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167. Poincaré Duality Algebras, Macaulay’s Dual Systems, and Steenrod Operations.

By D. MEYER and L. SMITH
168. The Cube-A Window to Convex and Discrete Geometry. By C. ZONG
169. Quantum Stochastic Processes and Noncommutative Geometry. By K. B. SINHA and

D. GOSWAMI
170. Polynomials and Vanishing Cycles. By M. TIBĂR
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Preface

Despite the rapid advances in Jordan theory and its diverse applications in
the last two decades, there are few convenient references in book form for
beginners and researchers in the field. This book is a modest attempt to fill part
of this gap.

The aim of the book is to introduce to a wide readership, including research
students, the close connections between Jordan algebras, geometry, and analy-
sis. In particular, we give a self-contained and systematic exposition of a Jordan
algebraic approach to symmetric manifolds which may be infinite-dimensional,
and some fundamental results of Jordan theory in complex and functional
analysis. In short, this book is about Jordan geometric analysis.

Although the concept of a Jordan algebra was introduced originally for quan-
tum formalism, by P. Jordan, J. von Neumann and E. Wigner [64], unexpected
and fruitful connections with Lie algebras, geometry and analysis were soon
discovered. In the last three decades, many more applications of Jordan alge-
braic structures have been found. We expose some of these applications in this
book. Needless to say, the choice of topics is influenced by the author’s predilec-
tions, and regrettable omissions are inevitable if the length of the book is to
be kept manageable. Nevertheless, an effort has been made to cover sufficient
basic results and Jordan techniques to provide a handy reference.

We begin by discussing the basic structures of Jordan algebras and Jordan
triple systems in Chapter 1, and the connections of these Jordan structures to
Lie theory. An important link is the Tits–Kantor–Koecher construction, which
establishes the correspondence between Jordan triple systems and a class of
graded Lie algebras. We discuss some details of classical matrix Lie groups and
their Lie algebras and use them as examples to illustrate these connections, as
well as preparation for the introduction of Banach Lie groups in the following
chapter.

ix



x Preface

Since É. Cartan’s seminal work, Lie theory has been an important tool in the
study of Riemannian symmetric spaces and their classification. It was found
relatively recently that Jordan algebras and Jordan triple systems can be used
to give an algebraic description of a large class of symmetric spaces which
is also accessible in infinite dimension. This is the subject of Chapter 2. We
give a concise introduction to Banach manifolds and Banach Lie groups. We
show the connections between Jordan algebras and symmetric cones, and the
correspondence of Jordan triple systems and Riemannian symmetric spaces in
the infinite-dimensional setting. We complete the discussion by showing that
the bounded symmetric domains in complex Banach spaces are exactly the
open unit balls of JB*-triples which are complex Banach spaces equipped with
a Jordan triple structure.

A large part of Chapter 3 is devoted to the study of JB*-triples. They play
an important role in geometry and analysis, as informed by the previous result.
The open unit balls of JB*-triples can be regarded as an infinite-dimensional
generalisation of the open unit disc in the complex plane and provide a nat-
ural setting for complex function theory. As examples, we discuss distortion
theorems and iterations of holomorphic maps on these open balls, where Jordan
techniques come into play. In a functional-analytic vista, JB*-triples form an
important class of Banach spaces, which includes C*-algebras, spaces of oper-
ators between Hilbert spaces and some exceptional Jordan algebras. We present
a sufficient number of basic properties of JB*-triples as research tools, but a
complete treatment would lengthen the book to excess. From the viewpoint
of JB*-triples, many results in C*-algebras, for example, those on contractive
projections and isometries, can be explained simply in a geometric perspective.
Finally, we discuss Jordan structures in Hilbert spaces, which are important
in the geometry of infinite-dimensional Riemannian symmetric spaces; for
instance, the curvature tensor is related to the Jordan triple product. The last
chapter contains some new results.

It is a great pleasure to thank many colleagues and friends for valuable
conversations concerning the subject matter of this book. I have benefited
especially from inspiring discussions with Wilhelm Kaup and the late Issac
Kantor on many occasions. I thank Pauline Mellon for reading part of the
manuscript and for her useful comments. I much appreciate the sabbatical
leave from Queen Mary College in 2010, which enabled me to complete the
manuscript. I would also like to thank my wife, Yen, and my daughter, Clio,
for their constant support and encouragement.



1

Jordan and Lie theory

1.1 Jordan algebras

We begin by discussing the basic structures and some examples of Jordan
algebras which are relevant in later chapters. One important feature is that
multiplication in these algebras need not be associative.

By an algebra we mean a vector space A over a field, equipped with a
bilinear product (a, b) ∈ A2 �→ ab ∈ A. We do not assume associativity of the
product. If the product is associative, we call A associative.

Homomorphisms and isomorphisms between two algebras are defined as in
the case of associative algebras. An antiautomorphism of an algebra A is a
linear bijection ϕ : A −→ A such that ϕ(ab) = ϕ(b)ϕ(a) for all a, b ∈ A.

We call an algebra A unital if it contains an identity, which will always be
denoted by 1, unless stated otherwise. As usual, one can adjoint an identity 1
to a nonunital algebra A to form a unital algebra A1, called the unit extension
of A.

A Jordan algebra is a commutative algebra over a field F, and satisfies the
Jordan identity

(ab)a2 = a(ba2) (a, b ∈ A).

We always assume that F is not of characteristic 2; however, in later sections,
F is usually either R or C.

The concept of a Jordan algebra was introduced by P. Jordan, J. von Neumann,
and E. Wigner [64] to formulate an algebraic model for quantum mechanics.
They introduced the notion of an r-number system which is, in modern ter-
minology, a finite-dimensional, formally real Jordan algebra. In fact, the term
Jordan algebra first appeared in an article by A. A. Albert [3]. It denotes an

1



2 Jordan and Lie theory

algebra of linear transformations closed in the product

A · B = 1

2
(AB + BA).

Although Jordan algebras were motivated by quantum formalism, unexpected
and important applications in algebra, geometry and analysis have been dis-
covered. Some of these discoveries are the subject of discussions in ensuing
chapters.

On any associative algebra A, a product ◦ can be defined by

a ◦ b = 1

2
(ab + ba) (a, b ∈ A),

where the product on the right-hand side is the original product of A. The
algebra A becomes a Jordan algebra with the product ◦. We call this product
special. A Jordan algebra is called special if it is isomorphic to, and hence
identified with, a Jordan subalgebra of an associative algebra A with respect to
the special Jordan product ◦. Otherwise, it is called exceptional.

It is often convenient to express the Jordan identity as an operator identity.
Given an algebra A and a ∈ A, we define a linear map La : A −→ A, called
left multiplication by a, as follows:

La(x) = ax (x ∈ A).

The Jordan identity can be expressed as

[La,La2 ] = 0 (a ∈ A),

where [·, ·] is the usual Lie bracket product of linear maps. Given a, b ∈ A, we
define the quadratic operator Qa : A −→ A and box operator a b : A −→
A by

Qa = 2L2
a − La2 , a b = Lab + [La,Lb]. (1.1)

These operators are fundamental in Jordan theory, as is the linearization of the
quadratic operator:

Qa,b = Qa+b −Qa −Qb.

Let A be an algebra and let a ∈ A. We define a0 = 1 if A is unital,

a1 = a, an+1 = aan (n = 1, 2, . . .).

The following power associative property depends on the assumption that the
scalar field F for A is not of characteristic 2.
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Theorem 1.1.1 A Jordan algebra A is power associative; that is,

aman = am+n (a ∈ A ;m, n = 1, 2, . . .).

In fact, we have [Lam, Lan ] = 0.

Proof For any α, β in the underlying field F, we have

[La+αb+βc, L(a+αb+βc)2 ] = 0

for all a, b, c ∈ A. Expanding the product, we find that the coefficient of the
term αβ is

2[La,Lbc] + 2[Lb,Lca] + 2[Lc, Lab],

which must be 0. Since F is not of characteristic 2, we have

[La,Lbc] + [Lb,Lca] + [Lc, Lab] = 0.

Applying this operator identity to an element x ∈ A and using commutativity
of the Jordan product yields

(LaLbc + LbLca + LcLab)(x)

= (LbcLa + LcaLb + LabLc)(x)

= LbcLx(a) + LbxLc(a) + LxcLb(a)

= (LbcLx + LcxLb + LxbLc)(a)

= (LxLbc + LbLcx + LcLxb)(a)

= (L((bc)a) + LbLaLc + LcLaLb)(x).

Putting b = an and c = a in this identity, we obtain a recursive formula,

Lan+2 = 2LaLan+1 + LanLa2 − LanL
2
a,−L2

aLan,

which implies that each Lan is a polynomial in La and La2 which commute. It
follows that Lan commutes with Lam for all m, n ∈ N. In particular, we have

LanLa(am) = LaLan(a
m),

and power associativity follows from induction.

Corollary 1.1.2 Let A be a Jordan algebra and let a ∈ A. The subalgebra
A(a) generated by a in A is associative.

In fact, we have the following deeper result. It can be derived from
Macdonald’s theorem, which states that if an identity in 3 variables is linear in
1 variable and holds in all special Jordan algebras, then it holds in all Jordan
algebras. We omit the proof, which can be found, for instance, in the books



4 Jordan and Lie theory

by Jacobson [62], McCrimmon [88], and Zhevlakov et al. [123]. We remark,
however, that for Jordan algebras over a field of characteristic 2, a Jordan
algebra with a single generator need not be special.

Shirshov–Cohn Theorem Let A be a Jordan algebra and let a, b ∈ A. Then
the Jordan subalgebra B generated by a, b (and 1, if A is unital) is special.

One can use the Shirshov–Cohn theorem to establish various identities in
Jordan algebras. For instance, in any Jordan algebra A, we have the identity

2L3
a − 3La2La + La3 = 0 (1.2)

for each a ∈ A. In other words, we have

2a(a(ab)) − 3a2(ab) + a3b = 0

for a, b ∈ A. To see this, let B be the Jordan subalgebra of A generated by a
and b. Then it is special and hence embeds in some associative algebra (A′,×)
with

ab = 1

2
(a × b + b × a).

In B, we have

2a(a(ab)) = 1

4
(a3 × b + 3a2 × b × a + 3a × b × a2 + b × a3)

3a2(ab) = 1

4
(3a3 × b + 3a2 × b × a + 3a × b × a2 + 3b × a3),

which, together with 2a3b = a3 × b + b × a3, verifies the identity.

Definition 1.1.3 Two elements a and b in a Jordan algebra A are said to
operator commute if the left multiplications La and Lb commute. The centre
of A is the set Z(A) = {z ∈ A : LzLa = LaLz,∀a ∈ A}.

We observe that LaLb = LbLa if, and only if, (ax)b = a(xb) for all x ∈ A.
Evidently, the centre Z(A) = {z ∈ A : (za)b = z(ab),∀a, b ∈ A} is an asso-
ciative subalgebra of A.

Example 1.1.4 The Cayley algebra O, known as the octonions, is a complex
nonassociative algebra with a basis {e0, e1, . . . , e7} and satisfies

a2b = a(ab) , ab2 = (ab)b (a, b ∈ O), (1.3)

where e0 is the identity of O, e2
j = −e0 for j 	= 0, and the multiplication is

encoded in the following Fano plane, consisting of seven points and seven
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lines. The points are the basis elements but e0, and the lines are the sides of
the triangle, together with the circle. Each line has a cyclic ordering shown by
the arrow. If ei , ej and ek are cyclically ordered, then eiej = −ej ei = ek . For
instance, e6e2 = (−e4e2)e2 = −e4e

2
2 = e4.

←−
e5

e7

e4

e3

e1 e2

e6

...............

...............

...............
..............

..............
...............

.........................................................................................
............
..

............
...

...........
....

..........

.....

..........

.....

...........
....

............
...

............
..

.............. ............... ............... ............... ............... ...............
...............
..............
..............
...............

...............

...............

Octonion multiplication

The algebra O is an alternative algebra in the sense that the associator

[x, y, z] = (xy)z− x(yz)

is an alternating function of x, y, z: exchanging any two variables entails a sign
change of the function. This condition is a reformulation of the multiplication
rules in (1.3).

We will denote by O the real Caylay algebra, which is the real subalgebra of
O with basis {e0, . . . , e7}. Historically, octonions were discovered by a process
of duplicating the real numbers R. Indeed, the complex numbers arise from R

as the product R × R with the multiplication

(a, b)(c, d) = (ac − db, bc + da) (a, b, c, d ∈ R).

The real associative quaternion algebra H can be constructed by an analogous
duplication process. One can define H as C × C with the multiplication

(a, b)(c, d) = (ac − d̄b, bc̄ + da) (a, b, c, d ∈ C),

which is isomorphic to the following real non-commutative algebra of 2 × 2
matrices: {(

a b

−b̄ ā

)
: (a, b) ∈ C × C

}
. (1.4)

In the identification with this algebra, H has a basis

1 =
(

1 0
0 1

)
, i =

(
i 0
0 −i

)
, j =

(
0 1
−1 0

)
, k =

(
0 i

i 0

)
,
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satisfying

i2 = j2 = k2 = ijk = −1, ij = −ji = k.

Likewise, O can be defined as the product H × H with the multiplication

(a, b)(c, d) = (ac − d̄b, bc̄ + da) (a, b, c, d ∈ H),

where the conjugate c̄ of a quaternion c = α1 + xi + yj + zk is defined by

c̄ = α1 − xi − yj − zk,

so that the real part of c is Re c = 1
2 (c + c̄) = α1. A positive quaternion is one

of the form α1 for some α > 0. The basis elements of H × H are

e0 = (1, 0), e1 = (i, 0), e2 = (j, 0), e3 = (k, 0),
e4 = (0, 1), e5 = (0, i), e6 = (0, j), e7 = (0,k).

The algebras C, H and O are quadratic; that is, each element x satisfies the
equation x2 = αx + β1 for some α, β ∈ R, where 1 denotes the identity of the
algebra. If x = (a1, a2) ∈ H × H with

an = αn1 + xni + ynj + znk (n = 1, 2),

then we have

x2 = 2α1x − (x2
1 + y2

1 + z2
1 + x2

2 + y2
2 + z2

2)e0.

Example 1.1.5 A well-known example in Albert [2] of an exceptional Jordan
algebra is the 27-dimensional real algebra

H3(O) = {(aij )1≤i,j≤3 : (aij ) = (̃aji), aij ∈ O}
of 3 × 3 matrices over O, Hermitian with respect to the usual involution ˜ in
O defined by

(α0e0 + · · · + α7e7)̃ = α0e0 − · · · − α7e7.

The Jordan product is given by

A ◦ B = 1

2
(AB + BA) (A,B ∈ H3(O)),

where the multiplication on the right is the usual matrix multiplication. We
refer to Jacobson [62] and McCrimmon [88] for a more detailed analysis of
H3(O). The exceptionality of H3(O) involves the so-called s-identities, which
are valid in all special Jordan algebras but not all Jordan algebras. One such
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identity was first found by Glennie [43]:

2Qx(z)Qy,xQz(y
2) −QxQzQx,yQy(z)

= 2Qy(z)Qx,yQz(x
2) −QyQzQy,xQx(z),

which does not hold inH3(O). An alternative proof of exceptionality bypassing
s-identities can be found in Hanche-Olsen and Størmer [47].

Definition 1.1.6 An element e in an algebraA is called an idempotent if e2 = e.
Two idempotents e and u are said to be orthogonal if eu = ue = 0. An element
a ∈ A is called nilpotent if an = 0 for some positive integer n.

Lemma 1.1.7 Let A be a unital Jordan algebra with an idempotent e. Let
a ∈ A. The following conditions are equivalent:

(i) a and e operator commute.
(ii) Qe(a) = Lea.

(iii) a and e generate an associative subalgebra of A.

Proof (i) ⇒ (ii). We have

Qe(a) = 2(L2
e − Le)(a) = 2e(ea) − ea = 2e2a − ea = ea.

(ii) ⇒ (iii). Let B be the subalgebra generated by a and e. By the Shirshov–
Cohn theorem, B is isomorphic to a Jordan subalgebra B′ of an associative
algebra (A′,×) with respect to the special Jordan product. Identify a and e as
elements in B′. Then

Lea = 1

2
(e × a + a × e) = Qe(a) = e × a × e,

since e = e2 = e × e. Multiplying the above identity on the left by e, we get
e × a = e × a × e. Multiplying the identity on the right by e gives a × e = e ×
a × e. Hence e × a = a × e and ea = e × a. Hence (B′,×) is a commutative
subalgebra of (A,×) and the special Jordan product in B′ is just the product ×
and is, in particular, associative.

(iii) ⇒ (i). In the proof of Theorem 1.1.1, we have the operator identity

[Le, Lbc] + [Lb,Lce] + [Lc, Leb] = 0

for all b, c ∈ A. Putting c = e, we have

[Le, Lbe] + [Lb,Le] + [Le, Leb] = 0,

which gives

2[Le, Lbe] = [Le, Lb]. (1.5)
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Since e2 = e, in the special Jordan algebra A(a, e, 1) generated by a, e and 1,
it can be verified easily that

a = Qe(a) +Q1−e(a)

and Q1−e(a)e = 0, as well as Qe(a)e = Qe(a). Substituting Q1−e(a) for b in
(1.5), we get [Le, LQ1−e(a)] = 0. Putting b = Qe(a) in (1.5) gives [Le, LQe(a)] =
0. It follows that

[Le, La] = [Le, LQe(a)] + [Le, LQ1−e(a)] = 0.

Lemma 1.1.8 Let A be a finite-dimensional associative algebra containing an
element a which is not nilpotent and not an identity. Then A contains a nonzero
idempotent, which is a polynomial in a, without constant term.

Proof We may assume that A has an identity 1. Finite dimensionality implies
that there is a nonzero polynomial p of least degree and without constant term,
such that p(a) = 0. Write p(x) = xkq(x), where k ≥ 1 and q is a polynomial,
such that q(0) 	= 0. The degree deg q of q is strictly positive, since a is not
nilpotent. There are then polynomials q1 and q2 with deg q1 < deg q and

xkq1(x) + q2(x)q(x) = 1,

where the nonzero polynomial g(x) = xkq1(x) has no constant term and
deg g < degp. Hence e = g(a) 	= 0. We have e2 = e, since a2kq1(a) +
akq2(a)q(a) = ak and

g(a)2 − g(a) = a2kq1(a)2 − akq1(a) = akq2(a)q(a)q1(a) = 0.

Lemma 1.1.9 Let A be a Jordan algebra. Then an element a ∈ A is nilpotent
if and only if the left multiplication La : A −→ A is nilpotent.

Proof If La is nilpotent, then an+1 = Lna(a) implies that a is nilpotent. Con-
versely, for any a ∈ Awith an = 0, we show thatLa is nilpotent by induction on
the exponent n. The assertion is trivially true if n = 1. Given that the assertion
is true for n, we consider an+1 = 0. We have (a2)n = 0 = (a3)n, and therefore
La2 and La3 are nilpotent, by the inductive hypothesis. It follows from the
identity

2L3
a = 3La2La − La3

that La is nilpotent.
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Given an idempotent e in a Jordan algebra A, the left multiplication
Le : A −→ A satisfies the equation

2L3
e − 3L2

e + Le = 0 (1.6)

by the identity (1.2). Hence an eigenvalue α of Le is a root of

2α3 − 3α2 + α = 0

and is 0, 1
2 or 1. If A is associative, then L2

e = Le and 1
2 is not an eigenvalue of

Le. Nevertheless, we denote the eigenspaces of 2Le by

Ak(e) = {x ∈ A : 2ex = kx} (k = 0, 1, 2)

and call Ak(e) the Peirce k-space of e. The earlier remark implies that A1(e) =
{0} if A is associative.

We define two linear operators, Qe : A −→ A, and Q⊥
e : A −→ A, by

Qe = 2L2
e − Le, Q⊥

e = 4(Le − L2
e). (1.7)

Evidently, Le commutes with both Qe and Q⊥
e . Using the equation (1.6),

one can easily establish

LeQe = Qe = Q2
e, LeQ

⊥
e = 1

2
Q⊥
e = 1

2
(Q⊥

e )2, Le(I −Qe −Q⊥
e ) = 0,

where I is the identity operator on A and Qe and Q⊥
e are mutually orthogonal.

It follows that

A2(e) = Qe(A), A1(e) = Q⊥
e (A), A0(e) = (I −Qe −Q⊥

e )(A), (1.8)

which gives rise to the following Peirce decomposition of A:

A = A0(e) ⊕A1(e) ⊕A2(e).

We will return to the Peirce decomposition with more details in the more
general setting of Jordan triple systems. We note for the time being that the
Peirce spaces A0(e) and A2(e) are Jordan subalgebras of A, as shown below.
We also note that A2(e) never vanishes.

Lemma 1.1.10 The Peirce spaces of an idempotent e in a Jordan algebra A
satisfy

A0(e)A0(e) ⊂ A0(e), A1(e)A1(e) ⊂ A0(e) ⊕A2(e), A2(e)A2(e) ⊂ A2(e).
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Proof We first prove the second inclusion. Let x, y ∈ A1(e) and let xy =
a0 + a1 + a2 be the Peirce decomposition of xy. We have

0 = [Ly,Lex] + [Le, Lxy] + [Lx,Lye]

= 1

2
[Ly,Lx] + [Le, Lxy] + 1

2
[Lx,Ly]

= [Le, Lxy].

In particular, [Le, Lxy](e) = 0 gives

0 = e(xy) − e(e(xy))

= a2 + 1

2
a1 − e

(
a2 + 1

2
a1

)
= a2 + 1

2
a1 − a2 − 1

4
a1 = 1

4
a1.

Hence xy ∈ A0(e) ⊕A2(e).
Let x, y ∈ Aj (e), where j = 0, 2. Then we have [Le, Lx2 ] = 0 by the first

equation earlier in the proof. Using this and expanding ((x + e)y)(x + e)2 =
(x + e)(y(x + e)2), we obtain

2(xy)(xe) + (xy)e + 2(ey)(xe) = 2x(y(xe)) + x(ye) + 2(ey)(xe),

which gives (xy)e = j

2xy. This proves the first and the last inclusion.

Definition 1.1.11 An idempotent e in a Jordan algebra A is called maximal if
the Peirce 0-space A0(e) is {0}. A nonzero idempotent e is called primitive if
there are no nonzero orthogonal idempotents u and v satisfying e = u+ v.

Lemma 1.1.12 Let A be a finite-dimensional Jordan algebra which contains
no nonzero nilpotent element. Then A contains a maximal idempotent.

