff, ng Fh} } (fv gv h € CO(Sv R))
(3.17)
We first deduce from (1.18), (3.14) and (3.15) that

{ug, Tf, Tgt = {ug, ug, uy}, I'f, T'g}
= 2ug, ug, {uy, U'f, Tghh — {ug, {uy, g, T'f} up}
= 2f(xp)g(xy)uty — g(xy) f(xp)tty
= f(xg)g(xp)uy.

Therefore

(g, up, TS 80 1} = af (x) 8 (xp )ty
={I'f.Tg. {ug,uy, Tf}}
={Tf.Tg. ug}, g, Tf} — {ug, {T. Tf up}, Tf} + {uy, uy, {Tf. Tg, Tf}}
= af (x,)8(x,) f(xy) — 0g(xy) f(xy)* + {tg, uy, {Tf.Tg, Tf}}
= {uy, uy, {Tf. Tg, Tf}}.
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Consider the partial ordering < for tripotents in W”, introduced in Definition
1.2.42. We have two cases :

(i) the lattice supremum u = \/ u, is a tripotent in W” ;

peQ
(ii) the closed unit ball W| of W' is itself the smallest norm closed face of W

containing all ¢ € Q (cf. [37, theorem 3.7]).

Case (i) Let W = Z7 be the real form of a JB*-triple Z. Then W” is a real form
of the JBW*-triple Z**. Consider u as a tripotent in Z**. The u-homotope
(Py(u)Z**, 0,) is a JBW*-algebra and P,(u)W” is a weak* closed real
x-subalgebra of P>(u)Z**. It follows that the self-adjoint part

Pu)W, ={w € P@)W" : w =w* = {u, w, u}}
is a JBW-algebra. Each u,, is a minimal projection in P>(u)W,, and we have
Uy = U, O U = UyD Uy.
Let f, g, h € Co(S, R) and let
c=T{f g h}—{T'f,Tg,Th}e WcC W
Then we have {u, ¢, u} € P,(u)W” and
{ug, {u,c,ul,uy} = {u, {uy, {u, c,ul, uy}, u}y ={uy,c,u,} =0.

Also, (3.17) implies

{ugp, uyp, {u,c,ul} ={u,u,, {u, c, u}}
= {u, {ug, u, c},uy = {u, {uy, uy, c}, u} =0.
It follows that
ug oy {u, c,uy ={ug, u, {u, c,ul} = {uy, uy, {u,c,u}} =0
and
{tg, {u, c.ul upy = 2uy o, {u, ¢, u}) oy uy — u;, o, {u, c,u} =0.

By Lemma 1.1.7, u, and {u, ¢, u} operator commute in the JBW*-algebra
P,(u)Z**. Likewise, one can show that u,, operator commutes with {u, ¢, u}* =
{u,{u,c,u}, u}. Let

{u,c,upy = %({u, c,u} +{u,c,u}*) and

{u,c,u}_1 = i,({u, c,u} —{u, c,u}®).
2i
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Then {u, ¢, u}y; € P,(u)W/, and
{u,c,u}y ={u,c,u} +ifu,c,u}_,

where {u, ¢, u}+, operator commutes with u,,.

It follows that, for j = +£1, the element {u, ¢, u}; operator commutes with
uy + uy for all ¢, € Q and hence the JBW-subalgebra W({u, c, u};, u, +
uy ) generated by {u, ¢, u}; and uy, + uy in Po(u)W,), is associative.

The lattice supremum u, V uy in P>(u)W,, is the range projection r(u, +
uy) of u, +uy and is the strong limit of a sequence {p,(u, + uy)} of
polynomials without constant term [47, lemma 4.2.6]. By associativity of
W({u, c,u}j, uy +uy)and {u, c, u} o, (uy, + uy) = 0, we conclude that

{up Vuy,{u,c,ulj,u,vVuy}={u,c u}o, r(u,+uy)=0.
By induction, we have
{ug, V- - NVug, {u,c,ulj,ug V---Viugy} =0

for any finite collection ¢, ..., ¢x in Q. By taking finite suprema, we can
express u as the supremum of an increasing net {v,} of projections v, in
Py(w)W], with {vy, {u, ¢, u};, va} = 0. Since u is the strong limit of {v,}, we
obtain

{u, {u, c,ujuy =0  (j ==
and hence {u, {u, ¢, u}, u} = 0, which enables us to conclude that

{u. T{f. g, h}, u} = {u, {T'f, T'g, Th}, u}.

Finally, forany f € Co(S, R), pickx € Swith | f|l = | f(x)|.Lety € ext E|
with TV = §,, and let ¢ € ext W| be an extension of . Then ¢ € Q and
I'"¢ = §,. Hence

ICAI = H{u, Uf ulll = ug, {ug, {u, Tf, u}, up}, ughll
= ”{M(pv Ffa uqo}”
= 1 f@ugll = [fl =1 £
which gives |[{u, I'f, u}ll = || fI.
Case (ii) By Example 3.3.22, Z** can be embedded as a 1-complemented

subtriple of a JBW*-algebra B which has an identity. Let u’ = \/ u, be the
supremum in B. Then peQ

F@)={ne€ B.:lnll=1=nw"}
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is a norm-closed face of the closed unit ball of the predual B, and F(u') N W
is a norm-closed face of the closed unit ball W7, containing all ¢ € Q. Hence
F(u") N W{ = W/ and each extreme point p € ext W] belongs to F(u’).

We can repeat the previous arguments in P,(u") B to show that

' T{f g htu'} ={u' {Tf.Tg,Th},u'}  (f g h e Co(S,R)).

It follows that, for each p € ext W/, its support tripotent u,, satisfies

{up, T{f g b up) = (' {up, {u', T{f, g, b}, u'}, up, Ju')
= {u', {up, (', {Tf,Tg, Th},u'"}, up, ju'}
= {u,, {U'f,Tg,Th},u,}.

Since p € ext Wl/ is arbitrary, we have

C{f, 8. h} ={Tf,T'g,Th}  (f g h e Co(S,R). .
Remark 3.4.7 If I" is surjective in Theorem 3.4.6, then it is a triple
isomorphism, since surjectivity implies Q =extW| and p(T'{f, g, h}) =
o{lf,T'g, Th} forall p € ext W|.

Theorem 3.4.8 Let V and W be JB-triples and let y : V. —> W be a linear
isometry which may not be surjective. Then for each a € V, there is a tripotent
u € W” such that

{u, vix, y, 2}, ub = {u, {y (), y(»), y(2)}, u}
for all x, v, z in the closed subtriple R(a) generated by a, and {u, y(-), u} :
R(a) — W' isan isometry.

Proof This follows immediately from Theorem 3.4.6, since R(a) is of the form
Co(S,R), and if y is a triple monomorphism on R(a), we can take u € W” to
be a complete tripotent satisfying {u, y(a), u} = y(a), by Lemma 3.3.7. [

Remark 3.4.9 We stress that the above result is a local one in that the tripotent
u depends on the element a. This is illustrated by the following example.

Example 3.4.10 Let S be the closed unit disc in the complex plane C and
leto :z € S+ 7z € S be the complex conjugation. Consider the real abelian
C*-algebra

Co(S)=1{feC(S): foo = f}

as in (2.19), which contains complex continuous functions on S. Let M,(RR) be
the real C*-algebra of 2 x 2 real matrices and let C(S, M»(R)) be the real C*-
algebra of M,(IR)-valued continuous functions on S. Define a linear isometry
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Y 1 Co(S) — C(S, Mx(R)) by

Re f Imf

y(f) = (f € Cs(9)),
0 0

where Re f and Im f denote the real and imaginary parts of f, respectively.
Then y preserves the cubes f3, but not the triple product.
Further, there is no tripotent u € C(S, M,(R))” satisfying both conditions

{uy{f. g, f}ouy ={u {y (). v(@.y(Hlu} and [{u, y(f). u}ll = Il

for all f, g € C,(S). Indeed, if there were such a tripotent u, consider the
functions g = 1 € C,(S) and f € C,(S) given by

f(z)=ilmz (z €9).