Proof Ignore the trivial case A = {0}. Applying Lemma 1.1.8 to an associative
subalgebra of A generated by a nonzero element, one finds a nonzero idempo-
tent e. IfA0(e) 	= {0}, then again one can pick a nonzero idempotent u ∈ A0(e).
Then e′ = e + u is an idempotent andA0(e) ⊂ A0(e′). Sinceu ∈ A0(e′)\A0(e),
we have dimA0(e) < dimA0(e′). By finite dimensionality of A, this process
of increasing dimension must stop, yielding a maximal idempotent.

Proposition 1.1.13 Let A be a finite-dimensional Jordan algebra which con-
tains no nonzero nilpotent element. Then A has an identity.

Proof By Lemma 1.1.12, A contains a maximal idempotent e such that

A = A1(e) ⊕A2(e).
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We show that A1(e) = {0}. Let x ∈ A1(e). Then x2 ∈ A0(e) ⊕A2(e) = A2(e),
and we have

1

2
x3 = (xe)x2 = x(ex2) = x3,

which implies that x = 0. Hence A = A2(e), in which e is the identity.

A real Jordan algebra A is called formally real if a2
1 + · · · + a2

k = 0
implies a1 = · · · = ak = 0 for a1, . . . , ak ∈ A. By Proposition 1.1.13, a finite-
dimensional formally real Jordan algebra has an identity. The exceptional
Jordan algebra H3(O) is formally real.

Theorem 1.1.14 Let A be a finite-dimensional real Jordan algebra. The fol-
lowing conditions are equivalent:

(i) A is formally real.
(ii) a2 + b2 = 0 ⇒ a = b = 0 for any a, b ∈ A.

(iii) Each x ∈ A admits a decomposition x = α1e1 + · · · + αnen, where
α1, . . . αn ∈ R and e1, . . . , en are mutually orthogonal idempotents in A.

(iv) The bilinear form (x, y) ∈ A2 �→ Trace (x y) ∈ R is positive definite.

Proof (ii) ⇒ (iii). Let x ∈ A. Then the subalgebra A(x) generated by x is
associative and has an identity e by Proposition 1.1.13. Finite dimensionality
implies that

e = e1 + · · · + en

for some mutually orthogonal primitive idempotents in A(x). Hence we have,
by associativity of A(x),

x = e1xe1 + · · · + enxen.

We show that the associative algebra ejA(x)ej reduces to Rej . Indeed, by
primitivity, there is no nonzero idempotent in ejA(x)ej other than ej , and
it follows from Lemma 1.1.8 that each a ∈ ejA(x)ej\{0, ej } gives rise to
a polynomial g(a) that has no constant term and satisfies g(a) = ej , which
implies that a is invertible in ejA(x)ej . Hence ejA(x)ej is a field over R

and must be either R or C. Since C is not formally real, we conclude that
ejA(x)ej = Rej and therefore

x =
∑
j

αj ej

for some α1, . . . , αn ∈ R.
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(iii) ⇒ (iv). Given x = α1e1 + · · · + αnen for some mutually orthogonal
idempotents e1, . . . , en, we have

Trace (x x) =
∑
j

α2
jTrace (ej ej ) ≥ 0.

If Trace (x x) = 0, then Trace (ej ej ) = 0, and ej = 0, since ej ej = Lej
has eigenvalues 0, 1

2 or 1, for all j .
(iv) ⇒ (i). Let a2

1 + · · · + a2
k = 0. Then

∑
j Trace (aj aj ) =

Trace (a1 a1 + · · · + ak ak) = 0. Hence Trace (aj aj ) = 0 implies
aj = 0 for all j .

A subspace I of a Jordan algebra A is called an ideal if a ∈ A and x ∈ I
imply ax ∈ I , in which case I is also an ideal in the unit extension A1 of A
and the quotient space A/I is a Jordan algebra with the natural product

(a + I )(b + I ) = ab + I (a, b ∈ A).

A Jordan algebra A with nontrivial multiplication (i.e., ab 	= 0 for some a, b ∈
A), is called simple if the only ideals of A are {0} and A itself.

To avoid confusion, homomorphisms and isomorphisms between Jordan
algebras are sometimes called Jordan homomorphisms and Jordan isomor-
phisms to distinguish them from the ones for other algebraic structures. The
kernel ϕ−1(0) of a Jordan homomorphism ϕ : A −→ B is an ideal of A. Given
an ideal I of a Jordan algebra A, the quotient map q : A −→ A/I is a homo-
morphism with kernel q−1(0) = I .

Finite-dimensional formally real Jordan algebras have been classified in the
seminal article by Jordan et al. [64]. Jordan algebras of any dimension were
classified by Zelmanov in [120] and [121]. There are three different types of
simple Jordan algebras: namely, Hermitian, Clifford and Albert.

Example 1.1.15 Jordan algebras of the Hermitian type are special Jordan
algebras obtained from associative algebras. They are of the form

H (A, ∗) = {a ∈ A : a∗ = a},
where A is an associative algebra with involution ∗ and H (A, ∗) is equipped
with the special Jordan product

a ◦ b = 1

2
(ab + ba).

It is simple if A is simple. The special Jordan algebra (A, ◦) constructed at the
beginning of the section from an associative algebraA is of this type. Indeed, let
Aop denote the opposite algebra (i.e., Aop has the same vector space structure
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as A, but the multiplication is reversed) and define an involution ∗ on A⊕Aop

by (a ⊕ b)∗ = b ⊕ a. Then (A, ◦) is isomorphic to H (A⊕Aop, ∗).

Example 1.1.16 Of the Clifford type are Jordan algebras of a symmetric
bilinear form. They are special Jordan algebras of the form V ⊕ F, where
V is a vector space over a field F, equipped with a symmetric bilinear form
f : V × V −→ F. The direct sum V ⊕ F forms a Jordan algebra in the product

(x ⊕ α)(y ⊕ β) = (αx + βy) ⊕ (f (x, y) + αβ).

We call V ⊕ F a spin factor. It is simple if f is non-degenerate and dimV ≥ 2.

Example 1.1.17 The Albert type Jordan algebras are the exceptional Jordan
algebras which are 27-dimensional over the centre. For example, H3(O).

1.2 Jordan triple systems

A real or complex vector space V equipped with a triple product {·, ·, ·} :
V 3 −→ V is called a Jordan triple if the triple product is trilinear and symmetric
in the outer variables and satisfies the following identity:

{a, b, {x, y, z}} = {{a, b, x}, y, z} − {x, {b, a, y}, z} + {x, y, {a, b, z}}.
(1.9)

A complex vector space V with a triple product {·, ·, ·} which is linear and
symmetric in the outer variables, but conjugate linear in the middle variable,
and satisfies (1.9), is called a Hermitian Jordan triple. By a Jordan triple system
V , we mean a Jordan triple or a Hermitian Jordan triple V . By restricting to the
real scalar field, a complex Jordan triple or a Hermitian Jordan triple can, and
will, be regarded as a real Jordan triple.

A vector subspace W of a Jordan triple system V is called a subtriple if
x, y, z ∈ W implies {x, y, z} ∈ W . Given subsets A,B and C of V , we define

{A,B,C} = {{a, b, c} : a ∈ A, b ∈ B, c ∈ C}.

A linear map f : V −→ W between two Jordan triple systems V and W is
called a (Jordan) triple homomorphism if it preserves the triple product:

f {a, b, c} = {f (a), f (b), f (c)} (a, b, c ∈ V ).

A triple homomorphism is called a (Jordan) triple monomorphism if it is injec-
tive. A bijective triple homomorphism is called a (Jordan) triple isomorphism.
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We call the identity (1.9) the main triple identity of a Jordan triple system.
It is often written as

{{a, b, x}, y, z} − {x, {b, a, y}, z} = {a, b, {x, y, z}} − {x, y, {a, b, z}}.
(1.10)

Example 1.2.1 The complex space Cn can be given various Jordan triple
structures; for instance, one can define a Jordan triple product by

{x, y, z} = xyz (x, y, z ∈ Cn),

which turns Cn into a complex Jordan triple, where the product on the right is
the coordinatewise product. On the other hand, the triple product

{x, y, z} = xyz (x, y, z ∈ Cn)

makes Cn into a Hermitian Jordan triple. We can also equip Cn with the
Hermitian Jordan triple product

{x, y, z} = 〈x, y〉z+ 〈z, y〉x,
where 〈·, ·〉 denotes the usual inner product.

The concept of a Jordan triple system was originally derived from the gener-
alization of Jordan algebras relating to Lie algebras and differential geometry.

In a real or complex Jordan algebra A, we define a canonical (Jordan) triple
product by

{a, b, c} = (ab)c + a(bc) − b(ac) (1.11)

for a, b, c ∈ A. If A is a complex Jordan algebra equipped with a conjugate
linear algebra involution ∗, the canonical Hermitian (Jordan) triple product is
defined by

{a, b, c} = (ab∗)c + a(b∗c) − b∗(ac). (1.12)

Equipped with one of these triple products, a real or complex Jordan algebra is
a Jordan triple system.

We first prove three basic identities in a Jordan triple system.

Lemma 1.2.2 Given x, y, z in a Jordan triple system, we have

{{x, y, x}, y, z}} = {x, {y, x, y}, z}. (1.13)

Proof This follows by putting a = x and b = y in the main triple identity.

Lemma 1.2.3 Given x, y, z is a Jordan triple system, we have

{x, y, {x, z, x}} = {x, {y, x, z}, x}. (1.14)
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Proof Applying the triple identity repeatedly yields

{x, y, {x, z, x}} = {{x, y, x}, z, x}} − {x, {y, x, z}, x} + {x, z, {x, y, x}}
= 2{x, z, {x, y, x}} − {x, {y, x, z}, x}
= 2{{x, z, x}, y, x} − 2{x, {z, x, y}, x}
+ 2{x, y, {x, z, x}} − {x, {y, x, z}, x}

= 4{x, y, {x, z, x}} − 3{x, {y, x, z}, x}
= {x, {y, x, z}, x}.

This proof also yields the identity

{x, y, {x, z, x}} = {{x, y, x}, z, x}. (1.15)

Lemma 1.2.4 Given that x, y, z is a Jordan triple system, we have

{{x, y, x}, z, {x, y, x}} = {x, {y, {x, z, x}, y}, x}. (1.16)

Proof Adding the two triple identities

{y, x, {y, x, z}} = {{y, x, y}, x, z} − {y, {x, y, x}, z} + {y, x, {y, x, z}}
{z, x, {y, x, y}} = {{z, x, y}, x, y} − {y, {x, z, x}, y} + {y, x, {z, x, y}},

we obtain

{y, {x, y, x}, z} = 2{y, x, {y, x, z}} − {y, {x, z, x}, y}.
It follows that

{{x, y, x}, z, {x, y, x}} = 2{{{x, y, x}, z, x}, y, x} − {x, {z, {x, y, x}, y}, x}
= 2{{{x, y, x}, z, x}, y, x} − 2{x, {y, x, {y, x, z}}, x}
+ {x, {y, {x, z, x}, y}, x}

= {x, {y, {x, z, x}, y}, x},
where the last identity follows from repeated applications of (1.13):

{{{x, y, x}, z, x}, y, x} = {{x, {y, x, z}, x}, y, x}
= {x, {{y, x, z}, x, y}, x}
= {x, {y, {x, z, x}, y}, x}.

In place of the triple identity (1.9), one can also use the basic identities
(1.13), (1.14) and (1.16) as the defining identities for a Jordan triple system, as
in Loos [84], in which case the triple identity can be derived.
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The arguments in the proof of Lemma 1.2.4 can be repeated to yield the
following identities.

Lemma 1.2.5 Given a, x, y, z in a Jordan triple system, we have

2{x, a, {y, a, z}} = {x, {a, y, a}, z} + {x, {a, z, a}, y} (1.17)

2{a, x, {a, y, z}} = {{a, x, a}, y, z} + {a, {x, z, y}, a} (1.18)

2{a, {x, a, y}, z} = {{a, x, a}, y, z} + {{a, y, a}, x, z}. (1.19)

Proof The first identity follows from adding the two triple identities

{y, a, {x, a, z}} = {{y, a, x}, a, z} − {x, {a, y, a}, z} + {x, a, {y, a, z}}
{z, a, {x, a, y}} = {{z, a, x}, a, y} − {x, {a, z, a}, y} + {x, a, {z, a, y}}.

We obtain the third identity by adding the two triple identities

{a, x, {a, y, z}} = {{a, x, a}, y, z} − {a, {x, a, y}, z} + {a, y, {a, x, z}}
{a, y, {a, x, z}} = {{a, y, a}, x, z} − {a, {y, a, x}, z} + {a, x, {a, y, z}}.

The second identity follows from the triple identity

{{a, x, a}, y, z} = {a, x, {a, y, z}} − {a, {x, z, y}, a} + {{a, y, z}, x, a}.

In a Jordan triple system V , we define the odd powers of an element x by
induction as follows:

x1 = x, x3 = {x, x, x}, x2n+1 = {x, x2n−1, x} (n = 2, 3, . . .).

By (1.14) and induction, we have

x2n+1 = {x2n−1, x, x}. (1.20)

One often makes use of the following polarization in a Jordan triple system
V :

2{x, y, z} = {x + z, y, x + z} − {x, y, x} − {z, y, z}. (1.21)

It follows that the triple product in a Jordan triple system is completely deter-
mined by the symmetrized product {x, y, x}.

If V is a Hermitian Jordan triple, we also have the polarization identity

4{z, y, z} = (y + z)3 + (y − z)3 − (y + iz)3 − (y − iz)3 (1.22)

and the triple product in V is determined by the cubes x3.
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Given a real Jordan triple (V, {·, ·, ·}), it can be complexified to a complex
Jordan triple or a Hermitian Jordan triple. If the complexification Vc = V ⊕ iV

of the real vector space V is furnished with the triple product

{x ⊕ iu, y ⊕ iv, x ⊕ iu}c = ({x, y, x} − {u, y, u} − 2{x, v, u})
⊕ i ({x, v, x} − {u, v, u} + 2{x, y, u}), (1.23)

then (Vc, {·, ·, ·}c) is a complex Jordan triple, called the complexification of
(V, {·, ·, ·}). On the other hand, the following triple product turns Vc into a
Hermitian Jordan triple:

{x ⊕ iu, y ⊕ iv, x ⊕ iu}h = ({x, y, x} − {u, y, u} + 2{x, v, u})
⊕ i (−{x, v, x} + {u, v, u} + 2{x, y, u}). (1.24)

We shall call (Vc, {·, ·, ·}h) the hermitification of V .
Jordan triple systems are equivalent to Jordan pairs with involution. The

concept of a Jordan pair was introduced by Loos [84] in connection with a pair
of mutually dual Riemannian symmetric spaces. A pair (V−1, V1) of real or
complex vector spaces is called a Jordan pair if there are two trilinear maps,

{·, ·, ·}α : Vα × V−α × Vα −→ Vα (α = ±1),

which are symmetric in the outer variables and satisfy

{a, b, {x, y, z}α}α = {{a, b, x}α, y, z}α
−{x, {b, a, y}−α, z}α + {x, y, {a, b, z}α}α (1.25)

for a, x, z ∈ Vα and b, y ∈ V−α .
An involution θ of a Jordan pair (V−1, V1) is a linear isomorphism

θ : V−1 −→ V1 satisfying

θ{x, θy, x}−1 = {θx, y, θx}1 (x, y ∈ V−1).

If instead, such θ is conjugate linear for a complex Jordan pair (V−1, V1), then
it is called a Hermitian involution.

Evidently, if (V−1, V1) is a Jordan pair with involution θ , then V−1 is a
Jordan triple with triple product {x, θy, z}−1 for x, y, z ∈ V−1. Also, V−1 is a
Hermitian Jordan triple if the involution θ is Hermitian.

Conversely, given a Jordan triple (V, {·, ·, ·}), let V−1 = V1 = V . Then
(V−1, V1) is a Jordan pair with trilinear maps {x, y, z}α = {x, y, z} for α = ±1.
For a Hermitian Jordan triple (V, {·, ·, ·}), we let V−1 = V and V1 be the com-
plex vector space obtained from V but replacing its scalar multiplication by
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(β, v) ∈ C × V �→ βv ∈ V . Then the identity map θ : V−1 −→ V1 is conju-
gate linear and is a Hermitian involution of the Jordan pair (V−1, V1) with the
trilinear map {x, y, z}α = {x, θ±αy, z}.
Example 1.2.6 Let Mmn(C) be the vector space of m× n complex matrices.
Then (Mmn(C),Mnm(C)) is a Jordan pair with trilinear maps

{A,B,C}α = 1

2
(ABC + CBA) (A,C ∈ V−α, B ∈ Vα),

where V−1 = Mmn(C) and V1 = Mnm(C). The pair has a Hermitian involution

θ : Mmn(C) −→ Mnm(C)

given by θ (B) = B∗, where B∗ = ( bji ) is the adjoint of the matrix B = (bij ).
The complex vector space Mmn(C) is a Hermitian Jordan triple with triple

product

{A,B,C} = {A, θ (B), C}−1 = 1

2
(AB∗C + CB∗A)

andMmm(C) is a Jordan algebra with involution * and Jordan productA ◦ B =
(AB + BA)/2. We shall write Mm(C) for Mmm(C) hereafter.

One can consider an infinite-dimensional extension of this example. Let H
and K be complex Hilbert spaces and let L(H,K) be the Banach space of
bounded linear operators between H and K . Then it is a Hermitian Jordan
triple in the triple product

{R, S, T } = 1

2
(RS∗T + T S∗R) (R, S, T ∈ L(H,K)),

where S∗ : K −→ H is the adjoint of S.

In fact, for any associative algebra A with special Jordan product a ◦ b =
(ab + ba)/2, the canonical Jordan triple product of the Jordan algebra (A, ◦)
is given by

{a, b, c} = 1

2
(abc + cba).

If A is over C and equipped with an involution ∗, then the canonical Hermitian
Jordan triple product is given by

{a, b, c} = 1

2
(ab∗c + cb∗a).

Example 1.2.7 Let M12(O) = {(z1, z2) : z1, z2 ∈ O} be the complex vector

space of 1 × 2 matrices over O. Given y = (y1, y2) with y1 =
7∑
0

α1,kek and
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y2 =
7∑
0

α2,kek , we define yj ∗ = αj,0e0 −
7∑
1

αj,kek for j = 1, 2, and

y∗ =
(
y1

∗

y2
∗

)
.

The spaceM1,2(O) is a 16-dimensional Hermitian Jordan triple in the following
triple product:

{x, y, z} = 1

2
(x(y∗z) + z(y∗x)).

Example 1.2.8 Let H3(O) be the complex vector space of 3 × 3 matrices over
the Cayley algebra O, Hermitian with respect to the standard involution in O;
that is, (aij ) belongs to H3(O) if and only if

(aij ) = (̃aji),

where the usual linear involution ˜ on O is defined by(
7∑

k=0

αkek

)̃
= α0e0 −

7∑
k=1

αkek

for
∑7

k=0 αkek ∈ O. We always equip H3(O) with the Jordan product

A ◦ B = 1

2
(AB + BA) (A,B ∈ H3(O)),

where the multiplication on the right is the usual matrix multiplication. The
product ◦ makes H3(O) into a complex exceptional Jordan algebra. There is a
natural conjugate linear involution � on O defined by(

7∑
k=0

αkek

)�

=
7∑
k=0

αkek,

which induces a conjugate linear involution ∗ on H3(O):

(aij )∗ := (a�ij ).

We always equip H3(O) with the triple product

{A,B,C} = (A ◦ B∗) ◦ C + A ◦ (B∗ ◦ C) − B∗ ◦ (A ◦ C).

With this triple product, H3(O) becomes a Hermitian Jordan triple.
The exceptional real Jordan algebraH3(O) in Example 1.1.5 is the real form

of H3(O) with respect to the involution ∗ : H3(O) −→ H3(O); that is,

H3(O) = {(aij ) ∈ H3(O) : (aij )∗ = (aij )}
and H3(O) = H3(O) + iH3(O) is the complexification of H3(O).
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We can embed M12(O) as a Hermitian subtriple of H3(O) via the triple
monomorphism

(z1, z2) ∈ M12(O) �→
⎛⎝ 0 z1 z2

z̃1 0 0
z̃2 0 0

⎞⎠ ∈ H3(O).

For each element a in a Jordan triple system V , we define a binary product
◦a in V by

x ◦a y = {x, a, y} (x, y ∈ V ).

This product is clearly commutative. It also satisfies the Jordan identity which
follows from the identities (1.9), (1.17) and (1.14):

x2 ◦a (x ◦a y) = {{x, a, x}, a, {x, a, y}}
= {{{x, a, x}, a, x}, a, y} − {x, {a, {x, a, x}, a}, y}
+ {x, a, {{x, a, x}, a, y}}

= x ◦a (x2 ◦a y),

where, by identities (1.17) and (1.14), we have

{x, {a, {x, a, x}, a}, y}
= 2{{x, a, {x, a, x}}, a, y} − {{x, a, x}, {a, x, a}, y}
= 2{{x, a, {x, a, x}}, a, y} − 2{x, {{a, x, a}, x, a}, y}
+ {{x, {a, x, a}, x}, a, y}

= 3{{x, a, {x, a, x}}, a, y} − 2{x, {a, {x, a, x}, a}, y}
= {{x, a, {x, a, x}}, a, y}.

Definition 1.2.9 Let V be a Jordan triple system and a ∈ V . The a-homotope
V (a) of V is defined to be the Jordan algebra (V, ◦a).

Using identities (1.13) and (1.17), we see that the canonical triple product
{·, ·, ·}a in the a-homotope V (a) = (V, ◦a) is given by

{x, y, x}a = 2(x ◦a y) ◦a x − (x ◦a x) ◦a y
= 2{{x, a, y}, a, x} − {{x, a, x}, a, y}
= {x, {a, y, a}, x}.

In particular, if {a, y, a} = y for all y ∈ V , then we have {x, y, x}a = {x, y, x}
for all x, y ∈ V and the Jordan triple system (V (a), {·, ·, ·}a) is just V itself.
Therefore Jordan triple systems generalize Jordan algebras in that unital Jordan
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algebras are the Jordan triples containing a unit element, that is, an element e
satisfying {e, y, e} = y for all elements y.

One can deduce power associativity in V via homotopes.

Lemma 1.2.10 Let V be a Jordan triple system and let a ∈ V . For odd natural
numbers m, n and p, we have

{am, an, ap} = am+n+p.

Proof Let V (a) be the a-homotope and x(n) the nth power of x in the Jordan
algebra (V (a), ◦a). By (1.20) and induction, we have

a2n−1 = a(n).

By (1.13) and power associativity in Jordan algebras, we have

{am, {a, a, a}, ap} = {{am, a, a}, a, ap} = a(m+3/2) ◦a a(p+1/2)

= a(m+3+p+1/2) = am+3+p.

One concludes the proof by induction, using the identity

{am, {a, a2k−1, a}, ap} = {{a, a, am}, a2k−1, ap} + {am, a2k−1, {a, a, ap}}
− {a, a, {am, a2k−1, ap}}.

Definition 1.2.11 Let V be a Jordan triple system and x, y ∈ V . Extending the
definition of a box operator on a Jordan algebra, we define the box operator
x y : V −→ V by

(x y)(v) = {x, y, v} (v ∈ V ).

The triple identity (1.10) can be written in terms of Lie brackets of box
operators:

[a b, x y] = {a, b, x} y − x {y, a, b}. (1.26)

Definition 1.2.12 A Jordan triple system V is called abelian or commutative
if

[a b, x y] = 0

for all a, b, x, y ∈ V ; in other words, if the operators a b and x y commute
for all a, b, x, y ∈ V . We call V flat if x y = y x for all x, y ∈ V .

Lemma 1.2.13 Let V be a Jordan triple system. Then V is abelian if, and
only, if

{a, b, {x, y, z}} = {a, {b, x, y}, z} = {{a, b, x}, y, z}
for all a, b, x, y, z ∈ V .
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Proof By the triple identity (1.26), the stated identities are equivalent to

[x y, z b](a) = 0 = [x b, a y](z)

for all a, b, x, y, z ∈ V .

Example 1.2.14 Let V be a Jordan triple system and let a ∈ V . It is plain from
power associativity in Lemma 1.2.10 that the linear span V (a) of odd powers
of a is the subtriple of V generated by a, that is, the smallest subtriple of V
containing a. Moreover, power associativity implies that V (a) is abelian. If V
is real, then V (a) is flat, a consequence of power associativity again.

Example 1.2.15 Flat Jordan triple systems must be abelian. However, an
abelian Jordan triple system need not be flat. For instance, C with the triple
product {x, y z} = xyz is abelian but not flat.

Apart from the box operator, there are two important basic operators on
Jordan triple systems, namely, the quadratic operator and the Bergmann oper-
ator. Let V be a Jordan triple system and let a, b ∈ V . The quadratic operator
Qa : V −→ V , induced by a, is defined by

Qa(x) = {a, x, a} (x ∈ V ),

which is linear if V is real or complex, but conjugate linear if V is Hermitian.
The Bergmann operator B(a, b) : V −→ V , induced by (a, b), is defined by

B(a, b)(x) = x − 2(a b)(x) +QaQb(x) (x ∈ V ).

In terms of quadratic operators, the identity (1.14) can be formulated as

Qa(b a) = (a b)Qa (a, b ∈ V ). (1.27)

One also deduces from (1.14) that

B(a, b)Qa = Qa−Qa (b) (a, b ∈ V ).

The identity (1.16) can be formulated as

QQa (b) = QaQbQa (a, b ∈ V ). (1.28)

We need to derive a few more identities for later applications. Given a, b ∈ V ,
let us define the map Q(a, b) : V −→ V by

Q(a, b)(x) = {a, x, b} (x ∈ V ).

We have of course Qa = Q(a, a), and it is easy to verify that

Q(a + tx, a + tx) = Qa + 2tQ(a, x) + t2Qx
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for all scalars t . Hence we have, from the identity (1.28),

Q(Qa+tx(b),Qa+tx(b)) = Qa+txQbQa+tx
= (Qa + 2tQ(a, x) + t2Qx)(QbQa + 2tQbQ(a, x) + t2QbQx).

Comparing the coefficients of t on both sides, we obtain

2Q(Qa(b), {a, b, x}) = Q(a, x)QbQa +QaQbQ(a, x). (1.29)

Also, comparing the coefficients of t2 on both sides of the previous identity,
we obtain

2Q(Qa(b),Qx(b)) + 4Q({a, b, x}, {a, b, x})
= QaQbQx +QxQbQa + 4Q(a, x)QbQ(a, x). (1.30)

Replacing b by b + c in (1.29) and expanding, we get

Q(Qa(b), {a, c, x}) +Q(Qa(c), {a, b, x})
= QaQ(b, c)Q(a, x) +Q(a, x)Q(b, c)Qa. (1.31)

Lemma 1.2.16 For a, c and x in a Jordan triple system V , we have

2Q(QaQc(x), {a, c, x}) = QaQcQx(c a) + (a c)QxQcQa.

Proof Substituting Qc(x) for b in (1.31), we have

2Q(QaQc(x), {a, c, x})
= 2QaQ(Qc(x), c)Q(a, x) + 2Q(a, x)Q(Qc(x), c)Qa

− 2Q(Qa(c), {a,Qc(x), x})
= 2QaQc(x c)Q(a, x) + 2Q(a, x)(c x)QcQa

− 2Q(Qa(c), {a, c,Qx(c)}),
where the second identity follows from (1.13). When (1.18) and (1.19) are
applied to the first two terms, the last formula becomes

QaQc(Q(Qc(x), a) +Qx(c a)) + (Q(Qc(x), a) + (a c)Qx)QcQa

− 2Q(Qa(c), {a, c,Qx(c)})
= QaQcQx(c a) + (a c)QxQcQa

+QaQcQ(Qc(x), a) +Q(Qc(x), a)QcQa − 2Q(Qa(c), {a, c,Qx(c)})
= QaQcQx(c a) + (a c)QxQcQa,

where the last three terms in the second formula sum to 0, by (1.29).
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Lemma 1.2.17 For a, c and x in a Jordan triple system V , we have

2Q(x,QaQb(x)) + 4Q({a, b, x}, {a, b, x})
= QaQbQx +QxQbQa + 4(a b)Qx(b a).

Proof Considering the last term in the equation and applying (1.19), we have

2(a b)Qx(b a) = 4Q(x, a)(b x)(b a) − 2Q(Qx(b), a)(b a),

which, by (1.18), equals

2Q(x, a)(Qb(x) a) + 2Q(x, a)QbQ(x, a) − 2Q(Qx(b), a)(b a),

and by (1.19) again, this is equal to

Q(x,QaQb(x)) + (x Qb(x))Qa + 2Q(x, a)QbQ(x, a)

−Q(Qa(b),Qx(b)) − (Qx(b) b)Qa

= Q(x,QaQb(x)) + 2Q(x, a)QbQ(x, a) −Q(Qa(b),Qx(b)),

where the last identity follows from (1.13). It follows from (1.30) that

4(a b)Qx(b a)

= 2Q(x,QaQb(x)) + 4Q(x, a)QbQ(x, a) − 2Q(Qa(b),Qx(b))

= 2Q(x,QaQb(x)) + 4Q({a, b, x}, {a, b, x}) −QaQbQx −QxQbQa,

which completes the proof.

We are now ready to prove an important identity for the Bergmann operator.

Theorem 1.2.18 Let V be a Jordan triple system and let x, y, z ∈ V . The
Bergmann operator B(x, y) satisfies

Q(B(x, y)z, B(x, y)z) = B(x, y)QzB(y, x). (1.32)

Proof The identity can be proved by comparing the expansions of both sides.
Indeed, the left-hand side is equal to

Qz − 4Q(z, {x, y, z}) + 2Q(z,QxQy(z)) + 4Q({x, y, z}, {x, y, z})
− 4Q(QxQy(z), {x, y, z}) +Q(QxQy(z),QxQy(z)),

whereas the right-hand side equals

Qz − 2(x y)Qz − 2Qz(y x) +QxQyQz +QzQyQx + 4(x y)Qz(y x)

− 2QxQyQz(y x) − 2(x y)QzQyQx +QxQyQzQyQx,

which is identical to the left-hand side by the triple identity (1.9), Lemma 1.2.4,
Lemma 1.2.16 and Lemma 1.2.17.
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Definition 1.2.19 A Jordan triple system V is called non-degenerate if

Qa = 0 =⇒ a = 0

for each a ∈ V .

Lemma 1.2.20 Let V be a non-degenerate Jordan triple system and let a ∈ V .
If x a = 0 for all x ∈ V , then a = 0.

Proof We have

0 = {x, a, {y, a, y}}
= {{x, a, y}, a, y} − {y, {a, x, a}, y} + {y, a, {x, a, y}}
= −{y, {a, x, a}, y}

for all y ∈ V , which implies thatQ{a,y,a} = 0 for all y ∈ V . Hence {a, y, a} = 0
for all y ∈ V and a = 0.

Lemma 1.2.21 Let V be a non-degenerate Jordan triple system and let a ∈ V .
If {x, a, x} = 0 for all x ∈ V , then a = 0.

Proof We have {x + v, a, x + v} = 0 for all x, v ∈ V , which implies x a =
0 for all x ∈ V . Hence a = 0.

Let V be a finite-dimensional real or complex Jordan triple. We define a
bilinear form 〈 ·, · 〉 : V × V −→ F, where F is the underlying scalar field, by

〈x, y〉 = Trace (x y).

If V is a finite-dimensional Hermitian Jordan triple, then

〈x, y〉 = Trace (x y)

is a complex sesquilinear form. We call 〈 · , · 〉 the trace form on V .
If the trace form on a Jordan triple system V is non-degenerate, that is,

〈x, y〉 = 0 for all y ∈ V implies x = 0, then every linear map T : V −→ V

has an adjoint T ∗ : V −→ V with respect to the trace form:

〈T x, y〉 = 〈x, T ∗y〉 (x, y ∈ V ).

In this case, the quadratic form q(x) = Trace (x x) is also called the trace
form, as q determines 〈·, ·〉 completely. We call q, or 〈·, ·〉, positive definite if
q(x) > 0 for all x 	= 0.

Lemma 1.2.22 Let V be a Jordan triple system which admits a non-degenerate
trace form. Then we have, for every a, b ∈ V ,

(a b)∗ = b a,
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and hence the trace form 〈 ·, · 〉 is symmetric if V is real or complex. If V is
Hermitian, the trace form 〈 ·, · 〉 is Hermitian.

Proof By the triple identity (1.26), we have

〈(a b)x, y〉 − 〈x, (b a)y〉 = Trace ((a b)x y) − Trace (x (b a)y)

= Trace [a b, x y] = 0.

Hence 〈a, b〉 = Trace (a b) = Trace (a b)∗ = Trace (b a) = 〈b, a〉 if V is
real or complex, whereas Trace (a b) = Trace (a b)∗ = Trace (b a) if V
is Hermitian.

Lemma 1.2.23 Let V be a real or complex Jordan triple. The following con-
ditions are equivalent.

(i) The trace form is non-degenerate.
(ii) The bilinear form (x, y) ∈ V 2 �→ Trace (x y + y x) is

non-degenerate.

Proof (i) ⇒ (ii). This follows from Lemma 1.2.22.
(ii) ⇒ (i). The bilinear form � x, y �= Trace (x y + y x) on V is

non-degenerate and symmetric. Using Trace [x y, u v] = 0 and the triple
identity (1.26) as before, we have

� (x y)u, v � = Trace ((x y)u v) + v (x y)u)

= Trace (u (y x)v + (y x)v u)

= � u, (y x)v � .

Hence the box operator y x is the adjoint of x y with respect to the bilinear
form � ·, · �. Therefore Trace (y x) = Trace (x y) and (i) follows.

Definition 1.2.24 A Jordan triple system V is called semisimple if for each
a ∈ V , we have

a x is nilpotent for all x ∈ V =⇒ a = 0.

We say that V is weakly semisimple if a x = 0 for all x ∈ V implies a = 0.

Definition 1.2.25 A Jordan triple systemV is called anisotropic if {x, x, x} = 0
implies x = 0 for each x ∈ V .

Lemma 1.2.26 Let V be a Jordan triple system which admits a positive definite
trace form. Then V is anisotropic.

Proof Let x ∈ V and {x, x, x} = 0. Using the identities (1.17) and (1.15), we
deduce that the box operator x x is nilpotent; in fact, (x x)3 = 0. Therefore
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Trace (x x) = 0 which implies that x = 0, since the trace form is positive
definite.

For finite-dimensional Jordan triples, semisimplicity is equivalent to non-
degeneracy of the trace form.

Lemma 1.2.27 Let V be a finite-dimensional Jordan triple system. The follow-
ing conditions are equivalent:

(i) V is semisimple.
(ii) The trace form on V is non-degenerate.

These conditions imply that V is non-degenerate.

Proof We show that

{a ∈ V : a x is nilpotent ∀x ∈ V } = {a ∈ V : Trace (a x) = 0∀ x ∈ V },
from which the equivalence of (i) and (ii) follows immediately.

Indeed, if a x is nilpotent, then Trace (a x) = 0. If the operator a x is not
nilpotent for some x ∈ V , then the left multiplicationLa : V (x) −→ V (x) on the
x-homotope V (x) is not nilpotent, as the two operators are identical. Therefore a
is not nilpotent in the Jordan algebra V (x), by Lemma 1.1.9. From Lemma 1.1.8,
there is an idempotent e in the subalgebra A(a) of V (x) generated by a, and e
is of the form e = ∑

k αka
(nk ). It follows that Trace (e x) = TraceLe > 0 and

the triple identity gives

Trace (e x) =
〈∑

k

αka
(nk ), x

〉
=

∑
k

αk〈(a(nk−1) x)(a), x〉

=
〈
a,

∑
k

αk(x a(nk−1))(x)

〉

= Trace

(
a

∑
k

αk(x a(nk−1))(x)

)
,

and hence a does not belong to the above set on the right. This proves the
equality of the two sets.

Assume condition (i) and let Qa = 0 for some a ∈ V . For every x ∈ V , we
have

2(a x)2 = Qa(x) x +QaQx = 0
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by the identity (1.18). Hence a x is nilpotent for all x ∈ V and a = 0 by
semisimplicity. This proves non-degeneracy of V .

Example 1.2.28 A non-degenerate Jordan triple system V is necessarily
weakly semisimple, since a x(a) = Qa(x). However, weak semisimplicity
is strictly weaker than non-degeneracy. Let

V =
{(

α β

0 α

)
: α, β ∈ R

}
be equipped with the triple product

{a, b, c} = abc + cba (a, b, c ∈ V ),

where the product on the right is the matrix product. Then V is a weakly

semisimple Jordan triple system in which Qa = 0 for a =
(

0 1
0 0

)
.

Definition 1.2.29 A finite-dimensional Jordan triple systemV is called positive
if x x : V −→ V has a non-negative spectrum for each x ∈ V .

If V is a complex Jordan triple and positive, then ix ix = −x x implies
that each x x has zero spectrum. We will therefore only be interested in
positive real or Hermitian Jordan triples.

Example 1.2.30 A positive Jordan triple need not be non-degenerate. Let

V =
{(

0 α

0 β

)
: α, β ∈ R

}
be equipped with the triple product

{a, b, c} = abc + cba (a, b, c ∈ V ),

where the product on the right is the matrix product. Then V is a positive real

Jordan triple. Indeed, for x =
(

0 α

0 β

)
, the eigenvalues of the box operator

x x are β2 and 2β2. However, Qa = 0 for a =
(

0 1
0 0

)
.

The role of idempotents in a Jordan algebra is played by tripotents in a Jordan
triple system.

Definition 1.2.31 An element e in a Jordan triple systemV is called a tripotent if
e = {e, e, e}. A tripotent e is said to be orthogonal to a tripotent f if e f = 0.
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For tripotents e and f in a Jordan triple system V , it will be shown that
the condition e f = 0 is equivalent to f e = 0. Two elements a, b ∈ V are
defined to be orthogonal to each other if a b = b a = 0.

Lemma 1.2.32 Let V be an anisotropic Jordan triple system and let a, b ∈ V .
Then a and b are orthogonal to each other if, and only if, a b = 0.

Proof Let a b = 0. By the triple identity (1.26), we have

x {b, a, y} = {a, b, x} y − [a b, x y] = 0 (x, y ∈ V ),

which gives

{b a(y), b a(y), b a(y)} = 0 (y ∈ V ).

Hence b a = 0 by anisotropy.

Lemma 1.2.33 Let e be a tripotent in a Jordan triple system V . Then the box
operator e e : V −→ V has eigenvalues in {0, 1/2, 1}.
Proof Let V (e) be the e-homotope of V . Then e is an idempotent in the Jordan
algebra V (e) with the Jordan product

a ◦e b = {a, e, b}.
The box operator e e : V −→ V is the left multiplication operator Le :
V (e) −→ V (e), which has eigenvalues 0, 1/2 or 1 by (1.6).

We now show the existence of tripotents.

Theorem 1.2.34 Let V be a finite-dimensional real or Hermitian Jordan triple.
The following conditions are equivalent:

(i) V is semisimple and positive.
(ii) The trace form q(x) = Trace (x x) is positive definite.

(iii) Each nonzero x ∈ V admits a unique decomposition x = α1e1 + · · · +
αnen, where 0 < α1 < · · · < αn and e1, . . . , en are mutually orthogonal
tripotents in V .

Proof (i) ⇒ (ii). We have q(x) ≥ 0 by positivity of V . If Trace (x x) = 0,
then all eigenvalues of x x are zero and we must have x x = 0, since x x

is self-adjoint with respect to the trace form on V , by Lemma 1.2.22. It follows
that x is nilpotent in the a-homotope V (a) for each a ∈ V since in the Jordan
algebra V (a), we have

x(4) = {{x, a, {x, a, x}}, a, x}
= {({x, a, {x, x, a}} + {x, {a, x, x}, a} − {x, x, {x, a, a}}) , a, x} = 0.
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Hence the left multiplication Lx : V (a) −→ V (a) is nilpotent by Lemma 1.1.9.
It follows that Trace (x a) = TraceLx = 0 and x = 0 by semisimplicity
of V .

(ii) ⇒ (iii). Let q be positive definite and let x ∈ V \{0}. Let V (x) be the
subtriple of V generated by x. Then V (x) is a finite-dimensional inner product
space with the trace form q. Let L be the real linear span of the box operators
{a b|V (x) : a, b ∈ V (x)}. Then L is a commutative algebra with respect to
composition, as V (x) is abelian, as noted in Example 1.2.14. By Lemma 1.2.22,
L consists of self-adjoint operators onV (x) and can therefore be simultaneously
diagonalised. In other words, there is a basis {v1, . . . , vn} in V (x) such that
Lvk ∈ Rvk for all L ∈ L and k = 1, . . . , n. In particular, we have

(vk vk)(vk) = λkvk (k = 1, . . . , n),

where λk 	= 0 since V is anisotropic by Lemma 1.2.26. Moreover, vk/λk is an
idempotent in the vk-homotope V (vk ) on which the left multiplication Lvk/λk
has eigenvalues 0, 1/2 or 1. The latter says the same of the box operator
(vk vk)/λk . It follows that Trace (vk vk) is a positive multiple of λk and
hence λk > 0.

Let ek = vk/
√
λk for k = 1, . . . , n. Then e1, . . . , en are mutually orthogonal

tripotents in V , since (ei ej )(ek) = (ek ej )(ei) ∈ Rek ∩ Rei = {0} for i 	= k.
After permutation and sign change, we can write

x = α1e1 + · · · + αnen (0 ≤ α1 ≤ · · · ≤ αn).

By orthogonality, we have

xp = α
p

1 e1 + · · · + αpn en

for odd powers xp of x. Since V (x) is spanned by these odd powers, we must
have

0 < α1 < · · · < αn.

To see the uniqueness of the decomposition, let

x = μ1u1 + · · · + μmum,

where 0 < μ1 < · · · < μm and u1, . . . , um are mutually orthogonal tripotents.
Then we have

μ2k+1
1 u1 + · · · + μ2k+1

m um = x(2k+1) ∈ V (x)
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for k = 1, 2, . . .. Hence each uj is in V (x) and u1, . . . , um form a basis of V (x)
with m = n. We have uj =

∑
k βkek and

uj = {uj , uj , uj } =
∑
k

β3
k ek

which imply βk = 0 or ±1. It follows that uj equals ±ek for some k; but the
inequalities on the coefficients imply uj = ej and μj = αj for each j.

(iii) ⇒ (i). Given x = α1e1 + · · · + αnen with orthogonal tripotents
e1, . . . , en, we have

x x =
n∑
k=1

α2
k (ek ek),

where each ek ek has spectrum in {0, 1/2, 1}. Hence x x has non-negative
spectrum. If Trace (x x) = 0, then α2

k = 0 for all k and x = 0. This proves
the semisimplicity of V .

Definition 1.2.35 Let V be a semisimple positive finite-dimensional real or
Hermitian Jordan triple and let x ∈ V . The decomposition

x = α1e1 + · · · + αnen

in Theorem 1.2.34 (iii) is called the spectral decomposition of x. We define the
triple spectrum of x to be the set

s(x) = {α1, . . . , αn}.
Example 1.2.36 The 4-dimensional real vector space

V = {(x,−x, y) : x, y ∈ C}
is a real Jordan triple with triple product

{(x,−x, y), (α,−α, β), (x,−x, y)} = (xαx,−xαx, yβy).

Given a = (x,−x, y) ∈ V , the operator a a is represented by the following
matrix with respect to the basis {(1,−1, 0), (i,−i, 0), (0, 0, 1), (0, 0, i)}:⎛⎜⎜⎝

x2 0 0 0
0 x2 0 0
0 0 y2 0
0 0 0 y2

⎞⎟⎟⎠ .

Hence V is not a positive Jordan triple. For instance, the box operator
(i,−i, i) (i,−i, i) has negative spectrum.

However, the 2-dimensional Jordan triple VR = {(x,−x, y) : x, y ∈ R} is a
positive Jordan triple.
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We now discuss the Peirce decomposition of a Jordan triple systemV induced
by a tripotent u ∈ V . Let V (u) be the u-homotope of V . As noted before, u is an
idempotent in the Jordan algebra V (u) with Jordan product a ◦u b = {a, u, b}
and the box operator u u : V −→ V is the left multiplication Lu : V (u) −→
V (u), with eigenvalues in {0, 1/2, 1}.
Definition 1.2.37 Let u be a tripotent in a Jordan triple system V . The
eigenspaces

Vk(u) =
{
z ∈ V : (u u)(z) = k

2
z

}
(k = 0, 1, 2)

are called the Peirce k-spaces of u, and the eigenspace decomposition

V = V0(u) ⊕ V1(u) ⊕ V2(u)

is called the Peirce decomposition of V .