Then we would have

2
.y (fo g flou) = fu, (J; g) u)

= f{u, {y(f). (&, y(NH} u}l = (8 8) '

On the other hand, f? € C,(S) and we would have

121 = Iy (F2), )l = s <f02 8) Lu) =0,

which is impossible.
We also note that the complexification y. of y is not an isometry since

g +ifll =2#~2=|y(g+if)l.

3.5 Hilbert spaces

In this section, we study ternary structures in Hilbert spaces. We have already
seen that every Hilbert space V has a natural ternary structure given by the
Jordan triple product

1 1
{x’va}:EOCaY)Z‘l'E(Z’y)X (-xvyﬂz)v

which plays an important role in geometry. One can also define other ternary
products on a Hilbert space and study the induced ternary structures. Our main
concern, however, is the structures of JH-triples, since they correspond to a class
of Riemannian symmetric spaces including the Hermitian symmetric spaces.
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Given a Hilbert space V which is also a Jordan triple system, we call its
inner product (-, -) associative, as in (2.31), if

((@ob)x,y) = (x,(bOa)y) (@, b,x,yeV).

Proposition 3.5.1 Every finite-dimensional JB-triple carries the structure of a
continuous JH-triple. Every finite-dimensional JB*-triple carries the structure
of a JH*-triple.

Proof We note that a closed subtriple of a JH-triple is also a JH-triple in the
inherited inner product. Since JB-triples are real closed subtriples of JB*-
triples, we need only consider finite-dimensional JB*-triples. Let H be a finite-
dimensional complex Hilbert space and L(H ) the JB*-triple of linear operators
on H.

Define the canonical inner product (-, -) on L(H) by the trace:

(x, y) = Trace (xy™) (x,y € L(H)).

Then L(H) is a Hilbert space in the inner product norm | - ||, and (-, -) is
associative:

1
((@aob)x,y) = ETrace (ab*xy* + xb*ay*)

1
ETrace (xy*ab* + xb*ay™)
= (x, (bDa)y) (a,b,x,y € L(H)).

For a,b,x € L(H), we have [laD b(x)|2 < [lan bllllx|l2 < llalllblllx]2 <
lall2 b2 llx 2. It follows that L(H) and all finite-dimensional JC*-triples are
JH*-triples.

It remains to consider the two exceptional Cartan factors. As in Example
2.4.32, the JB*-algebra H3(O) can be equipped with an associative inner prod-
uct defined by

(a, by = Trace (a0 b)

and hence H3(Q) is a JH*-triple in the canonical Jordan triple product.
Finally, the JB*-triple M,(Q) is a closed subtriple of H3(O) and is therefore
a JH*-triple. O

Example 3.5.2 Let M,;(R) be the real Hilbert space of 2 x 2 real matrices,
with the usual inner product

{a, b) = Trace (ab™) (a,b € M(R)),
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where b* is the transpose of the matrix b. Although M;(R) is indeed a JH-triple
in the triple product

1
{a, b, c} = E(ab*c + cb*a),
it is not a JH-triple in the Jordan triple product
1
{a, b, c}; = E(abc + cba).

In fact, we have

({avb’x}la-x> =0 75 1= <-x1 {b’avx}l)

SRR ]

Example 3.5.3 Let V and W be Hilbert spaces over the same involutive real
division algebra F = R, C or H. With real scalar multiplication, the vector
space L(V, W) of continuous [F-linear operators between V and W forms a real
Banach space in the operator norm || - ||. An operator T € L(V, W) is said to
be of Hilbert—Schmidt class if the series

172
1T := (Z ||T<ea)||2>

is convergent for an orthonormal basis {e, } of V, and hence for any orthonormal
basis, in which case the Hilbert—Schmidt norm ||T ||, does not depend on the
choice of basis. With this norm, the Hilbert—-Schmidt operators form a real
Hilbert space L,(V, W) with inner product

if

(T, S)> = ReTrace (S*T) (T, S € Lo(V, W)).

We write Ly(V) for L,(V, V). Although L,(V) is not closed in L(V) in the
operator-norm topology, it is a weak* dense two-sided ideal in L(V).
With the canonical Jordan triple product

1
(R.S.T} := S(RS'T + TS"R)

the Hilbert space L,(V, W) is a continuous JH-triple in which the inner product
is associative. In fact, for any k£ > 0, with the inner product

k(T,S), = kRe Trace (S*T)

and the canonical triple product just mentioned, L,(V, W) is also a JH-triple.
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If V is a complex Hilbert space, then L,(V) is a JH*-triple in the canonical
Jordan triple product and the complex inner product (7', ) = Trace (S*T).

The preceding example shows that a triple isomorphism between two JH-
triples need not be an isometry.

One can embed a Hilbert space (V, (-, -)) over F into L,(V) in many ways.
We choose to do so in the following way. Given two vectors u, v € V, we define
the rank one operator v ® u € L,(V) by

(v ®u)(x) = (x,u)v (xeV).

One sees easily that u ® v is the adjoint of v ® u and ||v ® u||, = ||v|||j«||. Fix
a vector e, in an orthonormal basis {e,} of V and define the embedding

veVi=>vQRe, € LyV),
where

(URe,,v®ey), =ReTrace (u ®e,)(v Qe,)")
= Re Trace (1 ® ¢, )(e, @ v))
= Re Trace (u ® v)

=Re) (u®v(e), eq)
= Re Z(u, ey){eq, V) = Re(u, v).

If we regard v ® e,, as a matrix represented with respect to the basis {e,}, then
v occupies the yth column of this matrix which has zero entries elsewhere. In
L,(V), we have

URe)v®e)'(Ww®e) = (w,v)(u®e,) (u,v,weV).

Hence the real Hilbert space (V, Re(-, -)), equipped with the triple product
2{u, v, w} = (u, v)w + (w, v)u, embeds as a closed subtriple of the JH-triple
L,(V). If V is a complex Hilbert space, then it is a JB*-triple as well as a
JH*-triple in the same triple product and the same norm. We note, however,
that the JH*-triple (L,(V), || - ||2) is not a JB*-triple since || 7°||» need not equal
ITII3 in Ly(V).

Example 3.5.4 The triple spin factor Sp,(H) introduced in Theorem 2.5.9 is a
JB*-triple which is also a JH*-triple in the same triple product but in a different,
albeit equivalent, norm. Indeed, Sp,(H) is linearly *-isomorphic to a complex
Hilbert space (V, (-, -)) with a conjugation % : V — V satisfying

(a*,b*) = (b, a) (a,beV).
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Equip V with the Jordan triple product
1
{a,b,c} = E((a, b)c + {c, bya — {(a, c*)b").

Then V is a JH*-triple and Sp,(H) is triple isomorphic to V. We call V a
complex triple spin factor.

We define a real triple spin factor to be areal Hilbert space (V, (-, -)) equipped
with an involutive linear isometry j : V. — V and the triple product

1
{a, b, c} = E((a, jb)c + (c, jb)a — (a, c) jb).

A real triple spin factor is a JH-triple with an associative inner product. In the
spin factor (H @ R, o) introduced after Theorem 2.3.14, the Hilbert space H,
with the identity map as an involutive isometry, is a real triple spin factor in the
canonical triple product {a, b, a} = 2(a o b) 0 a — a* o b, scaled by 1/2.

We recall that Jordan Hilbert triples are Jordan triple systems as well as
Hilbert spaces on which the inner derivations

d(a,b)y=aob—boa

are skew-symmetric and, by Lemma 2.4.18, automatically continuous. Jordan
Hilbert triples correspond to a class of orthogonal involutive Lie algebras (cf.
Lemma 2.4.16). Continuity of the box operators a 0 b on Jordan Hilbert triples
follows from associativity of the inner product.