By (1.7) and (1.8), the Peirce k-space is the range of the Peirce k-projection

Pk(u) : V −→ V

given by, using (1.17),

P2(u)(z) = 2L2
u(z) − Lu(z) = 2{u, u, {u, u, z}} − {u, u, z} = Q2

u(z)

P1(u) = 4(Lu − L2
u) = 2(Lu − (2L2

u − Lu)) = 2(u u−Q2
u)

P0(u) = I − 2(u u−Q2
u) −Q2

u = I − 2u u+Q2
u = B(u, u),

where I : V −→ V is the identity operator.
Trivially, if u = 0, then P0(u) = I and V = V0(u). We usually consider

nonzero tripotents in Perice decompositions.
By Lemma 1.1.10, the Peirce 2-space V2(u) of a tripotent u ∈ V is a Jordan

subalgebra of the u-homotope V (u), containing the identity u, with Jordan
product

a ◦u b = {a, u, b} (a, b ∈ V ).

Lemma 1.2.38 Given a tripotent u in an abelian Jordan triple system V , we
have

V = V0(u) ⊕ V2(u),

where (V2(u), ◦u) is an (abelian) associative algebra.

Proof SinceV is abelian, the box operator u u : V −→ V is a projection; that
is, (u u)2 = u u, and it follows that 2{u, u, v} = v implies v = 0. Hence
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V1(u) = {0}. The associativity of (V2(u), ◦u) follows directly from the abelian
condition on the triple product.

Definition 1.2.39 A tripotent u in a Jordan triple system V is called maximal
or complete if V0(u) = {0}. It is called unitary if V2(u) = V .

Neither maximal nor unitary tripotents can be 0 unless V = {0}. We see
from Lemma 1.2.38 that an abelian Jordan triple system becomes an abelian
associative algebra if it admits a maximal tripotent.

Example 1.2.40 Consider the Jordan triple M2(C) of 2 × 2 complex matrices.
For the tripotent

u =
(

1 0
0 0

)
,

the Peirce k-projections are given b

P0(u)

(
a b

c d

)
=

(
0 0
0 d

)
P1(u)

(
a b

c d

)
=

(
0 b
c 0

)
P2(u)

(
a b

c d

)
=

(
a 0
0 0

)
.

Example 1.2.41 In the Hermitian Jordan triple H3(O), introduced in Example
1.2.8, the Peirce 1-space of the tripotent

u =
⎛⎝1 0 0

0 0 0
0 0 0

⎞⎠
is none other than

M12(O) = P1(u)(H3(O)).

More generally, consider the Hermitian Jordan triple L(H,K) in
Example 1.2.6. An operator u ∈ L(H,K) is a tripotent if and only if u = uu∗u;
that is, u is a partial isometry. The operators l = uu∗ and r = u∗u are projec-
tions on the Hilbert spaces K and H , respectively. They can be represented,
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with suitable orthonormal bases, by square block matrices

� =
⎛⎝1K O

O O

⎞⎠ , r =
⎛⎝1H O

O O

⎞⎠ ,

where 1H and 1K are identities. In this representation, each operator in the
Peirce 2-space

L(H,K)2(u) = P2(u)L(H,K) = {� T r : T ∈ L(H,K)}
has a rectangular matrix representation

P2(u)T = � T r =
⎛⎝[� T r] O

O O

⎞⎠ .

The other two Peirce projections of u are given by

P0(u)T = (1K − �)T (1H − r) =
⎛⎝O O

O [(1K − �)T (1H − r)]

⎞⎠ ,

P1(u)T = � T (1H − r) + (1K − �)T r =
⎛⎝ O [� T (1H − r)]

[(1K − �)T r] O

⎞⎠ .

The matrix form of the Peirce decomposition of T ∈ L(H,K) is given by

T =
⎛⎝ [� T r] [� T (1H − r)]

[(1K − �)T r] [(1K − �)T (1H − r)]

⎞⎠ .

Definition 1.2.42 Given two tripotents u and v in a Jordan triple system V , we
write u ≤ v if v − u is a tripotent orthogonal to u.

Proposition 1.2.43 Let u, v be tripotents in a Jordan triple system V . The
following conditions are equivalent:

(i) u ≤ v.
(ii) {v, u, v} = u.

Proof (i)⇒ (ii). We have 0 = {v − u, u, u+ v} = {v, u, v} − {u, u, u}, which
gives {v, u, v} = u.

(ii) ⇒ (i). We use the identities (1.13), (1.14), (1.16) and (1.17) repeatedly
in the following computation.
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Since u = P2(v)u ∈ V2(v), we have {v, v, u} = u. Also

{u, v, u} = {{v, u, v}, v, {v, u, v}}
= {v, {u, {v, v, v}, u}, v}
= {v, {u, v, u}v}
= {v, u, {v, u, v}}
= {v, u, u}.

Hence

{u, {u, v, u}, u} = {u, {v, u, u}, u} = {u, v, {u, u, u}} = {u, v, u}.
We note that

{u, v, {u, v, u}} = {u, {v, u, v}, u} = {u, u, u} = u

and also

2{v, u, {u, v, u}} = 2{v, u, {v, u, u}} = {v, {u, v, u}, u} + {v, {u, u, u}, v}
= 2u,

where

{v, {u, v, u}, u} = {{v, u, v}, u, u} = u.

It follows that

u = {u, {v, u, v}, u} = {u, {v, {u, u, u}, v}, u}
= {{u, v, u}, u, {u, v, u}}
= {{v, u, u}, u, {u, u, v}}
= 1

2
{{v, u, u}, {u, u, u}, v} + 1

2
{{v, u, u}, {u, v, u}, u}

= 1

2
{{v, u, u}, u, v} + 1

2
{u, {u, v, u}, {u, v, u}}

= 1

2
u+ 1

2
({u, {u, v, u}, u} − {u, {{u, v, u}, u, v}, u}

+ {u, v, {u, {u, v, u}, u})
= 1

2
u+ 1

2
({u, v, u} − {u, u, u} + {u, v, {u, v, u}}) ,

which yields

{u, v, u} = u = {v, u, u}.
It is now readily verified that

{v − u, v − u, v − u} = v − u;
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that is, v − u is a tripotent, and

{u, u, v − u} = 0.

We note from the preceding proof that u ≤ v implies {u, v, u} = u. One
deduces readily from condition (ii) that the relation ≤ in Definition 1.2.42
is a partial ordering on the set of tripotents. Indeed, if u ≤ v ≤ u, then u =
{v, u, v} = v. If u ≤ v ≤ e, then u ≤ e because, by (1.17), we have

{e, u, e} = {e, {v, u, v}, e} = 2{e, v, {u, v, e}} − {e, {v, e, v}, u}
= 2{v, v, {u, v, v}} − {e, v, u} = 2u− {v, v, u} = u.

Let u be a tripotent in a Jordan triple system V . For any real scalar t 	= 0,
the Bergmann operator

B(u, (1 − t)u) : V −→ V

is invertible. Indeed, a simple calculation gives

B(u, (1 − t)u) = P0(u) + tP1(u) + t2P2(u) (1.33)

and therefore B(u, (1 − t)u) has inverse

B(u, (1 − t−1)u) = P0(u) + 1

t
P1(u) + 1

t2
P2(u)

by mutual orthogonality of the Peirce projections.
Since

B(u, (1 − t)u)v =
2∑
k=0

t kPk(u)v (1.34)

for each v ∈ V , it follows that, for t 	= 1, we have B(u, (1 − t)u)v = tkv if
and only if v ∈ Vk(u) for k = 0, 1, 2. However, for k /∈ {0, 1, 2}, we have
B(u, (1 − t)u)v = tkv if and only if v = 0.

We now derive the basic Peirce multiplication rules.

Theorem 1.2.44 Let u be a tripotent of a Jordan triple system V . Then the
Peirce k-spaces Vk(u) satisfy

{V0(u), V2(u), V } = {V2(u), V0(u), V } = {0}
{Vi(u), Vj (u), Vk(u)} ⊂ Vi−j+k(u), (1.35)

where Vα(u) = {0} for α /∈ {0, 1, 2}.



1.2 Jordan triple systems 37

Proof Let x ∈ V2(u) and y ∈ V0(u). We first observe that

{u, y, u} = Q3
uy = QuP2(u)y = QuP2(u)P0(u)y = 0.

Hence, by (1.17), we have

{z, u, y} = {z, {u, u, u}, y} = 2{z, u, {u, u, y}} − {z, {u, y, u}, u} = 0

for any z ∈ V . It follows from (1.19) that

{x, y, z} = {{u, {u, x, u}, u}, y, z} = 2{u, {y, u, {u, x, u}}, z}
− {{u, y, u}, {u, x, u}, z} = 0

for all z ∈ V . Likewise {V0(u), V2(u), V } = {0}.
To show (1.35), we make use of invertibility ofB(u, (1 − t)u) for real scalars

t 	= 0, with inverse B(u, (1 − t−1)u), and deduce from Theorem 1.2.18 that

B(u, (1 − t)u){z, x, z}
= {B(u, (1 − t)u)z, B(u, (1 − t−1)u)x, B(u, (1 − t)u)z}

for x, z ∈ V . By polarization in (1.21), we have

B(u, (1 − t)u){x, y, z}
= {B(u, (1 − t)u)x, B(u, (1 − t−1)u)y, B(u, (1 − t)u)z} (1.36)

for x, y, z ∈ V . In particular, for vα ∈ Vα(u), the preceding remarks imply

B(u, (1 − t)u){vi, vj , vk}
= {B(u, (1 − t)u)vi, B(u, (1 − t−1)u)vj , B(u, (1 − t)u)vk}
= {t ivi, t−j vj , tkvk}
= t i−j+k{vi, vj , vk}

and {vi, vj , vk} ∈ Vi−j+k(u).

The Peirce multiplication rules reveal immediately that the Peirce k-spaces
Vk(u) of a tripotent u in a Jordan triple system V are subtriples of V . These
rules also entail the following useful results.

Corollary 1.2.45 Let u, e be tripotents in a Jordan triple system V such that
u ∈ V2(e). Then we have V2(u) ⊂ V2(e) and V0(e) ⊂ V0(u).

Proof We have V2(u) = P2(u)(V ). Each x ∈ V has a Peirce decomposition
x = x0 + x1 + x2 ∈ V0(e) ⊕ V1(e) ⊕ V2(e) with respect to e, and the Peirce
rules imply P2(u)(x) = P2(u)(x2) ∈ V2(e).

The Peirce rules also imply (u u)(V0(e)) = {0}.
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Corollary 1.2.46 Let u, v be tripotents in a Jordan triple system V . The
following conditions are equivalent:

(i) u and v are orthogonal to each other.
(ii) v u = 0.

(iii) {u, u, v} = 0.
(iv) {v, v, u} = 0.

Proof This follows easily from Theorem 1.2.44. Indeed, orthogonality implies
(iv), which in turn implies that u is in the Peirce 0-spaceV0(v) of v and therefore
v u = 0 by Theorem 1.2.44. By the same token, (ii) is equivalent to (iii).

Given two mutually orthogonal tripotents u and v in a Jordan triple systemV ,
it is evident thatu+ v is also a tripotent. One can form the Peirce decomposition
of V with respect to a family of orthogonal tripotents. We show the construction
for two orthogonal tripotents e1 and e2. It can be extended naturally to the case of
a finite number of orthogonal tripotents. We first observe that, by orthogonality,

B(ej , tej )ek = ek (j, k ∈ {1, 2}, j 	= k and t ∈ R),

and a direct computation using (1.36) yields

B(e1, (1 − t)e1)B(e2, (1 − s)e2) = B(e2, (1 − s)e2)B(e1, (1 − t)e1). (1.37)

Since B(e1, (1 − t)e1) = P0(e1) + tP1(e1) + t2P2(e1) and B(e2, (1 − s)e2) =
P0(e2) + sP1(e2) + s2P2(e2), comparing coefficients in the equation (1.37),
one finds that the Peirce projections Pj (e1) and Pk(e2) commute. Therefore, we
have the decomposition

V =
⊕

0≤j≤k≤2

Vj,k = V0,0 ⊕ V0,1 ⊕ V0,2 ⊕ V1,1 ⊕ V1,2 ⊕ V2,2,

where Vk,k = V2(ek) for k 	= 0 and V0,0 = V0(e1) ∩ V0(e2) is the range of the
projection P0(e1)P0(e2), and

V0,1 = V0(e2) ∩ V1(e1), V0,2 = V0(e1) ∩ V1(e2), V1,2 = V1(e1) ∩ V1(e2)

are ranges of mutually orthogonal projectionsPj (ej ′)Pk(ek′) for suitably chosen
indices j, j ′, k and k′.

A subspace J of a Jordan triple system V is called a triple ideal, or simply,
an ideal, if it satisfies the condition

{J, V, V } + {V, J, V } ⊂ J.

If a subspace J ⊂ V satisfies only

{J, V, J } ⊂ J,
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then it is called an inner ideal. The concept of an inner ideal is important
in modern Jordan structure theory. Inner ideals are substitutes for one-sided
ideals; the latter are absent in Jordan systems. Actually, every left or right
ideal, or their intersection, in an associative algebra A is an inner ideal in the
special Jordan algebra (A, ◦) with the Jordan product a ◦ b = (ab + ba)/2. So
is any subspace of the form aAb. In a Jordan triple system V , the subspace
{v, V, v} is an inner ideal, called the principal inner ideal determined by v.

Given an ideal J of a Jordan triple system V , the quotient space V/J is
naturally a Jordan triple system with the triple product

{x + J, y + J, z+ J } = {x, y, z} + J.

The kernel ϕ−1(0) of a triple homomorphism ϕ : V −→ W is an ideal of V .
On the other hand, an ideal J of a Jordan triple system V is the kernel of the
quotient map q : V −→ V/J , which is a triple homomorphism.

Let u be a tripotent in a Jordan triple system V . Applying the Peirce
multiplication rules in Theorem 1.2.44 to the Peirce decomposition V =
V0(u) ⊕ V1(u) ⊕ V2(u), one deduces the following fact readily.

Proposition 1.2.47 Given a tripotent u of a Jordan triple system V , the Peirce
spaces V0(u) and V2(u) are inner ideals of V .

1.3 Lie algebras and the Tits–Kantor–Koecher
construction

In this section, we show an important connection between Jordan triple systems
and Lie algebras via the Tits–Kantor–Koecher (TKK) construction. Lie algebras
play an important role in geometry and this connection provides us with a useful
link to apply Jordan theory to geometry. We will only be concerned with real
or complex Lie algebras which, however, can be infinite-dimensional.

In what follows, a Lie algebra is a real or complex vector space g of any
dimension, with a bilinear multiplication, called the Lie brackets,

(x, y) ∈ g × g �→ [x, y] ∈ g,

satisfying [x, x] = 0 and the Jacobi identity

[[x, y], z] + [[y, z], x] + [[z, x], y] = 0

for all x, y, z ∈ g. We note that the multiplication is not associative but is
anticommutative:

[x, y] = −[y, x].
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On any associative algebra a, one can define the Lie brackets by commutation,

[x, y] = xy − yx,

where the product on the right-hand side is the original product in a. Then
(a, [·, ·]) is a Lie algebra. Unlike Jordan algebras, a theorem of Poincaré,
Birkhoff and Witt asserts that any Lie algebra can be obtained in this way from
an associative algebra. Nevertheless, reducing Lie questions to associative ones
via this device seldom seems to be conclusive.

Given subspaces h and k of a Lie algebra g, we define

[h, k] = {[x1, y1] + · · · + [xn, yn] : x1, . . . , xn ∈ h; y1, . . . yn ∈ k},
which is a subspace of g. We note that [h, k] = [k, h]. A Lie algebra g is called
abelian if [g, g] = 0. An ideal of g is a subspace h of g satisfying [g, h] ⊂ h.
For instance, [g, g] is an ideal of g. Given an ideal h of a Lie algebra g, the
quotient space g/h is a Lie algebra in the product

[x + h, y + h] = [x, y] + h (x + h, y + h ∈ g/h).

A homomorphism between two Lie algebras g and h is a linear map
θ : g −→ h satisfying θ [x, y] = [θx, θy] for all x, y ∈ g. Given an ideal h of
g, the quotient map θ : x ∈ g �→ x + h ∈ g/h is a homomorphism. A bijective
homomorphism between Lie algebras is called an isomorphism. An isomor-
phism from g onto itself is called an automorphism of g.

Definition 1.3.1 Let g be a Lie algebra. The set Aut g of all automorphisms
θ : g −→ g forms a group with composition as group product, called the auto-
morphism group of g.

A derivation of a Lie algebra g is a linear map δ : g −→ g satisfying

δ[x, y] = [δx, y] + [x, δy] (x, y ∈ g).

The vector space aut g of all derivations of g is a Lie algebra in the Lie brackets

[δ, γ ] = δγ − γ δ.

For each element x ∈ g, the map ad(x) : g −→ g defined by

ad(x)(y) = [x, y] (y ∈ g)

is a derivation of g, and the Jacobi identity implies that the map

ad : g −→ aut g
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is a homomorphism, called the adjoint representation of g. The kernel of ad is
the centre of g:

z(g) = {x ∈ g : [x, y] = 0 ∀y ∈ g}.
The range of ad, denoted by ad g, is an ideal of aut g, since

[δ, ad(x)] = ad(δx) (δ ∈ aut g, x ∈ g).

The elements of ad g are called the inner derivations of g.
A Lie algebra g is called solvable if its derived series

g ⊃ g(1) = [g, g] ⊃ g(2) = [g(1), g(1)] ⊃ · · · ⊃ g(n+1) = [g(n), g(n)] ⊃ · · ·
eventually terminates, that is, g(n) = {0} for some n. We refer to Kaplansky [68,
theorem 33] for a proof of the following criterion of solvability due to Cartan.

Theorem 1.3.2 Let g be a Lie algebra of real or complex matrices. Then g is
solvable if Trace (AB) = 0 for all A,B ∈ g.

Given a finite-dimensional Lie algebra g, the symmetric bilinear form

β : g × g −→ F (F = R or C)

defined by

β(x, y) = Trace (ad(x)ad(y))

is called the Killing form of g. The quadratic form β(x, x) is known as the
Casimir polynomial of g. The Killing form β is invariant; that is,

β([x, y], z) = β(x, [y, z]) (x, y, z ∈ g),

which is equivalent to

β([x, y], z) + β(y, [x, z]) = 0 (x, y, z ∈ g).

The latter condition says that ad(x) is skew-symmetric with respect to β.
A Lie algebra g is called semisimple if g contains no nonzero abelian ideal,

which is equivalent to the condition that g contains no nonzero solvable ideal.
We prove the Cartan–Killing criterion for semisimplicity as follows.

Theorem 1.3.3 A finite-dimensional Lie algebra g is semisimple if, and only
if, its Killing form β is non-degenerate.

Proof Let the Killing form β(x, y) = Trace (ad(x)ad(y)) be non-degenerate.
Let h be an abelian ideal of g. We show that h = {0}. Let x ∈ h and let y ∈ g.
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Since h is an ideal, we have ad(x)ad(y)(g) ⊂ h and hence

(ad(x)ad(y))2(g) ⊂ ad(x)ad(y)(h) ⊂ [x, h] = {0},
since h is abelian. This shows that the linear map ad(x)ad(y) : g −→ g is
nilpotent and therefore Trace (ad(x)ad(y)) = 0. Non-degeneracy of β gives
x = 0.

Conversely, let g be semisimple. Let

k = {x ∈ g : β(x, g) = {0}}.
We need to show k = {0}. Since β is invariant, k is an ideal of g. We have
Trace (AB) = 0 for A,B ∈ ad(k). It follows from Cartan’s solvability criterion
that ad(k) is a solvable ideal in aut g. Semisimplicity of g implies that the
homomorphism ad has zero kernel and therefore k is a solvable ideal in g.
Hence k = {0} by semisimplicity again.

The Tits–Kantor–Koecher construction originally relates Jordan algebras to
finitely graded Lie algebras. This construction has been extended to Jordan
triple systems by Meyberg [90]. We will describe the construction for Jordan
triple systems (see also [22]). Let Z be the ring of integers. By a Z-grading
of a Lie algebra g, we mean a decomposition of g into a direct sum of vector
subspaces,

g =
⊕
n∈Z

gn,

such that [gn, gm] ⊂ gn+m. The grading is said to be finite if the set {n : gn 	= 0}
is finite. It is said to be nontrivial if ⊕n	=0gn 	= 0. Lie algebras with a nontrivial
finite Z-grading have been classified by Zelmanov [122], in which the TKK
construction plays an important part. If A ⊂ Z, a Lie algebra

g =
⊕
α∈A

gα

is said to be graded if [gα, gβ] ⊂ gα+β , where gα+β = {0} ifα + β /∈ A. There is
a one-to-one correspondence between 3-graded Lie algebras g−1 ⊕ g0 ⊕ g1 and
Jordan pairs [87]. We consider only 3-graded Lie algebras with an involution,
called the Tits–Kantor–Koecher Lie algebras, because of their connections to
symmetric spaces.

By an involutive Lie algebra (g, θ ), we mean a Lie algebra g equipped with
an involution θ (i.e., an involutive automorphism θ : g −→ g). We will always
denote the 1-eigenspace of θ by k, and by p the (−1)-eigenspace of θ such that
g has the decomposition g = k ⊕ p, where

[k, k] ⊂ k, [p, p] ⊂ k and [k, p] ⊂ p.
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If (g, θ ) is finite-dimensional, the involution θ is called a Cartan involution if
the symmetric bilinear form βθ defined by

βθ (x, y) = −β(x, θy) (x, y ∈ g)

is positive definite.

Example 1.3.4 Let V be a normed vector space and gl(V ) the normed algebra
of continuous linear self-maps on V . Then gl(V ) is a Lie algebra in the usual
Lie brackets,

[X, Y ] = XY − YX (X, Y ∈ gl(V )).

If n = dimV <∞, we often denote gl(V ) as gl(n,F) where F = R or C.
If V is a Hilbert space, then the subspace glhs(V ) of gl(V ), consisting of all

Hilbert–Schmidt operators, is an ideal and is equipped with a natural complete
inner product,

〈X, Y 〉2 = Trace (XY ∗) (X, Y ∈ glhs(V )).

Of course, glhs(V ) = gl(V ) if dimV <∞.
We can define an involution θ : gl(V ) −→ gl(V ) by

θ (X) = −X∗ (X ∈ gl(V )),

where X∗ : V −→ V denotes the adjoint operator of X. If dimV <∞, then θ
is a Cartan involution, since

−β(X, θX) = −Trace (ad(X)ad(θX)) = Trace (ad(X)ad(X∗))

= Trace (ad(X)ad(X)∗) ≥ 0,

where ad (X)∗ : gl(V ) −→ gl(V ) is the adjoint operator of ad (X) with respect
to the inner product 〈·, ·〉2.

In fact, the Killing form of gl(V ) can be computed explicitly, it is given by

β(X, Y ) = 2nTrace (XY ) − 2Trace (X)Trace (Y ) (X, Y ∈ gl(V )).