Lemma 3.5.5 Let V be a Jordan Hilbert triple. The following conditions are
equivalent:

(i) The inner product in 'V is associative.
(ii) Foralla,b € V, the box operator aQ b is continuous with adjoint
(a0 b)* =b0oa.

Further, these conditions imply that the bilinear map
(a,b) e VxVi>aabeL(V)
is continuous. In other words, there is a constant ¢ > 0 such that
laob|l <cllallllol  (a,be V).

In particular, a real Jordan Hilbert triple with an associative inner product is
a continuous JH-triple.

Proof Tt suffices to show that (i) = (ii). Leta, b € V. Since

((@ob)x,y) = (x,(bOa)y) (x,yeV),
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the box operator a 00 b is weakly continuous and hence norm continuous. More-
over, (adO b)* = bD a.

To show continuity of the bilinear map, we observe that, for a,x € V,
the linear map Q(a, x): V — V is bounded since, as before, it is weakly
continuous by associativity of the inner product:

(Q(a, x)(b), y) = {{a, b, x}, y) = ({a, y, x}, b) (yeV).
Hence, for each a € V, we can define a linear map
Oa,):x eV QOa,x) € L(V).

We show that Q(a, -) is continuous on V. Let (x, ) be asequence in V converging
to 0 and let the sequence (Q(a, x,)) converge to some 7 € L(V). For any
u,v € V, we have

(Tu,v) =lim(Q(a, x,)u, v) = lim{{a, u, x,}, v) = lim(x,, {u, a, v}) =0,

which implies that 7 = 0 and therefore Q(a, -) is continuous by the closed
graph theorem. It follows that || Q(a, x)|| < ||Q(a, -)|/||x]|| for all x € V and

1Q(a, Ol = Q. )l = 1Qx. Illlall = Q. )i

forallx € V and |ja| < 1.
By the uniform boundedness principle, we have

sup{l|Q(a, Il : llall =1} < ¢
for some ¢ > 0 which gives || Q(a, x)|| < c|la||||x]| foralla, x € V, and in turn
{a, b, x}| = [|Q(a, x)bll < [|Q(a, x)IbIl < cllallllx[Hbll (a,b,x €V)

or equivalently, [[ac b|| < cl|la||||b| foralla,b € V.
O

Lemma 3.5.6 Let V be a complex Hilbert space as well as a Hermitian Jordan
triple. The following conditions are equivalent:

(i) The inner product in 'V is associative; that is, V is a JH*-triple.
(ii) The box operatoratia : V —> V is continuous and self-adjoint for
eacha € 'V.

Proof To see (ii) = (i), we observe that
2a0b=(a+b)o(a+b)+i((a+ib)a(a—+ib))
is continuous for all a, b € V. The equation

((a+ib)o(a+ib))* =(a+ib)a(a+ib)
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implies
(aob)" —(boa)* = —(aab)+ (boa)

which, together with the self-adjointness of (a + b)o (a + b), yields
(aob)* =boa. O

A Jordan Hilbert triple V is called Hermitian if V is a complex Hilbert space
and a Hermitian Jordan triple. The inner product in a Hermitian Jordan Hilbert
triple is always associative, since we have

((@ob)(x +ay), x +ay) = (x + ay, (bOa)x + ay))

for « = 1, i. Hence the Hermitian Jordan Hilbert triples are exactly the JH*-
triples. This may suggest that the hermitification of a JH-triple V would have
an associative inner product and hence would be a JH*-triple. That, in fact, is
not the case unless the inner product of V is already associative.

Lemma 3.5.7 Let V be a JH-triple. The following conditions are equivalent:

(1) The inner product in 'V is associative.
(i) The box operatorat a : V. — V is symmetric for eacha € V.
(iii) The inner product in the hemitification (V,, {-, -, -}») of V is associative.
@iv) The hermitification (V,, {-, -, -}») of V is a JH*-triple.
(v) The inner product in the complexification (V, {-, -, -}c) of V is
associative.
(vi) The real restriction of the complexification (V,, {-, -, -}.) is a JH-triple.

Proof (ii)) = (i). Let a,b € V. Since the box operators ad a, bo b and
(a + b)O (a + b) are symmetric, the operator a0 b + bO a is symmetric. It fol-
lows that 2(a0 b)* = (@ob+boa+d(a,b)* =aob+boa+db,a)=
2boa.

(i) = (ii). Given a, x, y € V., with the Hermitian triple product {-, -, -},
defined in (1.24), it is straightforward to verify that

({a,a,x}p, y)e = (x, {a,a, yln)c

by associativity of the inner product (-, ).

(iv) = (i). Leta, b, x, y € V. The identities

Re({a, b, x + yln, x +y)e =Re{x +y, {b,a, x + y}u)c

and

Re({a,ib, x +iy}y, x +iy)e = Re{x +iy, {ib,a,x +iy}n).
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together yield

({a, b, x}, y) = (x, {b, a, y}).

(1) = (v). Straightforward.
(vi) = (). Let a, b, x, y € V. The identity

Re({a @ ia,b®ib, x ®iy}e, x Diy).
=Re(x @iy, (b®ib,a®ia,x Diy}e)e
yields

({a, b, x}, y) = ({a, b, y}, x) = (y. {b, a, x}) — (x, {b,a, y})
which, together with the identity
(d(a,b)x,y) = (x,d(b,a)y),
yields

({a, b, x}, y) = (y, {b, a, x}).
O

Example 3.5.8 Let V be a Hilbert space of at least two dimensions over
F =R, C or H. The real Hilbert space L,(V) is a Jordan triple in the triple
product

1
{a, b, c} = E(abc + cba)

but is not a JH-triple since M,(R) in Example 3.5.2 can be embedded in L,(V)
as a closed subtriple and M,(R) is not a JH-triple in this triple product.
However, any closed commutative subalgebra A of L,(V) is a continuous
JH-triple in the triple product, but the inner product in .4 need not be associative,
where
{{a, b, x}, y) = Re Trace (y*{a, b, x}) and
(x,{b,a, y}) = ReTrace (x"{a, b, y})

fora, b, x, y € A. Consider, for instance, the commutative algebra

A:{(ﬁ 5):a,ﬂeR}.

We have (a0 a(a), a®) = 11 # 7 = (a, a0 a(@®)) fora = ((1) 1)

To avoid confusion, two elements a and b in a Jordan Hilbert triple V such
that ao b = boa = 0 will be called triple orthogonal to each other. If the
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inner product in V is associative, it is readily seen that two triple orthogonal
tripotents are also orthogonal with respect to the inner product. Given a subset
S of a Jordan Hilbert triple, we denote its complements with respect to the two
notions of orthogonality by

St={veV:(S =0}
SH ={veV:voS={0}},

which will be called respectively the orthogonal complement and the (triple)
annihilator of S. We note that the annihilator SY is a subtriple of V by the
triple identity

{a,b,a}lov(x) =2{a, b,{a,v, x}} —{a,{b,v,x},a} =0
(a,beSH,veS,xeV).

Lemma 3.5.9 Let V be a Jordan Hilbert triple with an associative inner
product and let I be a triple ideal in V. Then its orthogonal complement I+ is
a closed ideal of V and I+ C IP . If the annihilator VO vanishes, then T is
the closed linear span of {I, 1,1} and I+ = 1D .