Definition 1.3.5 A graded Lie algebra g = g−1 ⊕ g0 ⊕ g1 is called a Tits–
Kantor–Koecher Lie algebra (TKK Lie algebra) if g admits an involution θ
satisfying

θ (gα) = g−α.

We call g canonical if [g−1, g1] = g0.
We define the canonical part of g to be the Lie subalgebra

gc = g−1 ⊕ [g−1, g1] ⊕ g1,

which is also a TKK Lie algebra with the restriction of θ as its involution.
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The symmetric part of g is defined to be the following Lie subalgebra:

gs = {a ⊕ h⊕−θa : a ∈ g−1, θh = h ∈ g0},
where

[a ⊕ h⊕−θa, b ⊕ k ⊕−θb]

= ([a, k] + [h, b]) ⊕ [h, k] ⊕ ([−θa, k] − [h, θb]).

The restriction of θ to gs is an involution. The Lie subalgebra

g∗s = {a ⊕ h⊕ θa : a ∈ g−1, θh = h ∈ g0}
is called the dual symmetric part of g, which is the 1-eigenspace of θ .

We define the dual involution θ∗ on g by θ∗(a ⊕ h⊕ b) = −θb ⊕ θh⊕−θa,
which restricts to an involution on g∗s .

Remark 1.3.6 With the dual involution, (g, θ∗) is also a TKK Lie algebra and
g∗s now becomes the symmetric part of (g, θ∗).

We will now show the correspondence between Jordan triple systems and
TKK Lie algebras. We first consider non-degenerate Jordan triples.

Lemma 1.3.7 Let V be a non-degenerate Jordan triple system and let∑
j aj bj =

∑
k uk vk . Then we have

∑
j bj aj =

∑
k vk uk .

Proof We have⎡⎣∑
j

aj bj , x y

⎤⎦ =
⎛⎝∑

j

(aj bj )x

⎞⎠ y − x

⎛⎝∑
j

bj aj

⎞⎠ y

=
[∑

k

uk vk , x y

]
=

(∑
k

(uk vk)x

)
y − x

(∑
k

vk uk

)
y,

which gives x
(∑

j bj aj

)
y = x

(∑
k vk uk

)
y for all x, y ∈ V . By

Lemma 1.2.20, we conclude that
∑

j bj aj =
∑

k vk uk .

Theorem 1.3.8 Let V be a non-degenerate Jordan triple. Then there is a
canonical Tits–Kantor–Koecher Lie algebra L(V ) with grading

L(V ) = L(V )−1 ⊕ L(V )0 ⊕ L(V )1

and an involution θ such that L(V )−1 = V = L(V )1 and

{x, y, z} = [[x, θy], z]

for x, y, z ∈ L(V )−1.
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Proof Form the algebraic direct sum

L(V ) = V−1 ⊕ V0 ⊕ V1,

where V−1 = V1 = V and V0 is the linear span of V V in the space L(V ) of
linear self-maps on V . The Jordan triple identity (1.26) implies that V0 is a Lie
algebra in the bracket product

[h, k] = hk − kh.

By Lemma 1.3.7, the mapping

x y ∈ V V �→ y x ∈ V V

is well defined and extends to an involution � : V0 −→ V0 satisfying

[x y, u v]� = −[y x, v u].

This enables us to define an involutive automorphism θ : L(V ) −→ L(V ) by

θ (x ⊕ h⊕ y) = y ⊕−h� ⊕ x (x ⊕ h⊕ y ∈ V−1 ⊕ V0 ⊕ V1),

where we also write (x, h, y) for x ⊕ h⊕ y, x for (x, 0, 0), y for (0, 0, y), and
h for (0, h, 0) if there is no confusion. By identifying Vα naturally as subspaces
of L(V ), we see immediately that θ (Vα) = V−α for α = 0,±1.

We show that L(V ) is a Lie algebra in the following product:

[x ⊕ h⊕ y, u⊕ k ⊕ v]

= (h(u) − k(x), [h, k] + x v − u y, k�(y) − h�(v)).

Given x ∈ V−1 and y ∈ V1, we have [x, y] = [(x, 0, 0), (0, 0, y)] =
(0, x y, 0) and hence [V−1, V1] = V0. We also have [V−1, V−1] = [V1, V1] =
0.

For x, y, z ∈ V−1, we have

{x, y, z} = [[x, θy], z],

and the properties of the Jordan triple product translate into the Jacobi
identity. Indeed, the bracket product has zero square and the Jacobian
J (x, y, z) = [[x, y], z] + [[y, z], x] + [[z, x], y] alternates, where for h ∈
V V , the preceding remarks imply that J (h, V−1, V−1) = J (h, V1, V1) =
J (V−1, V−1, V−1) = J (V1, V1, V1) = J (h, h, V−1) = J (h, h, V1) = 0. Hence
Jacobi identity holds if and only if

J (h, V−1, V1) = J (V−1, V−1, V1) = J (V−1, V1, V1) = 0,
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where J (h, V−1, V1) = 0 is the same as

[h, u v] = h(u) v + u (θh)(v) ((u, 0, 0) ∈ V−1, (0, 0, v) ∈ V1),

which holds since, putting h = x y, this identity is just the Jordan triple
identity

[x y, u v] = {x, y, u} v − u {y, x, v}.
Likewise, the vanishing of J (V−1, V−1, V1) and J (V−1, V1, V1) follows from
the symmetry of the Jordan triple product.

Finally, L(V ) is canonical since [V−1, V1] = V0.

Remark 1.3.9 The involution θ in the TKK Lie algebra g = L(V ) is the unique
involution satisfying

a b = [a, θb] = −θ (b a) (a, b ∈ V−1 = V )

and is called the main involution (cf. [77, p. 793]). Indeed, given an involution
σ satisfying σ (gα) = g−α and x y = [x, σy] = −σ (y x), for x, y ∈ g−1 =
V , we have σθy ∈ g−1 and x σθy = [x, σ 2θy] = [x, θy] = x y, which
implies σθ is the identity on g−1, by Lemma 1.2.20. We also have σ = θ on
g0, since σ (x y) = −y x = θ (x y). Finally, for x ∈ g1, we have θx ∈ g−1

and σθx = θ2x = x and hence σ = θ on g1.
The dual involution θ∗ : L(V ) −→ L(V ) is given by

θ∗(x ⊕ h⊕ y) = −y ⊕−h� ⊕−x
and we have a b = −[a, θ∗b].

Remark 1.3.10 The previous construction translates the non-degeneracy of a
Jordan triple V into the following property of its TKK Lie algebra L(V ):

[[a, θy], a] = 0 for all a, y ∈ L(V )−1 =⇒ a = 0,

which is equivalent to the condition

(ad a)2 = 0 =⇒ a = 0 (a ∈ L(V )−1) (1.38)

since (ad a)2(x ⊕ h⊕ y) = −Qa(y) for a ∈ L(V )−1 and x ⊕ h⊕ y ∈ L(V ).

A TKK Lie algebra g = g−1 ⊕ g0 ⊕ g1 is called non-degenerate if (ad a)2 =
0 =⇒ a = 0 for a ∈ g−1. We now show the one–one correspondence between
non-degenerate Jordan triples and non-degenerate TKK Lie algebras.

Two TKK Lie algebras (g, θ ) and (g′, θ ′) are said to be isomorphic if there
is a graded isomorphism ψ : g −→ g′ which commutes with involutions:

ψθ = θ ′ψ.
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Given a TKK Lie algebra g = g−1 ⊕ g0 ⊕ g1 with involution θ , we can
identify g1 with g−1 by θ . In fact, every TKK Lie algebra (g, θ ) is isomorphic
to, and hence identified with, a TKK Lie algebra

g′ = g′−1 ⊕ g′0 ⊕ g′1

in which g′−1 = g′1 = g−1 and g′0 = g0, with involution θ ′(x ⊕ h⊕ y) =
y ⊕ θh⊕ x and product [·, ·]′ defined by

[x, y]′ = [x, θy], [h, y]′ = (0, 0, [θh, y]) ((x, h, y) ∈ g′−1 × g′0 × g′1)

but otherwise identical to the product [·, ·] of g. The graded isomorphism
ψ : g −→ g′ is given by ψ(x ⊕ h⊕ y) = x ⊕ h⊕ θy.

With this identification, let G be the category of non-degenerate canonical
TKK Lie algebras in which the morphisms are graded isomorphisms commut-
ing with involutions. Let V be the category of non-degenerate Jordan triples in
which the morphisms are triple isomorphisms.

Theorem 1.3.11 For each V in the category V of non-degenerate Jordan
triples, let L(V ) ∈ G be the TKK Lie algebra constructed in Theorem 1.3.8.
Then L : V −→ G is an equivalence of the two categories V and G.

Proof Given a triple isomorphism ϕ : V −→ V ′ between two non-degenerate
Jordan triples, we have

ϕa ϕb = ϕ(a b)ϕ−1 (a, b ∈ V ).

Hence there is a graded isomorphism ϕ̃ : (L(V ), θ ) −→ (L(V ′), θ ′) defined by

ϕ̃(a ⊕ h⊕ b) = ϕa ⊕ ϕhϕ−1 ⊕ ϕb

which satisfies

ϕ̃θ = θ ′ϕ̃.

Conversely, given a non-degenerate TKK Lie algebra g = g−1 ⊕ g0 ⊕ g1

with involution θ and g1 = g−1, we let V = g−1. Then it follows from the
Jacobi identity and [g−1, g−1] = 0 that V is a non-degenerate Jordan triple
with the Jordan triple product defined by

{x, y, z} = [[x, θy], z]

and we have L(V ) = g if g is canonical.
If ψ : (L(V ), θ ) −→ (L(V ′), θ ′) is a graded isomorphism satisfying ψθ =

θ ′ψ , then the restriction ψ |V : V −→ V ′ defines a triple isomorphism.



48 Jordan and Lie theory

We note that TKK Lie algebras are reduced. We recall that an involutive Lie
algebra (g, θ ) with eigenspace decomposition g = k ⊕ p is reduced if k does
not contain any nonzero ideal of g, which is equivalent to the condition that the
isotropy representation adk : X ∈ k �→ ad X|p ∈ End (p) is faithful (cf. [11,
p. 21]).

Lemma 1.3.12 The TKK Lie algebra (L(V ), θ ) of a non-degenerate Jordan
triple V is reduced.

Proof Let L(V ) = k ⊕ p be the decomposition into eigenspaces of θ , where

k = {u⊕ h⊕ u : u ∈ V, θh = h}.
Let X = u⊕ h⊕ u ∈ k be such that [X, Y ] = 0 for all Y ∈ p. For each

g ∈ V0 satisfying θg = −g, and for each v ∈ V , we have

[u⊕ h⊕ u, v ⊕ g ⊕−v] = 0

= (hv − gu) ⊕ ([h, g] − u v − v u) ⊕ (gu− hv),

which giveshv = gu and in particularhv = 0 for all v ∈ V if g = 0. Henceh =
0 and u v + v u = 0 for all v ∈ V . Choose Y = (0, g, 0) with g = v v;
then (v v)(u) = 0 and hence (v u)(v) = −(u v)(v) = −(v v)(u) = 0 for
all v ∈ V . This implies v u = 0 for all v ∈ V , since {x + v, u, x + v} = 0
for all x, v ∈ V . Therefore u = 0 by Lemma 1.2.20, which proves X = 0.

Proposition 1.3.13 Let (L(V ), θ ) be the TKK Lie algebra of a non-degenerate
Jordan triple V , with eigenspace decomposition L(V ) = k ⊕ p of θ . Then the
centralizer

z(p) = {X ∈ L(V ) : [X, p] = 0}
is trivial.

Proof We have z(p) = z(p) ∩ k ⊕ z(p) ∩ p. By Ji [63, lemma 4.2], z(p) ∩ k is an
ideal of L(V ). By Lemma 1.3.12, L(V ) is reduced. Hence z(p) ∩ k = {0} and
z(p) ⊂ p.

We show that z(p) = {0}. Fix X = a ⊕ h⊕−a ∈ z(p) where θh = −h. For
u⊕ p ⊕−u ∈ p, we have

0 = [a ⊕ h⊕−a, u⊕ p ⊕−u]

= (hu− pa, [h, p] − a u+ u a, hu− pa).

Choose p = 0; then hu = pa = 0 for all u ∈ V and hence h = 0 and
a u = u a. If we choose p = u u, then u u(a) = 0 implies u a(u) =
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a u(u) = 0 for all u ∈ V . By Lemma 1.2.21, we have a = 0. This proves
z(p) = {0}.

To remove the non-degeneracy assumption in Theorem 1.3.8, the TKK con-
struction given in the proof reveals that all one needs is a well-defined involution
θ for arbitrary Jordan triples V . To achieve this, we replace the previous involu-
tion � : x y �→ y x by the involution (x y, y x) �→ (y x, x y), which
is well defined for any V . Motivated by this, we define an inner derivation pair
dxy by

dxy = (x y, −y x) ∈ V0 × V0 (x, y ∈ V )

for any Jordan triple system V , where V0 × V0 is a Lie algebra in the coordi-
natewise bracket product. Since

[dab, dxy] = d{abx}y − dx{bay},

the linear span V00 of

{dxy : x, y ∈ V }
is a Lie subalgebra of V0 × V0. The Lie algebra V00 can be written in the form

V00 = {(h+, h−) : h+ =
∑
j

aj bj , h
− = −

∑
j

bj aj , aj , bj ∈ V }.

We write h = (h+, h−) for an element in V00.
To construct the TKK Lie algebra L(V ) from any Jordan triple V , we form

L(V ) = V ⊕ V00 ⊕ V (1.39)

and define the Lie product

[x ⊕ (h+, h−) ⊕ y, u⊕ (k+, k−) ⊕ v]

= (h+(u) − k+(x), [(h+, h−), (k+, k−)] + dxv − duy, h
−(v) − k−(y) ).

(1.40)

We define the main involution θ : L(V ) −→ L(V ) by

θ (x ⊕ (h+, h−) ⊕ y) = y ⊕ (h−, h+) ⊕ x.

Then (L(V ), θ ) is a canonical TKK Lie algebra with L(V )−1 = L(V )1 = V

and L(V )0 = V00 such that

{x, y, z} = [ [x, θy], z] (x, y, z ∈ V−1).
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Conversely, given a TKK Lie algebra g = g−1 ⊕ g0 ⊕ g1 with involution θ
and g1 = g−1, V = g−1 is a Jordan triple with triple product

{x, y, z} = [ [x, θy], z] (x, y, z ∈ g−1)

and L(V ) = g if g is canonical.
We note that the above construction for an arbitrary Jordan triple V is

identical to the one in Theorem 1.3.8 if V is non-degenerate since, in this case,
V0 identifies with V00 via the map

∑
j

aj bj ∈ V0 �→
⎛⎝∑

j

aj bj , −
∑
j

bj aj

⎞⎠ ∈ V00,

which is well defined by Lemma 1.3.7.

1.4 Matrix Lie groups

A remarkable feature in Lie theory is that one can study a curved object such
as a Lie group via a flat space, namely, a Lie algebra. The close relationship
between Jordan and Lie structures having been seen, it should not be surprising
that Jordan theory has played a useful role in geometry. We are going to
show that the Lie algebras of many familiar classical Lie groups are TKK
Lie algebras and can therefore be constructed from Jordan triple systems. The
Lie groups to be discussed are the general linear groups and their subgroups
SL(n,R), SL(n,C), O(n), SO(n), U (n), SU (n) and Sp(n), which are matrix
Lie groups. Infinite-dimensional Lie groups will be considered later.

We denote by GL(n,R) the general linear group of invertible n× n real
matrices, and by GL(n,C) the general linear group of invertible n× n com-
plex matrices, with identity In. These two groups are the groups of invertible
elements, equipped with the relative topology, in the Banach algebras L(Rn)
andL(Cn) of linear operators on Rn and Cn, respectively, or equivalently, in the
algebras Mn(R) and Mn(C) of n× n real and complex matrices, respectively.
We can consider GL(n,R) as an open subspace of Rn2

, with the induced dif-
ferential structure. Likewise the complex Lie group GL(n,C) can be viewed
as a 2n2-dimensional real Lie group.

All Lie groups discussed in the following are closed subgroups, and hence
Lie subgroups, of the general linear group and are equipped with the rela-
tive topology. The special linear groups SL(n,R) and SL(n,C) are the sub-
groups of GL(n,R) and GL(n,C), respectively, consisting of matrices with
determinant 1.
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The orthogonal groupO(n) of n× n orthogonal real matrices is the compact
group of linear isometries of Rn. The connected identity component of O(n)
is the special orthogonal group SO(n) consisting of matrices in O(n) with
determinant 1. The groups SO(2k + 1) are simple and the only nontrivial
normal subgroup of SO(2k) is the group {±I2k}.

Unitary operators on a complex Hilbert space H are the surjective linear
isometries of H . The unitary operators on Cn form a compact group, namely,
the unitary groupU (n) ofn× n (complex) unitary matrices. The special unitary
group is the subgroup SU (n) of U (n) consisting of matrices with determinant
1. Although the orthogonal group O(n) has two connected components, the
unitary group U (n) is connected.

Let H be the quaternions with basis {1, i, j,k} and consider the cartesian
product Hn, for n = 1, 2, . . . , as a right H-module with coordinatewise opera-
tions. There is a natural positive definite H-Hermitian form

〈·, ·〉 : Hn × Hn −→ H

given by

〈(a1, . . . , an), (b1, . . . , bn)〉 =
n∑
j=1

ajbj ,

which is called the standard Hermitian form on Hn. The metric defined by the
norm

‖(a1, . . . , an)‖ =
n∑
j=1

ajaj

is complete, and by a slight abuse of language, we call Hn a quaternion Hilbert
space or a Hilbert space over H, equipped with the standard Hermitian form.
More generally, on a right H-module V , a positive definite Hermitian form or
symplectic inner product is a positive definite real bilinear form

〈·, ·〉 : V × V −→ H

which is H-linear in the first variable, and conjugate H-linear in the second
such that 〈u, v〉 = 〈v, u〉 for u, v ∈ V . A right H-module V is called an inner
product H-module if it admits a symplectic inner product, and V is called
a Hilbert space over H if the inner product norm ‖v‖2 = 〈v, v〉 induces a
complete metric on V , in which case the H-linear continuous operators from
V to itself form a real Banach algebra L(V ) in the usual operator norm

‖T ‖ = sup{‖T (v)‖ : v ∈ V, ‖v‖ ≤ 1}.
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An operator T ∈ L(V ) is called quaternion unitary if it is a surjective isometry.
We can consider V as a real Hilbert space with inner product Re 〈·, ·〉. Each

T ∈ L(V ) is a continuous linear operator on the real Hilbert space V and there
is a real continuous linear operator t∗ : V −→ V satisfying

Re 〈u, T v〉 = Re 〈t∗u, v〉 (u, v ∈ V ).

Let

T ∗ = 1

4
(t∗(·) − it∗(i ·) − jt∗(j ·) − kt∗(k ·)).

ThenT ∗ ∈ L(V ) is the adjoint of T ; that is, 〈u, T v〉 = 〈T ∗u, v〉 for allu, v ∈ V .
The quaternion unitary operators inL(V ), with identity operator I , are the ones
satisfying the identity T ∗T = T T ∗ = I .

One can represent L(Hn) as the algebra of n× n matrices with entries in H,
acting in the usual way on Hn on the left, with Hn regarded as the space of
column vectors. The adjoint of a matrix (aij ) ∈ L(Hn) is then (aij )∗ = (āj i).
The group GL(n,H) of invertible matrices in L(Hn) is a Lie subgroup of the
general linear groupGL(4n,R) by identifying H with R4 as real vector spaces.
To see more details, we represent H, as in (1.4), by the complex matrices

H =
{(

a b

−b a

)
: (a, b) ∈ C2

}
⊂ M2(C).

Let j =
(

0 1
−1 0

)
so that each quaternion in H can be written as

(
a b

−b a

)
=

(
a 0
0 a

)
+ j

(
b 0
0 b

)
and denoted by a + jb. Considering H = C2, each matrix A in GL(1,H) =
H\{0} ⊂ GL(2,C) is a complex linear mapA : C2 → C2 and an H-linear map
A : H → H. A matrixB inM2(C) is a complex linear mapB : H → H. It is H-
linear precisely when B(vj) = B(v)j for v = a + jb ∈ H. When v = a + jb is

regarded as a column vector

(
a

b

)
in C2, the multiplication v �→ vj = −b + ja

in H corresponds to the matrix multiplication(
a

b

)
∈ C2 �→

(
0 −1
1 0

)(
a

b

)
∈ C2.

Therefore H-linearity of B is equivalent to the matrix multiplication

B

(
−j

(
a

b

))
= −j

(
B

(
a

b

))
= −jB

(
a

b

)
.
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Hence we have

GL(1,H) = {B ∈ GL(2,C) : Bj = jB} = {B ∈ GL(2,C) : jBj = −B}.

If we identify C2 with R4 via

(
s + it

x + iy

)
�→

⎛⎜⎜⎝
s

x

t

y

⎞⎟⎟⎠ ,

then multiplication in C2 by i corresponds to the matrix multiplication⎛⎜⎜⎝
s

x

t

y

⎞⎟⎟⎠ �→
(

0 I2

−I2 0

)⎛⎜⎜⎝
s

x

t

y

⎞⎟⎟⎠ .

It follows that

GL(2,C) = {A ∈ GL(4,R) : Aj4 = j4A},

where

j2n =
(

0 In

−In 0

)
(n = 1, 2, . . .).

Further, multiplying

(
s + it

x + iy

)
by j ∈ H corresponds to the matrix multiplica-

tion

−
(

j2 0
0 −j2

)⎛⎜⎜⎝
s

x

t

y

⎞⎟⎟⎠ .

Letting

J4n =
(

j2n 0
0 −j2n

)
(n = 1, 2, . . .),

we have

GL(1,H) = {A ∈ GL(4,R) : Aj4 = j4A , AJ4 = J4A}
= {A ∈ GL(4,R) : A = −j4Aj4 = −J4AJ4}
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and a quaternion can be represented as a 4 × 4 real matrix⎛⎜⎜⎝
s t x y

−t s y −x
−x −y s t

−y x −t s

⎞⎟⎟⎠ .