Proof The first assertion follows from

({IH, V, VY +(V, I V), 1)
= (I LV, V) +{V,I,V}, 1Y)
c (It I+ (I, 1) = {0}

by associativity of the inner product.
Leta € I+ and b € 1. Then

({a,b,x}, y) =(a, {y,x,b}) € (@, 1) ={0}  (x,yeV)

impliesa € 19 .
Let VO = {0} for the rest of the proof. To show that 7 is the closed linear
span of {/, I, I}, it suffices to establish

(1,1, 1} c 1+
We note that {7+, I, I} = {0} since
I+, 1,1}, Vy= (I {V,1,1}) Cc (I, I) = {0}.
Similarly, {I+, I, It} = 0. It follows from V = I @ I+ that

WV, LVy={, L)+ U LT+ {1, LI+ (I LIy (LT, Ty c 1.
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Leta e {I, I, I}* and write a = b + ¢ withb € T and ¢ € I+. Then

(b, V, VY, V)= {b,V,I}, V) + {b, V,I1}, V)
=(a—c, {V,I, V) + b, {V, I+, V}
Cla, {I,I,T}) + (¢, T) + (b, I'*) = {0}.

Hence we have b € VU and b = 0, thatis, a € I+.
Finally, if a € IY , then

(a,{1,1,1}) = {{a, 1,1}, I) = {0}
and therefore a € I+. O]

Let V be a Jordan triple system. An element a € V is called an absolute zero
divisor if the quadratic operator O, = 0. Let

Vi={aeV:0,=0
denote the set of absolute zero divisors of V and let
VH ={aeV:aox =0, Vx € V}
be the annihilator of V. Given a € V°, we have
(aD N=@xoa)’=0
for all x € V. This follows from the identity (1.18):
2anx)’ = Qu(0)Bx + Q0 Ox

and also 2(x0 a)®> = x0 Q,(x) + 0,0, by (1.17). The annihilator VE of a
JH-triple V is always contained in V°, as will be shown.
By (2.30), a JH-triple V has an orthogonal decomposition

V=2Z(V)® Z(V)",

where Z(V)={a €V :aox =x0a, Vx € V}is a closed abelian subtriple
of V.

Lemma 3.5.10 For a JH-triple V, we have VB c VONZ(V)and VB isa
closed triple ideal in 'V .

Proof Leta € VU andx € V. Then Q, = 0 since Q,(v) = aD v(a). We have
(x0 a)? = 0 by the previous remark. Hence d(a, x)> = (a0 x —xOa)> = 0.
Since the inner derivation d(a, x) is a normal operator, we have d(a, x) = 0,
that is, a0 x = x O a. This proves a € Z(V). The last assertion follows from
(v,vB vi={vB v, v}={0}. O
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We now derive some useful characterisations of absolute zero divisors in
Jordan Hilbert triples.

Lemma 3.5.11 Let V be a Jordan Hilbert triple with an associative inner
product. Let a € V. The following conditions are equivalent:

(i) Q.=0.

(i) (aox)*>=0forallxeV.
(iii)) xoa)> =0forallx €V.
@iv) aoa =0.

) a®=0.

Proof (ii)) = (iv) and (iii)) = (iv). Since the inner product is associative, the
box operator a0 a is symmetric and therefore (a0 a)* = 0 implies at a = 0.

(iv) < (v). We need only show that a® = 0 implies a0 a = 0. Observe first
that a® = 0 implies Q,(a0 a) = 0, from the identity

{a,x,{a,a,a}} ={a,{x,a,a},a} (xeV).
The identity (1.17) gives
2{a,a,{x,a,a}} ={a,la, x,a},a} +{a,{a,a, a}, x} xeV)

and hence 2(a 0 a)* = Q2. It follows that 2(a 0 a)® = Q2(an a) = 0. There-
fore at a = 0 since a O a is symmetric by associativity of the inner product.
(iv) = (i). Let x € V. We have, from the Jordan triple identity,

{x,a,{a,x,a}} = {{x,a,a}, x,a} —{a,{a, x, x},a} + {a, x, {x, a, a}}

= —{a, {a, x, x}, a}.

Therefore

I{a, x, a}lI* = ({a, x, a}, {a, x, a}) = ({x, ala, x,a}}, a)

= —{{a,{a,x,x},a},a) = —{a,{{a, x, x},a,a}) = 0. -

Proposition 3.5.12 Let V be a Jordan Hilbert triple with an associative inner
product. Then we have V° = VB

Proof We first show that the absolute zero divisors V° form a closed subspace
of V.Leta, b € V°. Since the inner product is associative, we have (a0 b)* =
bo a. From Lemma 3.5.11 and the triple identity (1.26), we obtain

[aob,boa)l ={a,b,b}oa—bo{a,a,b} =0.

It follows that ao b is a normal operator on the Hilbert space V. Since
(@aob)* =0 by the remark before Lemma 3.5.10, we have an b =0 =bOa
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and hence (a + b)O (a + b) = 0. This implies a + b € Vo by Lemma 3.5.11.
Hence V is a closed subspace of V.
We now show that V? is a triple ideal of V, using an argument in Neher [92,
p- 155]. Leta € V9 and x, y € V.Then{z,a,z} € VO forall z € V, and hence
{x,a, y} e V0. Also, the identity
Q(B(x, y)a, B(x, y)a) = B(x, y)QuB(y, x)

for the Bergmann operator B(x, y) in Theorem 1.2.18 implies B(x, y)a € V°.
It follows from the fact that V' is a subspace of V and

B(x,y)a =a —2{x,y,a} + 0. 0y(a)

that {x, y, a} € V°, proving that V? is a triple ideal of V.

Finally, we prove that acx =0 fora € V? and all x € V. Sincean b =0
for all b € V© as shown before, we need only show that ao x = 0 for all x in
the orthogonal complement (V°)* of V°. For any y, z € V, the associativity of
the inner product gives

({a,x, v} 2) = ({y. {x,a.2}) = {{a, z, y}, x) =0
since V0 is an ideal and x € (V%)'. Hence ao x = 0. O
Let V be a Jordan triple as well as a Hilbert space. If a, b € V satisfies
((@ob)x,y) = {x,(boa)y)
forall x, y € V, then ao b is weakly continuous and hence at b € L(V).
Lemma 3.5.13 Let V be a Jordan triple and a Hilbert space. Let
Vo,={aeV:aox € L(V)and (a0 x)* =x0Oaforallx € V}
={aeV :{((@aox)y, z) =(y, xOa)z) forallx,y,z € V}.
Then V, is a subtriple of V and the inherited inner product on V, is associative.
Proof Leta,x € V, and b, z, w € V. Using the identity
2{a,{x,a,b},z} ={{a,x,a},b,z} + {{a, b,a}, x, z}
we deduce that
({a, x,a}ob)z, w) = 2{(a0 {x, a, b})z, w) — (({a, b, a}O x)z, w)
= 2(z, ({x,a, b}o a)w) — (z, (xO {a, b, a})w)
= (z, (bO {a, x, a}h)w)

by the identity (1.17). Hence {a, x, a} € V, and V,, is a subtriple of V.
The last assertion is obvious. L]
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If V is a continuous JH-triple in Lemma 3.5.13, then
Vo={aecV:@@ox)"=xoaforalx eV}

is closed by continuity of the triple product and is the largest subtriple of V
in which every element a induces a symmetric operator at b + b0 a for each
b € V. We call V, the associative part of V.

Example 3.5.14 The JH-triple A in Example 3.5.8 has the orthogonal decom-

position
Az{(g 2):&6R}@{<8 ’g):ﬂeR},

where the first summand is the associative part A, of A.

We have a precise relationship between the annihilator VY and the zero
divisors V° of a JH-triple V.

Proposition 3.5.15 Let V be a JH-triple. Then we have VB = VNV, N
Z(V).

Proof By Lemma 3.5.10, we have VH C ViNnv,NnzZW).IfaeVoNnv,n
Z(V), then (a0 x)* =x0a = a0 x for all x € V and therefore aox =0,
since (aa x)> =0 by the remark before Lemma 3.5.10. O

If V is a Hermitian Jordan Hilbert triple, then Z(V) is contained in the
annihilator VP since aov =0 for a € Z(V) and v € V. Indeed, we have
—ijaO0v =a0iv=ivOa =ia0v. It follows that VO = VO = Z(V).

The arguments in the proof of Lemma 3.5.11 imply that for a € V,, the
condition a® = 0 is equivalent to Q,(V) = {0} which, in turn, is equivalent
to Qqly, = 0. The following lemma shows that non-degeneracy of V, is
equivalent to anisotropy as well as vanishing of the annihilator V5 = {a €
Vo tabDxl|y, =0,Vx € V,}.

Lemma 3.5.16 Letr V be a JH-triple. Then
VE =vinV,={aeV,:0,=0={aeV,: :da’=0},
which is a triple ideal of V.

Proof We have already established the last equality. Leta € V.7 . Thena® = 0
and hence a € V° by the earlier remark. Since the inner product of V, is
associative, the arguments in the proof of Proposition 3.5.12 can be used to
show that V° N V, is a triple ideal in V,,. These arguments can also be used to
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show VNV, ¢ V5 by considering
V=vonv,ewv'nv,).

The only additional argument is that showing vV'Nv,)ovonv, ={0}
because continuity of the triple product is not assumed and hence the clo-
sure VO NV, is involved. Nevertheless, given a € V' NV, and b € VO NV,
with b = lim,, b, and b, € V° N V,, we have

<an(.X), )’> = ({av yv-x}vb) :llm({a, )’ax}»bn) - 1im<ann(-x)v y) :0
(x,yeV)

since a0 b, = 0, as in the proof of Proposition 3.5.12. One can show, as before,
aozly, =0forz e (VON V)™ O

Let V be a continuous JH-triple. Then its associative part V,; is a continuous
JH-triple with an associative inner product. The triple product vanishes on
its annihilator V5 and therefore the nontrivial part of V is the orthogonal
complement (VO )+, The annihilator VB is a closed triple ideal in V,, and
induces the orthogonal decomposition

Vo, =VE @&V, n(vE)hH, (3.18)

where, by Lemma 3.5.9, V, N (VU )t is a closed triple ideal of V, and in
particular a subtriple of V.
Hence we have the orthogonal decomposition

V=Vl ow,nvEyhHevt

and we reduce the study of V to that of the latter two nontrivial summands.

The JH-triple V, N (VE ) is weakly semisimple. It inherits an associative
inner product and therefore its structure can be described completely by the
results in Kaup [71] and Neher [92]. The inner product in the orthogonal
complement V. is not associative. We will discuss the ternary structure of V.-
later. Let us first extend the spectral theory for finite-dimensional Jordan triples
in Theorem 1.2.34 to the associative part V,. The spectral decomposition of
elements in V,, involves signed tripotents.

Definition 3.5.17 Let V be a Jordan triple system. A signed tripotent in V is
an element e € V such that

{e,e,e} =e or {e,e e} =—e.

If e # 0, then e is also called a positive tripotent in the first case, whereas in
the second case, e is called a negative tripotent.
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Lemma 3.5.18 Let V be a Jordan Hilbert triple with an associative inner
product. Lete, f € V be two signed tripotents of opposite sign. Thenen f = 0.

Proof Say f is a negative tripotent. Then it induces a Peirce decomposition

vV =W(f)e Vi(f)® Va(f)

where the Peirce k-space

k
Vi(f) = {v ev:(fo )= —Ev}

is the range of the Peirce k-projection P(f) which has the same form as that
for a positive tripotent.
By associativity of the inner product, we see readily that

(Pe(u)(x), y) = (x, B)(y))  (x,y€V)

for each Peirce k-projection Pi(u) of a signed tripotent u.
Let ey = Pi(f)e and fi = Pr(e) f for k = 0, 1, 2. Then we have

(fv{e’eva <f0+f1+f27 %fl+f2>

1
= E(flv SO+ {f2, f2) =0
and also

(filese. f1) = ({f. f.e}. e)

1
= <—§e1 —e, e +e + €2>

1
= —5(61,61) — (e, e2) < 0.

Hence fi = f, =0 and f = fy € Py(e)(V), which gives eo f =0 by
Theorem 1.2.44. O]

Let V,, be the associative part of a continuous JH-triple V and let a € V,
with a® # 0. As in the case of JB*-triples, we consider the closed subtriple
R(a) of V,; generated by a. Let R be the real closed linear span of R(a)0 R(a)
in L(V). Then R| g, is a real Banach subalgebra of L(R(a)) and is abelian by
power associativity. Let

A = R(a) ® Rlrw@
and define a product in A by
(u @)@ k) = (h(v) + k(u)) ® (U0 vly@) + hk).
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By Lemma 3.5.5, there is a constant ¢ > 0 such that |luo v| < c|lul|||v| for
all u, v € V,. By scaling the inner product of V,, which would not change
R(a) nor orthogonality in V,,, we may assume ¢ = 1, so that .4 is a real abelian
Banach algebra. As before (cf. proof for Theorem 3.1.12), there is a real algebra
homomorphism y : A — C such that y(a) # 0. For each b € R(a), the box
operator ba b : V — V is symmetric and therefore has real spectrum. We
infer that the quasi-spectrum of 5> = b0 b|g(, in A is real, for the same reason
as given in the proof of Lemma 2.5.20 and Theorem 3.1.12. It follows from
x(b?) = x(b)? that x(b) € RU iR. Hence we have x(R(a)) = Ror x(R(a)) =
iR, which implies dim R(a)/x |;(1a)(0) = 1. Therefore we have the orthogonal
decomposition

R(@) = x| 3@(0) ® Rz

for some z € R(a) with x(z) = 1. Since y is an algebra homomorphism on A,
the kernel x |;(1a)(0) is a triple ideal in R(a), and it follows from Lemma 3.5.9
that Rz is a triple ideal of R(a) and in particular, {z, z, z} € Rz. Hence R(a)
contains a signed tripotent.

Proposition 3.5.19 Let V, be the associative part of a continuous JH-triple of
V. Then for each a € V, with a®> # 0, we have an orthogonal decomposition

R(a) = P Re,
n=1

where each e, is a signed tripotent.

Proof We first observe that z3 # 0 for all z € R(a). Otherwise we would have
zO z = 0 for some z € R(a), by Lemma 3.5.11, and power associativity would
imply nilpotency of @ 00 a, which is impossible, since a0 a is symmetric and
a’ #0.

By the above remark, R(a) contains a signed tripotent e such that Re is a
triple ideal in R(a). Let {e,} be a maximal orthogonal family of such signed
tripotents. We must have R(a) = 0, Re,,. Indeed, if there is an element z in the
orthogonal complement (P, Re, )+ N R(a) which is a subtriple of R(a), then
repeating the argument in the remark yields a signed tripotent in the orthogonal
complement, contradicting maximality.

It follows that there is an orthogonal sequence (e,) of signed tripotents in
R(a) such that a =), A,e, with A, € R. Since R(a) is generated by odd
powers of a, we conclude that

R(a) = P Re,.
n=1
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The lemma that follows implies that the signed tripotents e, in Proposi-
tion 3.5.19 can be chosen to be primitive. A signed tripotent in a Jordan Hilbert
triple is called primitive if it cannot be decomposed into a sum of two triple
orthogonal signed tripotents.

Lemma 3.5.20 Let e be a signed tripotent in a Jordan Hilbert triple with an
associative inner product. Then e is the sum of at most a finite number of
primitive signed tripotents.

Proof If e is not primitive, then it can be decomposed as a sum of two triple
orthogonal signed tripotents, e; and e,. By orthogonality, we have

2 2 2
lell® = el + llezIP”
By Lemma 3.5.5, we have
2 2 6
llell” = Il{e, e, e}lI” < cllell

for some ¢ > 0. Hence e can be decomposed into a sum of at most finitely
many mutually triple orthogonal signed primitive tripotents. O

To study V.-, we begin by showing that the associative part V, is invariant
under inner derivations. To see this, we first note that

({e,x, vy} z) = (x, {c, z, ¥}) (ceVsandx,y,zeV),
which follows from {{c, x, y}, z) = (v, {x, ¢, 2}) = {c, z, y}, x).