Extending the preceding identifications (a, b) ∈ C2 �→ a + jb ∈ H and
(s, x, t, y) ∈ R4 �→ (s + it, x + iy) ∈ C2 to

(a1, a2, . . . , a2n) ∈ C2n �→ (a1 + jan+1, . . . , an + ja2n) ∈ Hn = Cn + jCn

and

(a1, a2, . . . , a2n) ∈ R2n �→ (a1 + ian+1, . . . , an + ia2n) ∈ Cn = Rn + iRn,

we arrive at

GL(n,H) = {A ∈ GL(2n,C) : Aj2n = j2nA}
= {A ∈ GL(4n,R) : A = −j4nA j4n = −J4nAJ4n}.

In this identification, the standard Hermitian form of Hn can be expressed as

〈(a1 + jan+1, . . . , an + ja2n), (b1 + jbn+1, . . . , bn + jb2n)〉

=
2n∑
ι=1

aιbι − j
n∑
ι=1

(aιbn+ι − an+ιbι).

Therefore a quaternion matrix in L(Hn), when regarded as a 2n× 2n complex
matrix, preserves the standard Hermitian form if, and only if, it preserves the
standard inner product in C2n as well as the standard skew-symmetric form

((a1, . . . , a2n), (b1, . . . , b2n)) ∈ C2n × C2n �→
n∑
ι=1

(aιbn+ι − an+ιbι).

The compact subgroup Sp(n) of GL(n,H) consisting of quaternion uni-
tary matrices, the ones preserving the standard Hermitian form, is called
the symplectic group. The symplectic group Sp(1) consists of quaternions
α1 + xi + yj + zk ∈ H of unit norm and identifies with the unit sphere
S3 = {(α, x, y, z) ∈ R4 : α2 + x2 + y2 + z2 = 1} in the Euclidean space R4.

The unit quaternions are the complex matrices

(
a b

−b̄ ā

)
with determinant 1.

Therefore we have the identification

S3 = Sp(1) = SU (2).
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The group of complex matrices in GL(2n,C) preserving the standard skew-
symmetric form is denoted by Sp(n,C). We have Sp(n) = Sp(n,C) ∩ SU (2n).

The Lie algebras of the classical Lie groups can be described in the following
way. Given a real matrix Lie group G as a smooth manifold, let TeG be the
tangent space at the identity e ∈ G, consisting of tangent vectors X = γ ′(0)
at e, where γ : (−c, c) → G is a smooth curve with c > 0 and γ (0) = e. One
can refer to Section 2.1 for the basics of differentiable manifolds.

The linear automorphisms of TeG form an open subspace GL(TeG) of the
space L(TeG) of linear self-maps on TeG.

For each g ∈ G, let �g : x ∈ G �→ gx ∈ G and rg : x ∈ G �→ xg ∈ G be left
and right multiplication by g, respectively. The adjoint representation of G,

Ad : G −→ GL(TeG),

is defined by the differential d(�grg−1 )e of the conjugation map �grg−1 at e,

Ad(g) = d(�grg−1 )e : TeG −→ TeG (g ∈ G),

which is a linear isomorphism. Taking the differential at e once more, we let

ad = d(Ad)e : TeG −→ L(TeG).

For X, Y ∈ TeG, we define

[X, Y ] = ad(X)(Y ).

Then g = (TeG, [·, ·]) is the Lie algebra of G.
Let us now apply this construction to some concrete examples. For the

general linear groupGL(n,R), each matrixX ∈ Mn(R) defines a smooth curve
γ : (−c, c) → GL(n,R) by

γ (t) = exp(tX) =
∞∑
n=0

(tX)n

n!

with γ ′(0) = X. Therefore Mn(R) is the tangent space TeGL(n,R) at the
identity e = In. For each A ∈ GL(n,R), we have

Ad(A)(X) = d

dt
(Aγ (t)A−1)|t=0 = Aγ ′(0)A−1 = AXA−1.
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Hence Ad(AB) = Ad(A)Ad(B). Further, for Y ∈ Mn(R), we have

[X, Y ] = ad(X)(Y ) = d

dt
(Ad(γ (t))(Y ))|t=0

= d

dt
(γ (t)Yγ (t)−1)|t=0

= (γ ′(t)Yγ (t)−1 + γ (t)Y (−γ (t)−1γ ′(t)γ (t)−1)|t=0

= γ ′(0)Yγ (0)−1 + γ (0)Y (−γ (0)−1γ ′(0)γ (0)−1)

= XY − YX

and (Mn(R), [·, ·]) is indeed a Lie algebra, which is denoted by gl(n,R).
For each A ∈ GL(n,R) and X, Y ∈ gl(n,R), we see plainly that

Ad(A)[X, Y ] = A[X, Y ]A−1 = [Ad(A)(X),Ad(A)(Y )].

Hence Ad(A) : gl(n,R) → gl(n,R) is a Lie algebra automorphism. Therefore
the adjoint representation of GL(n,R) is a group homomorphism,

Ad : GL(n,R) −→ Aut gl(n,R).

We note that the exponential map exp : gl(n,R) −→ GL(n,R) is homeo-
morphic on a neighbourhood of 0. Indeed, it has a local inverse defined on the
neighbourhood {A ∈ GL(n,R) : ‖A− In‖ < 1} by

logA =
∞∑
k=1

(−1)k+1 (A− In)k

k
.

The Lie algebras of the other classical Lie groups are Lie subalgebras of
gl(n,R). For each matrix X ∈ Mn(C), we have

det(expX) = exp Trace (X) = 1 if and only if Trace (X) = 0.

Hence γ (t) = exp(tX) ∈ SL(n,R) for t 	= 0 if and only if Trace (X) = 0. It
follows that the tangent space TeSL(n,R) at the identity of SL(n,R) is the
space

{X ∈ Mn(R) : Trace (X) = 0},
which is the Lie algebra of SL(n,R), with brackets [X, Y ] = XY − YX,
denoted by sl(n,R).

Now consider the tangent space TeOn, where e = In. Let X ∈ TeOn with
X = γ ′(0) for some smooth curve γ : (−c, c) → On such that γ (0) = In.
Since γ (t)γ (t)T = In , differentiating gives

γ ′(t)γ (t) + γ (t)γ ′(t)T = 0



1.4 Matrix Lie groups 57

and hence X +XT = γ ′(0) + γ ′(0)T = 0; that is, X is skew-symmetric. On
the other hand, given a skew-symmetric matrixX ∈ Mn, we haveXXT = XTX

and hence

exp(tX) exp(tX)T = exp(tX) exp(tXT ) = exp(t(X +XT )) = exp 0 = In.

We can therefore define a smooth curve γ : (−ε, ε) → On by γ (t) = exp(tX),
which satisfies γ (0) = In and γ ′(0) = X. It follows that the Lie algebra of On

is

so(n,R) = {A ∈ gl(n,R) : A+ AT = 0},
which is also the Lie algebra ofSO(n), since in the above construction, the curve
γ (t) = exp(tX) actually lies in SO(n) ifX is skew-symmetric, by continuity of
the function t ∈ (−ε, ε) �→ det(exp(tX)) ∈ {±1}. The real Lie algebra so(n,R)
has dimension n(n− 1)/2.

Analogous to GL(n,R), the Lie algebra of GL(n,C) is Mn(C) with the Lie
product [X, Y ] = XY − YX, and we write gl(n,C) for the complex Lie algebra
(Mn(C), [·, ·]). The Lie algebra of SL(n,C) is the Lie subalgebra sl(n,C) of
gl(n,C), consisting of complex matrices with trace 0. The Lie algebra gl(n,H)
of GL(n,H) is L(Hn) with the same Lie brackets.

As with the orthogonal group On, the tangent vectors of the unitary group
U (n) at the identity are the complex skew-Hermitian matrices and the Lie
algebra

u(n) = {X ∈ gl(n,C) : X +X∗ = 0}
of U (n) is a real Lie algebra of dimension n2, since each X ∈ u(n) has
n(n− 1)/2 complex entries above the diagonal and n pure imaginary entries
on the diagonal. However, in contrast to the case of SO(n), the determinant
det(exp tX) of a skew-Hermitian matrixX is a complex number of unit modulus
and det(exp(tX)) = 1 if and only if Trace (X) = 0. Therefore the Lie algebra
of SU (n) is

su(n) = {X ∈ gl(n,C) : Trace (X) = 0, X +X∗ = 0} = sl(n,C) ∩ u(n).

We have dim su(n) = n2 − 1, since each X ∈ su(n) has trace 0.
We note that the Lie algebras of the two non-isomorphic Lie groups SU (2)

and SO(3) can be identified by the isomorphism

(
ai b + ci

−b + ci −ai
)
∈ su(2) �→

⎛⎝ 0 −2a −2b
2a 0 −2c
2b 2c 0

⎞⎠ ∈ so(3) (a, b, c ∈ R).
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In fact, they both identify with the cross product Lie algebra R3, with the vector
cross product as the Lie algebra product, via(

ai b + ci

−b + ci −ai
)
∈ su(2) �→ (2a, 2b, 2c) ∈ R3.

One sees readily that the exponential map exp : su(2) −→ SU (2) is surjec-
tive. Indeed, given

A =
(
a + bi c + di

−c + di a − bi

)
∈ SU (2)\{I2},

where a2 + b2 + c2 + d2 = 1, let sin θ = √
b2 + c2 + d2 and

X = 1√
b2 + c2 + d2

(
bi c + di

−c + di −bi
)
∈ su(2).

We have X2 = −I2 and therefore

exp(θX) =
(

1 − θ2

2!
+ · · ·

)
I2 +

(
θ − θ3

3!
+ · · ·

)
X

= (cos θ )I2 + (sin θ )X = aI2 +
√
b2 + c2 + d2 X = A.

For the symplectic group Sp(n) = {A ∈ GL(n,H) : AA∗ = A∗A = In}, its
Lie algebra is

sp(n) = {X ∈ gl(n,H) : X +X∗ = 0}.
Since each X ∈ sp(n) has n(n− 1)/2 quaternion entries above the diagonal
and n pure imaginary quaternion entries on the diagonal, the dimension of the
real Lie algebra sp(n) is given by

dim sp(n) = 2n(n− 1) + 3n = 2n2 + n.

When a quaternion matrix X ∈ L(Hn) is represented in M2n(C), its adjoint
X∗ is represented as the usual conjugate transpose in M2n(C). In M4n(R), the
adjoint X∗ is represented by the transpose. As a Lie algebra of real or complex
matrices, we have

sp(n) = {X ∈ gl(2n,C) : X = −X∗ = j2nX
T j2n}

= {X ∈ gl(4n,R) : X = −XT = −j4nX j4n = −J4nX J4n}.
Most Lie groups and Lie algebras discussed in the above are real. One can

complexify a real Lie algebra g to form a complex Lie algebra g+ ig in the
usual way. For instance, we have

gl(n,C) = u(n) + iu(n),
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where each complex matrix X can be written as

X = 1

2
(X −X∗) + i

1

2i
(X +X∗).

Likewise, we have sl(n,C) = su(n) + isu(n). However, by comparing dimen-
sions, there is no similar relationship between sp(n) and the Lie algebra gl(n,H)
of quaternion matrices. The following fact explains why there are fewer com-
plex Lie groups.

Proposition 1.4.1 Let G be a connected complex Lie group. If G is compact,
then it must be abelian.

Proof We note that the adjoint representation

Ad : G −→ Aut g

is holomorphic and therefore must be constant by compactness ofG. It follows
that

d(�grg−1 )e = Ad(g) = Ad(e)

is the identity map for each g ∈ G. Hence �grg−1 (expX) =
exp(d(�grg−1 )e(X)) = expX for all X ∈ g = TeG, which implies that G

is abelian.

Example 1.4.2 The Lie algebra gl(2,R) is a TKK Lie algebra. We have the
grading

gl(2,R) =
{(

0 x

0 0

)
: x ∈ R

}
⊕

{(
a 0
0 b

)
: a, b ∈ R

}
⊕

{(
0 0
y 0

)
: y ∈ R

}
with involution θ : gl(2,R) −→ gl(2,R) defined by

θ

(
a x

y b

)
=

(
b y

x a

)
.

The canonical part of gl(2,R) is

sl(2,R) =
{(

0 x

0 0

)
: x ∈ R

}
⊕

{(
a 0
0 −a

)
: a ∈ R

}
⊕

{(
0 0
y 0

)
: y ∈ R

}
.

Identifying V =
{(

0 x

0 0

)
: x ∈ R

}
with θ (V ), we see that sl(2,R) is the

TKK Lie algebra L(V ) of V with Jordan triple product given by[[(
0 x

0 0

)
, θ

(
0 y

0 0

)]
,

(
0 z

0 0

)]
=

(
0 2xyz
0 0

)
.
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Since θ

(
a 0
0 −a

)
=

(
a 0
0 −a

)
if and only if a = 0, the symmetric part of

sl(2,R) is just

so(2,R) =
{(

0 x

−x 0

)
: x ∈ R

}
.

Example 1.4.3 The Lie algebras su(2) and so(3,R) are isomorphic to the cross
product Lie algebra R3, which is a canonical TKK Lie algebra with grading

R3 = {(a, 0, 0) : a ∈ R} ⊕ {(0, b, 0) : b ∈ R} ⊕ {(0, 0, c) : c ∈ R}
and involution θ (a, b, c) = (c, b, a). The Jordan triple product in V =
{(a, 0, 0) : a ∈ R} is given by

{(x, 0, 0), (y, 0, 0), (z, 0, 0)} = [[(x, 0, 0), θ (y, 0, 0)], (z, 0, 0)] = xyz

and hence V is just R with the usual triple product. We note that the two Jordan
triple products {x, y, z} = xyz and {x, y, z}′ = 2xyz on R are non-isomorphic.

Example 1.4.4 We can also view gl(n,R) as a TKK Lie algebra with grading
gl(n,R) = gl(n,R)−1 ⊕ gl(n,R)0 ⊕ gl(n,R)1 and matrix transpose as involu-
tion, where

gl(n,R)−1 =
{(

0 B

0 0

)
: B ∈ Mn−1,1(R)

}
gl(n,R)0 =

{(
A 0
0 a

)
: a ∈ R, A ∈ Mn−1,n−1(R)

}
gl(n,R)1 =

{(
0 0
C 0

)
: C ∈ M1,n−1(R)

}
and Mm,n(R) denotes the space of m× n real matrices. Since

[(
0 B

0 0

)
,

(
0 0
C 0

)]
=

⎛⎝BC 0

0 −Trace (BC)

⎞⎠ ,

the canonical part of gl(n,R) is the Lie algebra sl(n,R).
If we define an involution θ on gl(n,R) by θ (X) = −XT , then the dual

symmetric part of gl(n,R) with respect to θ is the Lie algebra so(n,R).

As in the above example, one can view gl(n,C) and gl(n,H) as TKK Lie
algebras with matrix transpose as involution. The Lie algebra sl(n,C) is the
canonical part of gl(n,C). With the involution θ (X) = −X∗, the dual symmetric
parts of gl(n,C) and gl(n,H) are u(n) and sp(n), respectively.
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Notes

The basic results of Jordan algebras presented in this chapter are classical.
Further details can be found in the books by Braun and Koecher [13], Jacobson
[62], Schafer [104] and Springer [105], as well as the recent one by McCrimmon
[88], who has also given in another work [87] an interesting account of the
development of Jordan algebras up to the late 1970s. The book by Zhevlakov
et al. [123] also discusses Jordan algebras, although it is devoted primarily to
the theory of alternative algebras.

The construction of Lie algebras from Jordan algebras was discovered inde-
pendently by Tits [108], Kantor [66, 67] and Koecher [77, 78]. Meyberg intro-
duced the concept of a Jordan triple system in his work [90] and extended
the construction of Koecher to the wider class of Jordan triple systems. The
version of Tits–Kantor–Koecher construction in this chapter is taken from
Chu [22]. Loos showed in [82] the correspondence between a class of finite-
dimensional Jordan triple systems and the class of symmetric R-spaces, which
is explained further in Example 2.4.33, and introduced the concept of a Jordan
pair [83, 84, 85]. Various identities for Jordan triple systems proved in this
chapter are based on Loos [84, 85]. We note that the name Bergmann referred
to in this book is sometimes written as Bergman in the literature because Stefan
Bergmann and Stefan Bergman are the names of the same author.
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Jordan structures in geometry

2.1 Banach manifolds and Lie groups

We introduce in this section manifolds of any dimension, including infinite-
dimensional Lie groups, and their basic properties. We begin by reviewing
differential calculus in Banach spaces which are real or complex throughout.

Let V and W be (real or complex) Banach spaces, and let U be an open
subset of V . A function f : U −→ W is said to be differentiable at a point
a ∈ U if there is a continuous linear map f ′(a) : V −→ W satisfying

lim
h→0

‖f (a + h) − f (a) − f ′(a)(h)‖
‖h‖ = 0.

The map f ′(a) is called the (Fréchet) derivative of f at a. The function f is
called differentiable in U if it is differentiable at every point in U , in which case
the derivative f ′ is a mapping

f ′ : U −→ L(V,W ),

where L(V,W ) is the Banach space of continuous linear operators from V to
W . We say that f is continuously differentiable in U , or of class C1, if the
derivative f ′ is continuous on U . One defines k-times continuously differen-
tiable functions, or Ck-functions, for k ∈ N, by iteration. A smooth function
on U is one that is infinitely differentiable, that is, it is in the class Ck for all
k ∈ N.

If V = R or C, then we identify the derivative f ′(a) : V −→ W with the
vector f ′(a)(1) ∈ W , and often write f ′(a) ∈ W by abuse of notation.

A basic rule in differentiation is the chain rule, which states that the composite
f ◦ g of two differentiable functions f and g, whenever this is well defined, is

62
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differentiable and the derivative is given by

f ′(g(a)) ◦ g′(a)

for a in the domain of g. One very useful theorem on differentiation is undoubt-
edly the following mean value theorem (cf. [33, 8.5.4]).

Theorem 2.1.1 Let f : U −→ W be a differentiable function on an open set
U which contains the segment {a + sh : a, h ∈ U , 0 ≤ s ≤ 1}. Then we have

‖f (a + h) − f (h)‖ ≤ ‖h‖ sup
0≤s≤1

‖f ′(a + sh)‖.

If V andW are complex Banach spaces, a differentiable function f : U −→
W is smooth and is usually called holomorphic. In addition, it has a local power
series expansion, which is made precise below.

First, for n ∈ N, the vector space Ln(V,W ) of all continuous n-linear maps

F : V × · · · × V︸ ︷︷ ︸
n-times

−→ W

is a Banach space in the norm

‖F‖ = sup
vk 	=0

‖F (v1, . . . , vn)‖
‖v1‖ · · · ‖vn‖ .

We define L0(V,W ) = W . If W is the underlying scalar field of the Banach
space V , then L1(V,W ) is just the dual space V ∗ of V .

Definition 2.1.2 A continuous map p : V −→ W between Banach spaces is
called a homogeneous polynomial of degree n if there exists P ∈ Ln(V,W )
such that

p(v) = P (v, . . . , v) (v ∈ V ).

If P is chosen to be symmetric, that is, invariant under permutation of variables,
then P is uniquely determined by p and is called the polar form of p (cf. [54]).

We denote by Pn(V,W ) the vector space of all homogeneous polynomials
of degree n from V to W , and equip it with the norm

‖p‖ = sup
v 	=0

‖p(v)‖
‖v‖ (p ∈ Pn(V,W )).

We note thatPn(V,W ) is a closed subspace of the spaceC(V,W ) of continuous
maps from V to W , in the pointwise topology.
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Definition 2.1.3 Let V andW be Banach spaces. A power series from V toW
is a formal sum

∞∑
n=0

pn

where pn ∈ Pn(V,W ). Its radius of convergence is defined to be the largest
non-negative number R ≤ ∞ such that the series

∞∑
n=0

pn(v) (v ∈ V )

converges uniformly in W for ‖v‖ ≤ r and r < R.

As in the scalar case, the radius of convergence R can be obtained by

R = 1

lim supn ‖pn‖1/n
.

Likewise, one can define the radius of convergence R for the series
∞∑
n=0

Fn,

where Fn ∈ Ln(V,W ), for which we also have

R = 1

lim supn ‖Fn‖1/n
,

so that
∞∑
n=0

Fn(v1, . . . , vn) converges uniformly whenever max(‖v1‖, . . . ,
‖vn‖) ≤ r and r < R.

A function f : U −→ W from an open set U in a Banach space V to another
Banach space W is said to be analytic at a point a ∈ U if it can be expressed
as a convergent power series about a, which means that there is a power series∑

n pn with positive radius of convergence such that

f (v) =
∞∑
n=0

pn(v − a)

for each v in some neighbourhood of a. An analytic function f : U −→ W is
one that is analytic at every point in U . If an analytic function f : U −→ W is
bijective and the inverse f −1 is analytic, then f is called bianalytic.

Plainly, homogeneous polynomials are analytic. Analytic functions are
smooth, whereas, for instance, the function

f (x) =
{

exp x−1 (x > 0)
0 (x ≤ 0)
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is smooth on R but not analytic. For complex Banach spaces, however, holo-
morphic functions are analytic and the term “biholomorphic” is a synonym of
“bianalytic”.

If an analytic function f has a power series representation
∑

n pn about
a ∈ U with pn(v) = Pn(v, . . . , v), then its nth derivative at a is given by

f (n)(a) = n!Pn ∈ Ln(V,W ).

Given a real Banach space V , one can equip its complexification Vc =
V ⊕ iV with a norm ‖ · ‖c so that (Vc, ‖ · ‖c) is a complex Banach space
and the isometric embedding v ∈ V �→ (v, 0) ∈ V ⊕ iV identifies V as a real
closed subspace of Vc. Although there are many choices of the norm ‖ · ‖c,
they are all equivalent if we require

max(‖u‖, ‖v‖) ≤ ‖(u, v)‖c ≤ ‖u‖ + ‖v‖
for all u, v ∈ V . We will always assume Vc is equipped with such a norm and
by a slight abuse of language, call (Vc, ‖ · ‖c) the complexification of V .