Lemma 3.5.21 Let V be a JH-triple with the associative part V,. Then
d(a,b)V, C V, foralla,beV.

Proof Letc € V,. Weneed to show d(a, b)c € V,.Lety, z € V. Then we have
{d(av b)C, X, y} = d(a7 b){C, X, y} - {Cs d(a, b)xv y} - {Cs X, d(a7 b)y}
for each x € V. Hence

(d(a, b)co x(y), z)
= (d(a, b){c, x, y},z) — ({c,d(a, b)x, y}, z) — {{c, x, d(a, D)y}, z)
= ({e, x, ¥}, d(b, a)z) — ({c, z, y}, d(a, b)x) — (d(a, b)y, {x, c, z})
= —(, {x,c,d(a, b)z}) — (y, {d(a, b)x, c, z}) + (y,d(a, b){x, ¢, z})
= (y,xod(a, b)c(2)).
This proves d(a, b)c € V,. L]

To discuss the structure of the complement V.- of V,,, we introduce another
ternary structure related to JH-triples.
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A Hilbert ternary algebra is a real Hilbert space (V, (-, -)) equipped with a
trilinear map [, -, -] : Vi—V, called a ternary product, for which the ternary
and inner products are related by

(la,b,x], y) = (x,[b,a,y]) = (a,[y,x,b])  (a,b,x,y€V).

In other words, the inner product is associative with respect to the ternary
product [, -, -].

Given a Hilbert ternary algebra V with ternary product [-, -, -]anda, b € V,
we can also define the box operatorao b : x € V +— [a, b, x] € V. Applying
the arguments in the proof of Lemma 3.5.5, one can show that the ternary
product is continuous.

Given subsets X, Y and Z of a Hilbert ternary algebra V, we define

[X,Y,Z]={[x,y,z]:xe X, yeY,ze Z}.

A subspace J of V is called a ternary subalgebra if [J, J, J] C J, and is called
a ternary ideal if [J,V,V]1+[V,J,V]+[V,V,J]C J. A closed ternary
subalgebra is also called a Hilbert ternary subalgebra.

Analogous to Lemma 3.5.9, the orthogonal complement J* of a ternary ideal
J in a Hilbert ternary algebra is also a ternary ideal (cf. Lemma 3.5.27).

A Hilbert ternary algebra need not be a Jordan triple, but a JH-triple with an
associative inner product is a Hilbert ternary algebra in the given triple product.

Example 3.5.22 On the real Hilbert space (L,(V, W), (-, -)2) of Hilbert—
Schmidt operators, we define a ternary product by

[a, b, cl, = ab*c (a,b,c € L,(V,W)),

which is called the canonical ternary product. We define the symmetrized
ternary product by

1
{a,b,c}r, = E([a, b, clo + [c, b, al) (a,b,c € Lr,(V, W)).

With each of these two ternary products, L,(V, W) is a Hilbert ternary algebra.
We note that {-, -, -}, is the canonical triple product in L,(V, W) introduced
before and (L,(V, W), {-, -, -}») is a JH-triple with an associative inner product.

Definition 3.5.23 A Hilbert ternary algebra (V, {-, -, -}) is called abelian if
la, b, [x,y,z]l = [la, b, x], y, 2]

foralla,b,x,y,z € V.
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The ternary algebra (Lo(V, W), [-, -, -]2) in Example 3.5.22 is abelian. In an
abelian Hilbert ternary algebra V, we have

(la, b, [x, y, z]], w) = ([x, y, z], [b, a, w])

= {

= (z, [y, x, [b, a, w]])
= (z,[[y, x, b], a, w]])
= {{a, ly, x, b], z], w),

which gives
la,b,[x,y,z]] = la, [y, x, b], z], (3.19)

but it is not always true that [a, b, [x, y, z]] = [a, [, x, y], z]! For instance,
if a= ( (1) 8 ) and b= ( 8 (1) ), then [b, b, [a, a, bl1]» #
[b, [b, a, (1]2, b]2 in Lz(R2).

In an abelian Hilbert ternary algebra V, we have [a,a, [a,a, x]] =
[[a,a,al,a, x] for a,x € V. Hence [a, a,a] =0 implies (aD a)?> =0 and
therefore ao a = 0, since a0 a is a symmetric operator on V. Extending the
construction of the symmetrised product {-, -, -}, in Example 3.5.22, we show
that every abelian Hilbert ternary algebra carries a natural JH-triple structure.

Proposition 3.5.24 Let(V, (-, -), [, -, -]) be an abelian Hilbert ternary algebra.
Then (V, (-, -)) is a JH-triple in the symmetrized ternary product

1
{xv Y, Z}S = 5([)C, Y, Z] + [Za ysx])

for which the inner product (-, -) is associative.

Proof 1t is clear that the triple product {-, -, -}; is symmetric in the outer
variables and that the inner product is associative with respect to {-, -, -};.
The main triple identity for {, -, -}; follows from the abelian condition
and (3.19). U

In the previous construction, we have {a, -, a}; = [a, -, a], and one infers
readily from Lemma 3.5.11 that, in an abelian Hilbert ternary algebra V,
[a, a,a] =0 if and only if [a, x,a] = 0 for all x € V. This fact can also be
easily established directly. If we define the concepts of non-degeneracy and
anisotropy in terms of the ternary product for Hilbert ternary algebras as we
did for Jordan triple systems, then the previous remark implies that these two
notions are identical for abelian Hilbert ternary algebras.

As a converse to Proposition 3.5.24, we show that every JH-triple also has
an inherent Hilbert ternary algebraic structure.
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Proposition 3.5.25 Let (V, (-, ), {-, -, -}) be a JH-triple. Then (V, (-,-)) is a
Hilbert ternary algebra in the ternary product [-, -, -14 defined by

la, b, x]g = d(a, b)x (a,b,x € V).

Proof We need to show that the inner product is associative with respect to the
ternary product [-, -, -];. By skew-symmetry of the inner derivation d(a, b), we
have

(la, b, x]a, y) = (x, [, a, yla)
forall a, b, x, y € V. Using the identity

d(a,b)x =d(a,x)b+d(x,b)a
we deduce that

(a, [y, x,bls) = (a,d(y, x)b

)
= (a,d(y, b)x) + (a,d(b, x)y)
= (d(b, y)a, x) + (d(x,b)a, y)
= (d(b,a)y,x)+ (d(a, y)b, x) + (d(x,a)b, y) + (d(a, b)x, y)
=2({d(b, a)y, x) + (b,d(y, a)x) + (b, d(a, x)y)
= 2{d(b,a)y, x) + (b,d(y, x)a)
=2{d(b,a)y, x) — (d(y, x)b, a),
which gives (a, [y, x, bly) = ([b, a, y]a, x). O

Definition 3.5.26 Given a JH-triple (V, (-, -}, {, -, -}), the Hilbert ternary alge-
bra(V, (-, -), [\, -, -]a) defined in Proposition 3.5.25 is called the derived Hilbert
ternary algebra of V and is denoted by [V].

We note that the Hilbert ternary algebra [V] is never abelian unless V is flat
or V = {0}. We also note that [ V'] is isotropic in the sense that [a, a, a] = 0 for
all a € V. One can strengthen Lemma 3.5.21 to assert that the associative part
V, is a ternary ideal of [V] for a continuous JH-triple V.

Lemma 3.5.27 Let V be a JH-triple. Then the closure V,, of the associative
part Vs is a ternary ideal of the derived Hilbert ternary algebra [V]. The
orthogonal complement V.- is also a ternary ideal of [V ].

Proof We note that the inner derivation d(a, b) = —d(b, a) is continuous. In
view of Lemma 3.5.21, it suffices to show [V, V., V]; C V., since

[V(77 V7 V]d = _[V’ V(77 V]d
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Leta € V, and b, ¢ € V. We need to show [b, a, c]; = d(b, a)c € V. Assume
first that b = b; + b, with by € V,; and b, € Vgl. By Lemma 3.5.21, we have
d(by, a)c € V,, since

d(by, a)c = d(by, c)a + d(c,a)b;.
We show d(b;, a)c = 0. For each v € V, we have
(d(ba, a)c, v) = ([b2, a, cla, v) = (b2, [v, c,als) =0

since [v,c,al; €V, by Lemma 3.521. Hence d(b;,a)c=0 and
db,a)c € V,.

NowV =V, ® VL and continuity of the inner derivation implies d(b, a)c €
V, forany b € V.

The fact that Vj‘ is also a ternary ideal of [V] follows from

(IVEV, VI 4+ 1V, VE VI + IV, V, Ve, V)
= (VH Vo, V. VI + [V, Vo, Ve + [V, V, Volu)

C(VH,V,)=1{0}.
O

Lemma 3.5.28 Let V be a JH-triple and let [ V'] be the derived Hilbert ternary
algebra. If J is a triple ideal in 'V, then J is a ternary ideal in [V].

Proof Let ae€ J and x,y € V. Then we have [a,x,yls ={a,x,y}—
{x,a,y} € J and likewise [x,y,als € J. Also, [x,a,yls ={x,a,y}—
{a,x,y} e J. O

Let W be a Hilbert ternary algebra. The ternary annihilator of W is defined
to be the closed ternary ideal

AW ={ae W:la, W, W] ={0}} =f{a e W:[W,W,a] ={0}}.

Lemma 3.5.29 Let V be a JH-triple and [V] the derived Hilbert ternary
algebra. Then we have Ann [V] = Z(V).

Proof Indeed, a € Z(V) if and only if the inner derivation d(a, x) = 0 for
allx e V. O

We now describe the structure of V-, which is a Hilbert ternary algebra in
the derived ternary product [a, b, c]; = d(a, b)c.

Lemma 3.5.30 Let V be a JH-triple. Then V.- N\ Z(V) is the ternary annihi-
lator of the Hilbert ternary algebra (VGJ‘, [+, -, -1a), that is,

VENZ(V)={a eV} :[a, V), Vi = {0)).
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Proof 1t suffices to show that the two conditions a € VUl and [a, Vj‘, Vj‘]d =
{0} implya € Z(V). Assume the former conditions. We show [a, V, V], = {0}.
We have

(la,V, V14, V)
= (la, V", V14, V) + la, Vi, V14, V) + la, Vi, VL, V)
+([a, V-, v, V)

= (la, V;", Vila, V) + ([a, Vs, V14, V) + ([a, Vs, Vila, V)
=(a,[V, Vs, V) + (@, [V, VI, Vila) + (a, [V, Vs, Vila)
C (a, V) = {0}

which completes the proof. O

We have the decomposition
V=V, NZV) e (v, nZv)h,

where [a, b, c]; =0foralla, b, c € VaL N Z(V) and the ternary annihilator of
of the Hilbert ternary algebra (V.- N Z(V)*, [, -, -1a) is zero.

In the terminology of Castellon and Cuenca [19], a Hilbert ternary algebra is
a real H*-triple system with identity involution and contains a nonzero minimal
closed ternary ideal. Using the fact that the orthogonal complement of a ternary
ideal is also a ternary ideal, it is not difficult to see that a Hilbert ternary
algebra with zero annihilator; in particular, the summand V;* N Z(V)1, is an
orthogonal sum of minimal closed ternary ideals (cf. [19, theorem 1.6]).

Notes

We have only included the most basic properties of JB*-triples in this chapter. A
useful survey, albeit without proofs, of recent results in JB*-triples, among other
applications of Jordan theory, can be found in Iordanescu [60]. Earlier surveys
have been given in Chu and Mellon [29] and Russo [100]. A survey including
JB*-algebras can be found in the article ‘Jordan structures in analysis’ by
Rodriguez-Palacios [Jordan Algebras (Oberwolfach 1992) 97-186, de Gruyter,
Berlin, 1994]. Real forms of JB*-triples were introduced and studied in Isidrc
et al. [61] and Kaup [74]. Other than this, the results in the first section can be
found in Kaup [69] and [70] in some form or another.

Contractivity of Peirce projections has been shown in Friedman and Russo
[40]. Theorem 3.2.3 has been proved in Braun, Kaup, and Upmeier [14]. The
proof of Corollary 3.2.4 follows the arguments in Harris [49, corollary 8]. In
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the case of JC*-triples, the formula for the Mobius transformation in Example
3.2.11 has been given in Harris [49] and Potapov [95].

The estimate of the norm of the positive and negative square roots of the
Bergmann operator B(a, a) is important in applications. The norm of the neg-
ative square root was obtained in Kaup [73], as well as the formula (3.3) and
an explicit expression for the integral there. The alternative computation of the
norm || B(a, a)~'/?|| in Proposition 3.2.13 is an extension of a computation in
Hamada et al. [45] for JC*-triples. Lemma 3.2.8 was first observed in Chu
et al. [24], as well as other estimates of the norm || B(a, a)'/?|. The distortion
results given in Theorem 3.2.16 were obtained in Chu et al. [24]. Iteration of
holomorphic maps has been widely studied. The iteration results in Theorem
3.2.19 and Lemma 3.2.21 for compact holomorphic maps on a Hilbert ball
have been shown in Chu and Mellon [28]. Mellon [89] considered compact
holomorphic maps on open unit balls of JB*-triples and obtained the results in
Lemma 3.2.17 and Theorem 3.2.18. The holomorphic invariance of ellipsoids
in a Hilbert ball was shown in Goeble [44].

Peirce projections play a fundamental role in the strucutre theory of JB*-
triples. Contractive projections are important in the study of operator algebras
and Banach spaces. Ranges of contractive projections on C*-algebras have
been studied by Friedman and Russo, among others. They proved in [41] a
special case of Theorem 3.3.1, namely, the same result for JC*-triples, using
a functional-analytic method. A result relevant to Theorem 3.3.1 can also be
found in Stacho [106]. The application of Theorem 3.3.1 to showing that the
second dual of a JB*-triple is also a JB*-triple is due to Dineen [32]. The
terminology of a structural projection originates from the notion of a structural
transformation for Jordan pairs given in Loos [86].

The notion of a type I JBW*-triple, as well as the classification of type I
JBW#*-triples given in Theorem 3.3.12 and Theorem 3.3.13, is due to Horn
[56]. Lemma 3.3.8 and Lemma 3.3.16, as well as Theorem 3.3.9, are proved in
Horn [57]. Lemma 3.3.14 has been proved in Friedman and Russo [40], where
the decomposition of a JBW*-triple into the direct sum of the atomic part and
a weak* closed triple ideal was also shown. Theorem 3.3.19 has been proved
in Friedman and Russo [42].

The Cauchy—Schwarz inequality for JB*-triples has been proved in Barton
and Friedman [6]. The results in Theorem 3.4.6 and Theorem 3.4.8 describing
the structure of non-surjective linear isometries on real JB*-triples are new.
They extend the results in Chu and Mackey [27] for JB*-triples. Example
3.4.10 has been given in Apazoglou [4].