Let V and W be real Banach spaces with their respective complexifications
(Vc, ‖ · ‖c) and (Wc, ‖ · ‖c). Then every polynomialp ∈ Pn(V,W ) has a unique
extension to pc ∈ Pn(Vc,Wc) satisfying pc|V = p and ‖p‖ ≤ ‖pc‖. For each
n-linear mapP ∈ Ln(V,W ) with complex extensionP c ∈ Ln(Vc,Wc) we have

‖P c(u+ iv, . . . , u+ iv)‖ =
∥∥∥∥∥∥

n∑
k=0

(
n

k

)
ikP (

n−k︷ ︸︸ ︷
u, . . . , u,

k︷ ︸︸ ︷
v . . . v)

∥∥∥∥∥∥
≤

n∑
k=0

(
n

k

)
‖P ‖‖u‖n−k‖v‖k

= ‖P ‖(‖u‖ + ‖v‖)n ≤ 2n‖P ‖‖u+ iv‖c.
Hence, if p(v) = P (v, . . . , v) for P ∈ Ln(V,W ), then ‖pc‖ ≤ 2n‖P ‖. It
follows that, given a series

∑
n pn with radius of convergence Rp, where

pn(v) = Pn(v, . . . , v) and Pn ∈ Ln(V,W ), the radius of convergence Rc for
the complexified series

∑
n p

c
n satisfies

RP/2 ≤ Rc ≤ Rp,

where RP is the radius of convergence of
∑

n Pn. If each Pn is the polar form
of pn, then ‖Pn‖ ≤ nn

n! ‖pn‖ (cf. [111, p. 6]), and therefore

lim sup
n

‖Pn‖1/n ≤ lim sup
n

n
n
√
n!
‖pn‖1/n

givesRP ≥ Rp/e. It follows that an analytic function f : U −→ W on an open
set U in V has a complex extension f c which is holomorphic on an open set
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Uc in the complexification Vc such that Uc ⊃ U and f c|U = f . Hence, many
important properties of holomorphic functions can be passed on to real analytic
functions. We mention, however, one exception.

Remark 2.1.4 Given a bounded holomorphic function f : U −→ W on a
bounded open set U with a ∈ U , we have the Cauchy inequality

‖f ′(a)‖ ≤ 1

R
sup{‖f (z)‖ : z ∈ U}, (2.1)

whereR is the distance between a and the topological boundary ofU . However,
real analytic functions may not satisfy this inequality. A simple example is
the function f (x) = sin x on (−1, 1), where |f ′(0)| = 1 > sup{| sin x| : x ∈
(−1, 1)}.

Example 2.1.5 For any Banach spaces V , W and Z over F = R,C, a bilinear
map f : V ×W −→ Z is analytic. By complexification, it suffices to show that
f is holomorphic for F = C. Indeed, the derivative f ′(a, b) : V ×W −→ Z

at any point (a, b) ∈ V ×W is given by

f ′(a, b)(x, y) = f (a, y) + f (x, b).

The following two fundamental properties of analytic functions are fre-
quently used.

Theorem 2.1.6 (Principle of analytic continuation). Let f : U −→ W be an
analytic function on an open connected set U such that f (x) = 0 for all x in
some non-empty open set S ⊂ U . Then f is identically 0.

Theorem 2.1.7 (Inverse function theorem). Let f : U −→ W be an analytic
function on an open set U such that the derivative f ′(a) : V −→ W has a
continuous inverse for some a ∈ U . Then f is bianalytic from a neighbourhood
of a onto a neighbourhood of f (a).

We are now ready to introduce Banach manifolds.

Definition 2.1.8 Let F = R or C. A Banach manifoldM over F is a Hausdorff
topological space with a family A = {(Uϕ, ϕ, Vϕ)} of local charts (Uϕ, ϕ, Vϕ)
satisfying the following conditions:

(i) Uα is an open subset of M and M = ⋃
ϕ Uϕ ;

(ii) ϕ : Uϕ −→ Vϕ is a homeomorphism onto an open subset of a Banach
space Vϕ over F;



2.1 Banach manifolds and Lie groups 67

(iii) the local charts are compatible, that is, the change of charts

ψϕ−1 : ϕ(Uϕ ∩ Uψ ) −→ ψ(Uϕ ∩ Uψ )

is bianalytic;
(iv) the family A is maximal relative to conditions (i), (ii) and (iii), that is, if

(U , ϕ, V ) is a local chart compatible with all the local charts in A, then
(U , ϕ, V ) ∈ A.

A family {(Uϕ, ϕ, Vϕ)} satisfying conditions (i), (ii) and (iii) is called an atlas
of M or an analytic structure on M . Since an atlas can always be extended to
a maximal one satisfying condition (iv), it is often sufficient to exhibit an atlas
for a topological space to be a Banach manifold. A local chart (or system of
local coordinates) at a point p ∈ M is a chart (Uϕ, ϕ, Vϕ) with p ∈ Uϕ . Note
that the Banach spaces Vϕ in an atlas need not be the same space, but Vϕ and
Vψ are isomorphic if Uϕ ∩ Uψ contains a point p, in which case the derivative

(ψϕ−1)′(ϕ(p)) : Vϕ −→ Vψ

is an isomorphism. If all Banach spaces Vϕ in the atlas are isomorphic, we
can always find an equivalent atlas in which they are all equal to some Banach
space V , in which case, we say that the manifold M is modelled on the Banach
space V and that V is a model space for M . We define the dimension dimM

of M to be that of V if dimV <∞. If V is infinite-dimensional, we define
dimM = ∞. We call M a Hilbert manifold if the Banach spaces Vϕ in its atlas
are Hilbert spaces.

For a local chart (U , ϕ, V ) of a Banach manifold M , the set

{p ∈ M : ∃ a local chart (Uψ,ψ, Vψ ) at p and Vψ � V }
is open and closed in M . Consequently, on a connected component of M , we
can choose an atlas in which all Vϕ are the same space. In particular, if M is
connected, then we can find a model space for M .

We call a manifold real or complex according to the underlying scalar field
of the spaces Vϕ . As usual, a complex Banach space can be viewed as a real
Banach space when the scalar multiplication is restricted to the real field. A
complex Hilbert space V with inner product 〈·, ·〉 can also be viewed as a real
Hilbert space with real inner product Re 〈·, ·〉. We call this real Hilbert space the
real restriction of V . Hence a complex Banach or Hilbert manifold can always
be viewed as a real manifold with the underlying real analytic structure.

If, in Definition 2.1.8, the Banach spaces Vϕ are real and the coordinate
transformations

ψϕ−1 : ϕ(Uϕ ∩ Uψ ) −→ ψ(Uϕ ∩ Uψ )
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are only smooth, then we call M a (real) smooth Banach manifold and its atlas
a differentiable structure. Assuming analytic structures in our definition of
Banach manifolds has the advantage of unifying both real and complex cases.
Of course, we can (and will) always regard a Banach manifold (according to
our definition) as a (real) smooth Banach manifold. Sometimes we speak of
analytic Banach manifolds to highlight the underlying analytic structure. For
finite-dimensional real Lie groups defined as smooth manifolds in Section 1.4,
there is always a unique compatible analytic Lie group structure [112, p. 42].

Example 2.1.9 Every Banach space over F is itself a Banach manifold over
F, with the analytic structure given by the identity map. Also, an open subset
U of a Banach manifold M is a Banach manifold, endowed with the atlas
{(U ∩ Uϕ, ϕ|U∩Uϕ , Vϕ)} derived from the atlas {(Uϕ, ϕ, Vϕ)} of M .

Example 2.1.10 Given two Banach manifolds M and N over the same field
with analytic structures {(Uϕ, ϕ, Vϕ)} and {(Vψ,ψ,Wψ )}, respectively, the
Cartesian productM ×N is a Banach manifold with the natural analytic struc-
ture {(Uϕ × Vψ, ϕ × ψ,Vϕ ×Wψ )}.

Example 2.1.11 Let V be a real Banach space and let

S(V ) = {(λ, v) ∈ R × V : λ2 + ‖v‖2 = 1}

be the unit sphere in the product manifold R × V . Let p = (1, 0) and
q = (−1, 0). On S(V ), define two local charts (S(V )\{p}, ϕ, V ) and
(S(V )\{q}, ψ, V ) by

ϕ(λ, v) = v

1 − λ
; ψ(λ, v) = v

1 + λ
.

We have ϕ(−1, 0) = 0 = ψ(1, 0). For v ∈ ϕ(S(V )\{p})\{0}, we have

ϕ−1(v) =
(
‖v‖2−1
‖v‖2+1 ,

2v
‖v‖2+1

)
. Therefore

ψ ◦ ϕ−1(v) = v

‖v‖2
(v ∈ ϕ(S(V )\{p} ∩ S(V )\{q})).

Hence these charts define an analytic structure on S(V ). If V = Rn, we adopt
the usual notation Sn for the unit sphere S(Rn) in Rn+1.

A mapping f : M −→ N between Banach manifolds (over the same field
F) is called analytic if, for each x ∈ M , there are charts (U , ϕ, V ) of M and
(V, ψ,W ) of N such that x ∈ U , f (U) ⊂ V and the composed map

ψ ◦ f ◦ ϕ−1 : ϕ(U) −→ ψ(V) ⊂ W
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is analytic. A bijection f : M −→ N is called bianalytic if both f and the
inverse f −1 are analytic, in which case M is said to be bianalytic to N . The
coordinate map ϕ : U −→ ϕ(U) of a chart (U , ϕ, V ) is bianalytic.

Holomorphic and biholomorphic maps on complex Banach manifolds are
defined likewise. Holomorphic maps on complex Banach manifolds are analytic
and in the sequel, the terms holomorphic (respectively, biholomorphic) and
analytic (respectively, bianalytic) are interchangeable for complex manifolds.
One can also define smooth maps between real smooth Banach manifolds
M and N in the same manner, and a smooth map f : M −→ N is called a
diffeomorphism if it is bijective and the inverse f −1 is also smooth, in which
case we say that M is diffeomorphic to N .

A bianalytic map f : M −→ M is called an automorphism of M . The auto-
morphisms of M form a group, with composition product, called the automor-
phism group of M and is denoted by AutM .

We define tangent vectors on a manifold as directional derivatives along
smooth curves. A smooth curve in a Banach manifold M over F is a smooth
map γ : (−c, c) −→ M on some open interval in R, where c > 0.

Let p ∈ M and let γ : (−c, c) −→ M be a smooth curve such that γ (0) = p.
Let (U , ϕ, V ) be a local chart at p. Then γ (t) ∈ U for t near 0 and the derivative
(ϕ ◦ γ )′(0) : R −→ V is (identified with) a vector inV . If γ1 : (−c1, c1) −→ M

is another smooth curve such that γ1(0) = p and (ϕ ◦ γ )′(0) = (ϕ ◦ γ1)′(0), then
for any chart (Uψ,ψ, Vψ ) at p, we have (ψ ◦ γ )′(0) = (ψ ◦ ϕ−1)′(ϕ(p))(ϕ ◦
γ )′(0) = (ψ ◦ γ1)′(0). Hence we can define an equivalence relation∼on smooth
curves γ in M with γ (0) = p by

γ ∼ γ1 if (ϕ ◦ γ )′(0) = (ϕ ◦ γ1)′(0)

for a local chart (U , ϕ, V ) at p. An equivalence class [γ ]p is called a tangent
vector to M at p. We define the tangent space of M at p to be the set TpM of
all tangent vectors [γ ]p at p.

For the local chart (U , ϕ, V ) at p, the map [γ ]p ∈ TpM �→ (ϕ ◦ γ )′(0) ∈ V
is a bijection. Indeed, given a vector v ∈ V , there is a smooth curve γv(t) =
ϕ−1(ϕ(p) + tv) inM from some interval in R such that (ϕ ◦ γv)′(0) = v. Hence
TpM can be identified with V via the bijection and is equipped with a Banach
space structure. In particular, if M is an open subset of a Banach space W and
p ∈ M , then TpM = W via the identification [γ ]p ∈ TpM �→ γ ′(0) ∈ W .

In the above chart, if γ (t) ∈ U is defined, then (ϕ ◦ γ )′(t) ∈ V is a tangent
vector at γ (t). Indeed, (ϕ ◦ γ )′(t) = (ϕ ◦ α)′(0) with [α]γ (t) ∈ Tγ (t)M , where
α(s) is the curve

α(s) = ϕ−1(ϕ(γ (t)) + s(ϕ ◦ γ )′(t))

defined on some interval in R.
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Remark 2.1.12 In view of the above identification of tangent vectors, we often
denote by γ ′(t) the tangent vector to a curve γ at γ (t).

Let f : M −→ N be an analytic map between Banach manifolds and let
p ∈ M . The map

dfp : [γ ]p ∈ TpM �→ [f ◦ γ ]f (p) ∈ Tf (p)N

is a continuous linear map and is called the differential of f atp. The differential
of a smooth map is defined in the same manner.

Example 2.1.13 Let M and N be open subsets of Banach spaces V and W ,
respectively. Let f : M −→ N be an analytic map and let p ∈ M . Identifying
the tangent spaces TpM and Tf (p)N with V and W as before, the differential
dfp : TpM −→ Tf (p)N is the derivative f ′(p) : V −→ W . Indeed, given v ∈
V with v = γ ′(0) for some [γ ]p ∈ TpM , we have

dfp([γ ]p) = [f ◦ γ ]f (p) = (f ◦ γ )′(0) = f ′(γ (0))γ ′(0) = f ′(p)v.

Example 2.1.14 Let (U , ϕ, V ) be a local chart of a Banach manifoldM . Forp ∈
U , the differential dϕp : TpU −→ Tϕ(p)V is given by dϕp([γ ]p) = [ϕ ◦ γ ]ϕ(p).
Under the identification [ϕ ◦ γ ]ϕ(p) ∈ Tϕ(p)V �→ (ϕ ◦ γ )′(0) ∈ V �→ [γ ]p ∈
TpM , we have dϕp([γ ]p) = [γ ]p.

The following result is an important consequence of the inverse function
theorem for Banach spaces.

Theorem 2.1.15 Let f : M −→ N be an analytic (a smooth) map between
(smooth) Banach manifolds such that the differential dfp : TpM −→ Tf (p)N

is bijective at some point p ∈ M . Then f is locally bianalytic (diffeomorphic)
at p; that is, f is bianalytic (diffeomorphic) from a neighbourhood of p onto
a neighbourhood of f (p).

A closed subspaceE of a Banach spaceV is called a complemented subspace
if there is a closed subspace Ec of V such that V = E ⊕ Ec is the direct sum
of E and Ec, or equivalently, if there is a continuous linear projection from V

onto E. If dimV <∞, then every subspace of V is complemented.

Definition 2.1.16 Let f : M −→ N be an analytic (a smooth) map between
(smooth) Banach manifolds M and N . Let p ∈ M and let dfp : TpM −→
Tf (p)N be the differential of f at p. The map f is called an immersion at p
if dfp is injective and its image is a complemented subspace of Tf (p)N . We
call f a submersion at p if dfp is surjective and its kernel is a complemented
subspace of TpM .
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In contrast to the case of a bijective differential dfp, where the inverse
function theorem implies that f is locally invertible, the weaker condition
of injectivity or surjectivity of dfp alone entails the existence of a one-sided
inverse of f locally. More precisely, we have the following characterizations
of immersion and submersion.

Lemma 2.1.17 An analytic (a smooth) map f : M −→ N between (smooth)
Banach manifolds is a submersion at p ∈ M if, and only if, there are an open
neighbourhood V of f (p) ∈ N and an analytic (a smooth) map g : V −→ M

such that g(f (p)) = p and f ◦ g is the identity map on V .

Proof We consider the analytic case. The proof for the smooth case is verbatim.
Let f be a submersion at p ∈ M . Then the differential dfp : TpM −→ Tf (p)N

is surjective with complemented kernelK . Therefore TpM = K ⊕Kc and dfp
is bijective on Kc.

Let (U , ϕ, TpM) be a chart at p with ϕ(p) = 0 and (Vψ,ψ, Tf (p)N ) a chart
at f (p), with ψ(f (p)) = 0 and f (U) ⊂ Vψ , such that ψ ◦ f ◦ ϕ−1 is analytic
on ϕ(U).

On an open neighbourhood B of (0, 0) ∈ K ×Kc ≈ TpM , we can define an
analytic map F : B −→ K × Tf (p)N by

F (u, v) = (u, ψf ϕ−1v)) ((u, v) ∈ B),

where v ∈ Kc ∩ ϕ(U). The derivative

F ′(0, 0) : K ×Kc −→ K × Tf (p)N

is bijective since

F ′(0, 0)(u, v) = (u, (ψfϕ−1)′(0)(v)),

where (ψfϕ−1)′(0) = dfp : Kc −→ Tf (p)N is an isomorphism. By the inverse
function theorem, F is bianalytic from a neighbourhood of (0, 0) ∈ K ×Kc

onto a neighbourhood S ×O of (0, ψf (p)) ∈ Kc × Tf (p)N , where S and O
are open. The inverseF−1 induces a well-defined analytic map h : ψfϕ−1(v) ∈
O �→ v ∈ Kc ∩ ϕ(U). Let

V = ψ−1(O ∩ ψ(Vψ ))

and define g : V −→ U ⊂ M by

g(y) = ϕ−1 ◦ h ◦ ψ(y) (y ∈ V)
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which satisfies g(f (p)) = p. For each y ∈ V , we have ψ(y) = ψfϕ−1(v) for
some v ∈ Kc ∩ ϕ(U) and

f (g(y)) = f (ϕ−1(h(ψ(y))) = f (ϕ−1(v)) = y (y ∈ V).

Conversely, let f have local right inverse g : V −→ M . Then the differen-
tial dfp ◦ dgf (p) is the identity map on Tf (p)N . Hence the differential dfp is
surjective and dg

f (p) is injective. It follows that

dg
f (p) ◦ dfp : TpM −→ TpM

is a continuous projection with kernel (dfp)−1(0) which is complemented in
TpM .

Remark 2.1.18 Lemma 2.1.17 implies that a submersion f : M −→ N is an
open map.

If f : M −→ N is an immersion atp ∈ M , then we have Tf (p)N = V ⊕ V c,
where V = dfp(TpM) is the image of the differential dfp. With local charts
(U , ϕ, TpM) at p and (Vψ,ψ, Tf (p)M) at f (p), as in the proof of Lemma
2.1.17, we can define an analytic map F : TpM × V c −→ V × V c ≈ Tf (p)N

locally by

F (u, v) = ((ψfϕ−1)(u), v)

for (u, v) in a neighbourhood of (0, 0) ∈ TpM × V c. Again, with arguments
as before, the derivative F ′(0, 0) is bijective and the local inverse F−1 induces
an analytic map g : V −→ M from a neighbourhood V of f (p) such that
g ◦ f is the identity map on a neighbourhood of p. This gives the following
characterisation of an immersion.

Lemma 2.1.19 An analytic (a smooth) map f : M −→ N between (smooth)
Banach manifolds is an immersion at p ∈ M if, and only if, there are open
neighbourhoods U and V of p and f (p) ∈ N , respectively, and an analytic (a
smooth) map g : V −→ M such that f (U) ⊂ V and g ◦ f is the identity map
on U .

A topological subspace N of a Banach manifold M is called a submanifold
of M if N is itself a Banach manifold and the inclusion map ι : N ↪→ M is an
immersion. In this case, the tangent space TpN of N at a point p ∈ N can be
identified as a complemented subspace of the tangent space TpM of M at p
via the differential dιp : TpN −→ TpM . An equivalent way of saying that N
is a submanifold of M is that at each point p ∈ N , there is a chart (Uϕ, ϕ, Vϕ)
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of M and a complemented subspace Wϕ ⊂ Vϕ such that

ϕ(N ∩ Uϕ) = Wϕ ∩ ϕ(Uϕ),

in which case {(N ∩ Uϕ), ϕ|(N∩Uϕ ),Wϕ} forms an atlas of N .
Every open topological subspace of a Banach manifold M is a submanifold

of M .
Let M be a Banach manifold over F and let

T (M) =
⋃
p∈M

TpM

be the union of tangent spaces of M . Then T (M) is a Banach manifold over F

with an analytic structure induced from that of M . Indeed, let {Uϕ, ϕ, Vϕ)} be
an atlas of M and write T Uϕ =

⋃
p∈Uϕ

TpM . Define a combined map

T (ϕ) : T Uϕ −→ Vϕ × Vϕ

by

T (ϕ)[γ ]p = (ϕ(p), (ϕ ◦ γ )′(0)) ( [γ ]p ∈ TpM ).

The image of T Uϕ is ϕ(Uϕ) × Vϕ . Define a topology on T (M) in which the
open sets O are those such that T (ϕ)(O ∩ T Uϕ) is open in Vϕ × Vϕ . Then
{(T Uϕ, T (ϕ), Vϕ × Vϕ)} is an analytic structure on T (M).

The Banach manifold T (M) is a vector bundle onM , with bundle projection

π : [γ ]p ∈ TM �→ p ∈ M,

and is called the tangent bundle of M .
An analytic vector field on M is an analytic map X : M −→ TM such that

X(p) ∈ TpM; that is,X is a section of the tangent bundle T (M). We often write
Xp for X(p). The analytic vector fields on M form a vector space XM under
pointwise addition and scalar multiplication.

Given an analytic map f : M −→ N between Banach manifolds M and N ,
we can define the tangent map df : T (M) −→ T (N ) as the combined map

df (Xp) = dfp(Xp),

which in turn induces the map df ◦X : M −→ T (N ) for each X ∈ XM .
Analytic vector fields can be regarded as differential operators in the follow-

ing way. Given an analytic map f : U −→ W from an open subset U of M to
a Banach space W (over the same field of M), and given X ∈ XM , one can
define an analytic map Xf : U −→ W by

Xf (p) = dfp(Xp) (p ∈ M).
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This mapping is written as Xf = df ◦X. We can define the nth iterate Xn of
X inductively by

X0f = f, Xnf = X(Xn−1f ) (n = 1, 2, . . .).

Given two analytic vector fieldsX, Y ∈ XM , there is a unique analytic vector
field [X, Y ] on M , called the commutator (or brackets) of X and Y , such that
for each open set U ⊂ M , we have

[X, Y ]f = X(Yf ) − Y (Xf )

for all analytic maps f from U to a Banach spaceW (cf. [111, p. 60]). Using the
above formula, one can verify easily that the brackets [·, ·] : XM × XM −→
XM is antisymmetric, bilinear and satisfies the Jacobi identity

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0 (X, Y,Z ∈ XM).

It follows that XM is a Lie algebra in the above brackets.
Let (Uϕ, ϕ, Vϕ) be a local chart at p ∈ M . A tangent vector [γ ]q at a point

q ∈ Uϕ can be identified with the vector (ϕ ◦ γ )′(0) ∈ Vϕ . On this chart, an
analytic vector field X can be viewed as an analytic function X : Uϕ −→ Vϕ

and Xϕ = dϕ ◦X = X by Example 2.1.14. It follows that

[X, Y ]ϕ = X(Yϕ) − Y (Xϕ) = dYϕ ◦X − dXϕ ◦ Y = dY ◦X − dX ◦ Y
and

[X, Y ](p) = dYp(Xp) − dXp(Yp) (p ∈ U).

A bianalytic map f : M −→ N between Banach manifolds induces a map

f∗ : XM −→ XN (2.2)

defined by

(f∗X)f (p) = dfp(Xp) (X ∈ XM,p ∈ M).