The concept of a real or complex ternary algebra was first introduced by
Hestenes [53] to develop a spectral theory for non-hermitian matrices and
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operators. An isotropic abelian Hilbert ternary algebra is, in the definition of
Hestenes, a real ternary algebra. Abelian Hilbert ternary algebras are exactly
the associative real H*-triple systems with identity involution defined in Castel-
lon and Cuenca [19]. It has been shown in Castellon and Cuenca [19] that a
simple abelian Hilbert ternary algebra V, where V is said to be simple if it
has a nontrivial ternary product and does not contain a nonzero proper closed
ternary ideal, is ternary isomorphic to the ternary algebra of Hilbert—Schmidt
operators between Hilbert spaces over R, C or H. The results on JH-triples in
the last section are new.
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Hermitian Jordan Banach triple, 172
Hermitian Jordan triple, 13
Hermitian metric, 145

hermitian operator, 156

Hermitian structure, 144
Hermitian symmetric space, 145
Hermitian type Cartan factor, 168
Hermitian type Jordan algebra, 12
hermitification, 17

Hilbert manifold, 67

Hilbert space over H, 51

Hilbert ternary algebra, 244
Hilbert—Schmidt class, 229
holomorphic extreme point, 184
holomorphic function, 63
holomorphic invariant domain, 198
homogeneous domain, 153
homogeneous polynomial, 63
homogeneous space, 82
homomorphism of Lie algebra, 40
homotope of Jordan triple system, 20
hyperbolic metric, 149

ideal of Jordan algebra, 12
ideal of Lie algebra, 40
idempotent, 7

identity component, 127
immersion, 70

infinite rank projection, 112
inner derivation, 41, 135
inner derivation pair, 49
inner ideal, 39, 216

integral curve, 75

inverse function theorem, 66
invertible element, 107
involution of Jordan pair, 17
involution of Lie algebra, 42
involutive isometry, 101
involutive Lie algebra, 42
isolated fixed point, 101
isometry group of manifold, 87



isometry of manifold, 87

isometry of normed vector space, 87

isotropic, 246
isotropy representation, 48, 125
isotropy subgroup, 125

J*-algebra, 169

J*-triple, 172

Jacobi identity, 39, 74
JB*-algebra, 173
JB*-triple, 164
JB-algebra, 102

JB-triple, 176
JBW*-algebra, 173
JBW*-triple, 167
JBW-algebra, 103
JBW-factor, 103
JBW-triple, 218
JC*-triple, 169

JH*-triple, 143
JH-algebra, 104

JH-triple, 136

Jordan algebra, 1

Jordan C*-algebra, 173
Jordan equivalent projections, 112
Jordan Hilbert triple, 135
Jordan homomorphism, 12
Jordan isomorphism, 12
Jordan pair, 17

Jordan symmetric space, 140
Jordan triple, 13

Jordan triple system, 13
JW*-triple, 169

€, 1-eigenspace, 42
Killing field, 89
Killing form, 41

L(H), 81

L(V),51

L(H,K), 18

Ly(V), 229

Ly(V, W), 229

£(V), 44

left invariant vector field, 77
left multiplication, 2
Levi—Civita connection, 86
Lie algebra, 39

Lie algebra of Lie group, 55, 77
Lie brackets, 39

linear isometry, 87

local chart, 66
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local coordinates, 67
local flow, 75

locally uniform action, 93
Lorentz cone, 105

M, (C), 18

M, (C), 18

M2(0), 18

main involution, 46

main triple identity, 14

manifold modelled on Banach space, 67
maximal idempotent, 10

maximal tripotent, 33

mean value theorem, 63

minimal projection, 112

minimal tripotent, 211

Mobius transformation, 148, 165, 188, 192
model space for manifold, 67

negative tripotent, 240

nilpotent, 7

non-degenerate Jordan triple system, 25
non-degenerate TKK Lie algebra, 46
non-degenerate trace form, 25

normal functional, 211

normal neighbourhood, 87

normed Jordan triple system, 121
normed Lie algebra, 121

numerical range, 156

0,4

0,5

octonions, 4

one-parameter group, 76
one-parameter subgroup, 78
open mapping theorem, 83
operator commute, 4
orthogonal idempotents, 7
orthogonal Lie algebra, 125
orthogonal tripotents, 28

p, (—1)-eigenspace, 42
paracompact, 84

Peirce k-projection, 32

Peirce k-space, 9, 32

Peirce decomposition, 9, 32, 38
Peirce multiplication rules, 36
Peirce symmetry, 185
Poincaré distance, 148
Poincaré metric, 148
polarisation identity, 16
positive definite, 25
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positive J*-triple, 172

positive Jordan triple system, 28
positive quaternion, 6

positive tripotent, 240

power series, 64

primitive idempotent, 10

primitive signed tripotent, 243
principal inner ideal, 39

principle of analytic continuation, 66
projection, 107

quadratic algebra, 6

quadratic operator, 2, 22
quasi-normed TKK Lie algebra, 121
quaternion algebra, 5

quaternion Hilbert space, 51
quaternion unitary, 52

range projection, 116

rank of projection, 112

rank-one operator, 230

real C*-algebra, 103

real form, 176

real JB*-triple, 176

real JBW*-triple, 218

real manifold, 67

real restriction of Hilbert space, 67
real ternary algebra, 249

real triple spin factor, 231
rectangular type Cartan factor, 168
reduced Lie algebra, 48

Riemann mapping theorem, 151
Riemannian connection, 86
Riemannian distance, 85
Riemannian manifold, 84
Riemannian metric, 83
Riemannian symmetric pair, 129
Riemannian symmetric space, 101
right invariant vector field, 77

s-identity, 7

Schwarz—-Pick lemma, 148, 195
self-adjoint part, 174

semidirect product, 88

semisimple Jordan triple system, 26
semisimple Lie algebra, 41

signed tripotent, 240

simple Hilbert ternary algebra, 250
simple Jordan algebra, 12

smooth (Banach) manifold, 68
smooth curve, 69

Index

smooth function, 62

solvable Lie algebra, 41

special Jordan algebra, 2

spectral decomposition, 31

spin factor, 13, 106

standard Hermitian form, 51
structural projection, 216
submanifold, 72

submersion, 70

subtriple, 13

support tripotent of a functional, 214
support tripotent of an element, 208
symmetric cone, 105

symmetric domain, 150

symmetric part of Banach space, 171
symmetric part of TKK Lie algebra, 44
symmetric R-space, 142

symmetric space, 101

symmetrised ternary product, 245
symmetrised triple spectrum, 180
symmetry s, at p, 101

symmetry in A, 112

symmetry s,, 151

symplectic group, 54

symplectic inner product, 51
symplectic type Cartan factor, 168

tangent bundle, 73

tangent map, 73

tangent space, 69

tangent vector, 69

ternary annihilator, 247
ternary ideal, 244

ternary product, 244

ternary structure, 227

ternary subalgebra, 244
Tits—Kantor-Koecher construction, 39
Tits—Kantor—Koecher Lie algebra, 43
TKK Lie algebra, 43
topological boundary 0 A, 90
torsion-free, 86

trace form, 25

triple annihilator, 235

triple homomorphism, 13
triple ideal, 38

triple identity, 14

triple isomorphism, 13, 175
triple monomorphism, 13, 217
triple orthogonal, 234

triple product, 13

triple spectrum, 31, 180
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triple spin factor, 168, 230 unital algebra, 1
tripotent, 28 unitary tripotent, 33
type 1 Cartan factor, 168
type 2 Cartan factor, 168 V', dual of a real Banach space V, 176
type 3 Cartan factor, 168 Voo, 49
type 4 Cartan factor, 168 vector field, 73
type 5 Cartan factor, 168 vector field along a curve, 85
type 6 Cartan factor, 168 von Neumann algebra, 106, 113
type I JBW*-triple, 211
type I JBW-factor, 113 w*-topology, 206
weak* topology, 210
U(H), unitary group, 81 weakly semisimple, 26
u(H), Lie algebra of U(H), 81 weakly sequentially complete, 211

ultraproduct of Banach spaces, 205
unit extension of an algebra, 1 x3, the triple product {x, x, x}, 16
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