If g is another bianalytic map on N , then we have the tangent map d(g ◦ f ) =
dg ◦ df and it follows that (g ◦ f )∗ = g∗ ◦ f∗. In particular, taking g = f −1

implies that f∗ is bijective. Further, it is straightforward to verify that f∗ is in
fact a Lie algebra isomorphism (cf. [111, 4.5]).

Given an analytic vector fieldX on a Banach manifoldM , using the existence
theorem for differential equations in Banach spaces, one can find an open
interval Ip in R containing 0 and an analytic curve

γp : Ip −→ Uϕ
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satisfying the differential equation

dγp(t)

dt
= X(γp(t)) ∈ Vϕ

and the initial condition γp(0) = p (cf. Remark 2.1.12). Since the solution also
depends analytically on the initial point, the theory of differential equations
gives the following further result (cf. [94, §I.7] and [81, chapter IV]).

Theorem 2.1.20 Given an analytic vector field X on a Banach manifold M
and p ∈ M , there is an open neighbourhood U of p and an open interval I
in R containing 0, such that for all q ∈ U , the curve γq satisfying γ ′

q(t) =
X(γq(t)) and γq(0) = q is defined on I . The map α : (t, q) ∈ I × U �→ γq(t) ∈
M is analytic and satisfies α(s + t, q) = α(s, α(t, q)) for s, t, s + t ∈ I and
α(t, q) ∈ U .

For t ∈ I , let αt : U −→ M be the analytic map

αt (q) = α(t, q) = γq(t) (q ∈ U).

Since α0(p) = p ∈ U , we have αt (p) ∈ U for t near 0 and hence the differential
(dα−t )αt (p) sends a tangent vector Yαt (p) to a tangent vector in TpM . Noting
that X(p) = [γp] ∈ TpM and that for an analytic map f from U to a Banach

space, we have Xf (p) = [f ◦ γp] = (f ◦ γp)′(0) = lim
t→0

1

t
(f (αt (p)) − f (p)),

a direct computation gives

[X, Y ](p) = lim
t→0

1

t
(dα−t (Yαt (p)) − Yp), (2.3)

which expresses in some sense the rate of change of Y in the direction of X,
known as the Lie derivative of Y in the direction of X (cf. [81, p. 121]).

Definition 2.1.21 The map α : (t, q) ∈ I × U �→ γq(t) ∈ M in Theorem
2.1.20 is called a local flow or an integral curve of the vector field X. If
the flow α is defined on R ×M , then X is called a complete analytic vector
field.

By the uniqueness theorem in differential equations (cf. [81, p. 88]), there
is only one flow α : R ×M −→ M of a complete analytic vector field X

satisfying α(0, p) = p. For each t ∈ R, we define an analytic map

exp tX : M −→ M

by exp tX(p) = α(t, p) for each p ∈ M . The notation is suggested by the
property

exp (s + t)X = exp sX ◦ exp tX (s, t ∈ R),
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which also implies that each map exp tX is bianalytic, since exp tX ◦
exp−tX = exp 0X is the identity map on M . We call the homomorphism

t ∈ R �→ exp tX

the one-parameter group of X. In this notation, we have

X(p) = d

dt

∣∣∣∣
t=0

exp tX(p) (p ∈ M).

Denote by autM the set of all complete analytic vector fields on a Banach
manifold M . The map

X ∈ autM �→ exp 1X ∈ AutM

is denoted by exp.
Let g : M −→ N be a bianalytic map between Banach manifolds. Then the

induced Lie algebra isomorphism g∗ : XM −→ XN , as defined in (2.2), maps
autM to autN and for X ∈ autM , we have the commutative diagram

(t, p) ∈ R ×M −→ exp tX(p) ∈ M⏐⏐(ι× g

⏐⏐(g
(t, g(p)) ∈ R ×N −→ exp tg∗X(g(p)) ∈ N

where g(exp tX(p)) = exp tg∗X(g(p)) gives

g ◦ exp tX ◦ g−1 = exp tg∗X. (2.4)

Remark 2.1.22 For a smooth Banach manifold M , the tangent bundle T (M)
is a smooth Banach manifold, in which case one considers smooth vector
fields X : M −→ T (M), smooth flows and so on. A parallel theory for smooth
Banach manifolds can be developed along with that for analytic manifolds. We
suppress the repetition but will make use of the results without more ado.

An important class of Banach manifolds is the Lie groups. A Banach mani-
foldG is called a Banach Lie group ifG is a group and the group operations are
analytic, that is, the multiplication (x, y) ∈ G×G �→ xy ∈ G and the inverse
map x ∈ G �→ x−1 ∈ G are analytic. In practice, to verify analyticity of the
group operations, it suffices to verify the following three conditions (cf. [12,
III.1.1]):

(i) the left translation �a : g ∈ G �→ ag ∈ G is analytic, for all a ∈ G;
(ii) the mapping (x, y) ∈ G×G �→ xy−1 ∈ G is analytic in a

neighbourhood of (e, e);



2.1 Banach manifolds and Lie groups 77

(iii) the conjugation g ∈ G �→ aga−1 ∈ G is analytic in a neighbourhood of
e, for all a ∈ G.

Let G be a Banach Lie group with identity e. For each a ∈ G, the right
translation ra : g ∈ G �→ ga ∈ G is an analytic map. An analytic vector
field X : G −→ T (G) is called left invariant (respectively, right invariant) if
(d�a)g(Xg) = Xag (respectively, (dra)g(Xg) = Xga) for all a, g ∈ G. This can
be written as d�a ◦X = X ◦ �a and dra ◦X = X ◦ ra in terms of the tangent
maps d�a, dra : T (G) −→ T (G). An invariant vector field X is determined
entirely by its value at the identity e, since Xa = (d�a)e(Xe) for all a ∈ G if X
is left invariant.

Given two left invariant analytic vector fields X and Y on G, it can be
verified that the commutator [X, Y ] is also left invariant. Therefore the vector
space L of all left invariant analytic vector fields on G forms a Lie algebra
in the product [X, Y ]. Given a tangent vector [γ ]e in the tangent space TeG
at the identity e, the vector field X defined by X(g) = (d�g)e([γ ]e) is left
invariant and X(e) = [γ ]e. It follows that the map X ∈ L �→ Xe ∈ TeG is a
linear isomorphism, since two left invariant vector fields are identical if they
have the same value at e. Therefore the tangent space TeG is a Lie algebra in
the brackets

[Xe, Ye] := [X, Y ]e (X, Y ∈ L).

We call g = TeG = {Xe : X ∈ L} the Lie algebra of G.

Lemma 2.1.23 A left invariant analytic vector field X on a Banach Lie group
G is complete.

Proof By left invariance of X, given X(e) = [γ ]e ∈ TeG, we have X(a) =
[aγ ]a ∈ TaG. If γe : I −→ G satisfies

dγe(t)

dt
= X(γe(t)) and γe(0) = e,

then the curve γa = aγe solves

dγa(t)

dt
= X(γa(t)) and γa(0) = a.

Let αe : I × U −→ G be a local flow of X satisfying α(0, p) = p for p in a
neighbourhood U of e. Then the map αa : (t, ap) ∈ I × aU �→ aαe(t, p) ∈ G
is a local flow ofX satisfying αa(0, ap) = ap for all ap ∈ aU . Taking the union
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⋃
a∈G I × aU and applying the uniqueness theorem, we arrive at a local flow

α : I ×G −→ G of X satisfying α(0, a) = a for a ∈ G. Since

α(s + t, ·) = α(s, α(t, ·))
for s, t, s + t in I , one can extend α to a map αX : R ×G −→ G by defining

αX(t, ·) =

n-times︷ ︸︸ ︷
α

(
t

n
, α

(
t

n
,

(
· · · α

(
t

n
, ·

))))
for sufficiently large n, which can be seen to be well defined. Since αX(s +
t, a) = αX(s, αX(t, a)) andαX is analytic on I ×G, it follows thatαX is analytic
on R ×G and is the flow of X.

A one-parameter subgroup of a Banach Lie group G is an analytic homo-
morphism θ : (R,+) −→ G such that θ (0) = e. Given such a homomorphism
θ , we have dθ0(1) ∈ TeG. Conversely, for each left invariant vector field X on
G, the homomorphism

t ∈ R �→ exp tX(e) ∈ G
is a one-parameter subgroup ofG satisfying d(exp tX(e))0(1) = Xe. The expo-
nential map

exp : TeG −→ G

is defined by

exp(Xe) = expX(e) (X ∈ L).

The exponential map need not be surjective, but if it is, then G is called
exponential.

Definition 2.1.24 LetG be a Banach Lie group with Lie algebra g = TeG. The
adjoint representation of G is the homomorphism

Ad : G −→ Aut g

defined by the differential of the inner automorphism:

Ad(g) = d(rg−1�g)e : g −→ g.

We note that Ad is a homomorphism since r(gh)−1�gh = rg−1�g ◦ rh−1�h. In
the notation of (2.2), we have Ad(g) = (rg−1�g)∗ and by (2.4),

expAd(g)tXe = exp tAd(g)Xe = g(exp tXe)g
−1 (X ∈ g). (2.5)
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The automorphism group Aut g is contained in the Banach space L(TeG) of
continuous linear operators on the tangent space g = TeG. Considering Ad as
the map Ad : G −→ L(TeG), we can take its differential, which defines the
adjoint representation ad : g −→ L(TeG) of g:

ad(Xe) = d(Ad)e(Xe).

Lemma 2.1.25 Given two left invariant analytic vector fields X and Y on a
Banach Lie group G, we have [X, Y ]e = ad(Xe)(Ye).

Proof We have Ad(g)(Ye) = (drg−1 )g(d�g)e(Ye) = (drg−1 )g(Yg) by left invari-
ance. Let αt (·) = αX(t, ·) be the flow of X in Lemma 2.1.23. Since X is left
invariant, we have �a ◦ αt = αt ◦ �a for a ∈ G. Hence we have

α−t (a) = α−t (�a(e)) = �a(α−t (e) = rα−t (e)(a).

It follows from (2.3) that

[X, Y ](e) = lim
t→0

1

t
((dα−t )αt (e)Yαt (e) − Ye)

= lim
t→0

1

t
((drα−t (e))αt (e)Yαt (e) − Ye)

= lim
t→0

1

t
(Ad(αt (e))Ye − Ye)

= ad(Xe)(Ye).

A Banach Lie algebra is a Banach space g which is also a Lie algebra and
is equipped with a continuous Lie product. Continuity of the Lie product is
equivalent to the existence of a constant C > 0 such that

‖ [X, Y ] ‖ ≤ C‖X‖‖Y‖ (X, Y ∈ g).

Our remaining task in this section is to show that the Lie algebra of a Banach
Lie group is indeed a Banach Lie algebra. We show that, in local coordinates,
the Lie product can be expressed by continuous bilinear maps and is therefore
continuous.

Theorem 2.1.26 The Lie algebra g of a Banach Lie group G is a Banach Lie
algebra.

Proof We already know that g = TeG is a Lie algebra and also, it identifies
with the Banach space V in a local chart (U , ϕ, V ) at e. We show that the Lie
product (Xe, Ye) ∈ TeG× TeG �→ [Xe, Ye] ∈ TeG = V is continuous.
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Let Xe = [α] ∈ TeG and Ye = [β] ∈ TeG. By Lemma 2.1.25, we have

[Xe, Ye] = ad([α])(Ye)

= lim
t→0

1

t
(Ad(α(t))Ye − Ad(α(0))Ye)

= d

dt

∣∣∣∣
t=0

(Ad(α(t))Ye)

= d

dt

∣∣∣∣
t=0

(
d(rα(t)−1�α(t))eYe

)
= d

dt

∣∣∣∣
t=0

(
d

ds

∣∣∣∣
s=0

(ϕ(α(t)β(s)α(t)−1))

)
,

where a tangent vector [γ ] ∈ TeG identifies with (ϕ ◦ γ )′(0) ∈ V .
Considering ϕ(α(t)β(s)α(t)−1) = F (t, s) as a function from some open

neighbourhood of (0, 0) ∈ R2 to V , we have the Taylor expansion

F (t, s) = F (0, 0) + F ′(0, 0)(t, s) + 1

2!
F ′′(0, 0)((t, s), (t, s)) + · · ·

= D1F (0, 0)t +D2F (0, 0)s + 1

2
(D1D1F (0, 0)(t, t)

+ 2D1D2F (0, 0)(t, s) +D2D2F (0, 0)(s, s)) + · · ·
= (ϕ ◦ β)′(0)s + 1

2
(D1D1F (0, 0)(t, t)

+ 2D1D2F (0, 0)(t, s) +D2D2F (0, 0)(s, s)) + · · · .

It follows that

d

dt

∣∣∣∣
t=0

(
d

ds

∣∣∣∣
s=0

F (t, s)

)
=D1D2F (0, 0)(1, 1) = f ( (ϕ ◦ α)′(0), (ϕ ◦ β)′(0) ),

where f : V × V −→ V is a continuous bilinear map. It follows that
[Xe, Ye] = f (Xe, Ye) and the Lie product is continuous.

Remark 2.1.27 In contrast to the finite-dimensional case, a Banach Lie algebra
need not arise as the Lie algebra of a Banach Lie group [115]. However, if the
centre

z(g) = {X ∈ g : [X, g] = 0}

of a Banach Lie algebra (g, [·, ·]) is trivial, then g is the Lie algebra of a
connected Banach Lie group. We refer to Robart [97] for a proof and will make
use of this fact in establishing Theorem 2.4.31 later.
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Example 2.1.28 A Banach algebra A with identity 1 is a Banach Lie algebra
in the commutator product

[a, b] = ab − ba (a, b ∈ A).

The setG of invertible elements is open in A and forms a group in the associative
multiplication of A, and G is a Banach Lie group with Lie algebra T1G = A.

Example 2.1.29 The infinite-dimensional analogue of the general linear groups
is the group GL(H ) of invertible elements in the Banach algebra L(H ) of
bounded linear operators on a Hilbert space H . The group GL(H ) is norm
open in L(H ) and is a Banach Lie group modelled on L(H ), which is a Banach
Lie algebra in the commutator product. The exponential map exp : L(H ) −→
G(H ) is the usual one:

expA = 1 + A+ A2

2!
+ · · · (A ∈ L(H ))

where 1 is the identity operator inL(H ). The two-sided idealK(H ) of compact
operators in L(H ) is a Lie ideal and is the Lie algebra of the Banach Lie group

GLc(H ) = {A ∈ GL(H ) : 1 − A ∈ K(H )}.
In the operator norm topology, the group

GL2(H ) = {A ∈ GL(H ) : 1 − A is Hilbert–Schmidt}
is a Hilbert Lie group and its Lie algebra is the Hilbert space L2(H ) of Hilbert–
Schmidt operators, equipped with the commutator product and the Hilbert–
Schmidt norm

‖A‖2 =
(∑

α

‖A(eα)‖2

)1/2

(A ∈ L2(H )),

where {eα} is an orthonormal basis of H . If H is complex, the unitary group

U (H ) = {u ∈ GL(H ) : uu∗ = u∗u = 1}
is a real Banach Lie group in the norm topology and its Lie algebra is the real
Banach space

u(H ) = {A ∈ L(H ) : A+ A∗ = 0}
of skew-Hermitian operators, equipped with the commutator product. For a
real Hilbert space, the orthogonal group

O(H ) = {t ∈ GL(H ) : t t∗ = t∗t = 1}
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is a Banach Lie group with Lie algebra

o(H ) = {A ∈ L(H ) : A+ A∗ = 0},
consisting of skew-symmetric operators.

Let G be a Banach Lie group with identity e and Lie algebra g. A subgroup
K of G is called a Banach Lie subgroup if it is a submanifold of G, in which
case K is closed and a Banach Lie group in the induced topology of G [111,
p. 128] and it can be shown that the subalgebra

k = {X ∈ g : exp tX ∈ K,∀t ∈ R} (2.6)

of g identifies with the Lie algebra of K . Further, the left coset space

G/K = {gK : g ∈ G}
carries the structure of a Banach manifold and the quotient map π : G −→
G/K is a submersion [111, theorem 8.19]. Manifolds of the form G/K are
called homogeneous spaces. Let p = π (e) = K . Then the differential dπe :
g −→ Tp(G/K) has kernel ker dπe = k and gives the canonical isomorphism
g/k ≈ Tp(G/K).

2.2 Riemannian manifolds

A Riemannian manifold M is a manifold equipped with a Riemannian metric.
A Riemannian metric g on M is a smooth choice of inner product g(p) on the
tangent space TpM at each point p ∈ M , where smoothness refers to g as a
function of p. Let us make this precise first.

Recall that L2(V,F) denotes the Banach space of continuous bilinear forms
on a Banach space V over F = R,C. If V is finite-dimensional, we have
the identification L2(V,F) = V ∗ ⊗ V ∗, where the latter is equipped with the
injective tensor norm. Hence bilinear forms on V are the so-called (0, 2)-
type tensors or covariant tensors of order 2. If V is infinite-dimensional, we
have the identification L2(V,F) = (V ⊗̂V )∗ which only contains the algebraic
tensor V ∗ ⊗ V ∗ as a subspace, where ⊗̂ denotes the projective tensor product.
Let L2

0(V,F) be the closed subspace of L2(V,F), consisting of all symmetric
bilinear forms on V . One can view L2

0( · , F) as a functor on the category of
Banach spaces over F.

Let M be a smooth manifold modelled on a real Banach space V . A sym-
metric bilinear form g ∈ L2

0(V,R) is called positive definite if

g(x, x) > 0 for all x ∈ V \{0},
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in which case g is often called an inner product. We call g completely positive
definite if g is a complete inner product on V . By the open mapping theorem
for Banach spaces, g is completely positive definite on V if, and only if, there
is a constant cg > 0 such that

g(x, x) ≥ cg‖x‖2 (x ∈ V ).

Of course, if dimV <∞, then complete positive definiteness is the same as
positive definiteness.

If V is a real Hilbert space with inner product 〈·, ·〉, then by the Riesz
representation theorem, L2

0(V,R) is linearly isometric to the closed subspace
L(V )s of L(V ), consisting of all symmetric operators in L(V ). The linear
isometry g ∈ L2

0(V,R) �→ Lg ∈ L(V )s is implemented by

g(x, y) = 〈Lgx, y〉 (x, y ∈ V ),

where g(x, x) ≥ 0 for all x ∈ V if, and only if, Lg ≥ 0. In this case, positive
definiteness of g is equivalent to the symmetric operator Lg being positive and
injective. Complete positive definiteness of g is equivalent to the existence of
a constant cg > 0 such that

g(x, x) ≥ cg〈x, x〉 (x ∈ V ),

which is also equivalent to Lg being positive and invertible.
We can apply the functor L2

0( · , R) to the tangent bundle

π :
⋃
p∈M

TpM −→ M

and form a vector bundle

L2
0(π ) :

⋃
p∈M

L2
0(TpM,R) −→ M.

A Riemannian metric on M is a smooth section

g : M −→
⋃
p∈M

L2
0(TpM,R)

of this bundle such that each g(p) : TpM × TpM −→ R is completely positive
definite. The differential structure on

⋃
p∈M L

2
0(TpM,R) can be described as

follows (cf. [81, p. 170]).
Let {(Uϕ, ϕ, V )} be an atlas of M where each tangent space TpM iden-

tifies with the model space V = {(ϕ ◦ γ )′(0) : [γ ]p ∈ TpM}, and g(p) ∈
L2

0(TpM,R) identifies with gϕ(p) ∈ L2
0(V,R), defined by

gϕ(p)( (ϕ ◦ α)′(0), (ϕ ◦ β)′(0) ) = g(p)([α]p, [β]p).
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Write L2
0(M) = ⋃

p∈M L
2
0(TpM,R) and L2

0 Uϕ =
⋃

p∈Uϕ
L2

0(TpM,R). Define
an injective map

L(ϕ) : L2
0 Uϕ −→ V × L2

0(V,R)

by

L(ϕ)(g(p)) = (ϕ(p), gϕ(p)) (g(p) ∈ L2
0(TpM,R)).

The image of L(ϕ) is ϕ(Uϕ) × L2
0(V,R). Then

{(L2
0 Uϕ, L(ϕ), V × L2

0(V,R))}
is an atlas onL2

0(M) whose open sets are the sets O for whichL(ϕ)(O ∩ L2
0 Uϕ)

is open in V × L2
0(V,R).

Smoothness of the Riemannian metric g : M −→ L2
0(M) means that in local

charts (Uϕ, ϕ, V ), the map

gϕ : Uϕ −→ L2
0(V,R) = L(V )s

is smooth.
IfM admits a Riemannian metric g, we call (M,g), orM (if g is understood),

a Riemannian manifold. IfM is an analytic manifold and the Riemannian metric
g is analytic, then we call M an analytic Riemannian manifold.

In what follows, we usually denote the Riemannian metric g(p) on TpM by
〈·, ·〉p, and if confusion is unlikely, the symbol g is also often used to denote a
diffeomorphism between manifolds.

Remark 2.2.1 If a Banach manifold admits a Riemannian metric, then its
model space is isomorphic to a Hilbert space and the manifold itself is actually
a Hilbert manifold.

It is well known that every finite-dimensional paracompact smooth manifold
admits a Riemannian metric. In particular, every finite-dimensional Lie group
carries the structure of a Riemannian manifold. We recall that a topological
space M is paracompact if every open covering of M has a locally finite
refinement. Metric spaces are paracompact. We refer to Lang [81, pp. 36, 171]
for a proof of the following existence theorem.

Theorem 2.2.2 Let M be a paracompact smooth manifold modelled on a
separable Hilbert space. Then M admits a Riemannian metric.

Let (M,g) be a Riemannian manifold and let f : N −→ M be an immersion
on a smooth manifold N . Then we can define a Riemannian metric g̃ on N by

g̃
p
(u, v) = g

f (p) (dfp(u), dfp(v)) (p ∈ N, u, v ∈ TpN ).
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Given a smooth curve γ : [r, s] −→ M , we define its length by

�(γ ) =
(∫ s

r

gγ (t)(γ
′(t), γ ′(t))dt

)1/2

and say that γ is a curve from γ (r) to γ (s) in M . The length of a (continuous
and) piecewise smooth curve is the sum of the lengths of the smooth pieces.
With respect to the metric g, the Riemannian distance d(p, q) between two
points p, q ∈ M is defined to be the distance

d(p, q) = inf{�(γ ) : γ is a piecewise smooth curve from p to q }. (2.7)

To introduce the concept of distance minimizing curves, namely, geodesics,
as curves of zero acceleration we need to consider “derivatives” of vector fields
which have values in different tangent spaces. This problem leads to the abstract
concept of a connection.

Given a scalar smooth function f on a smooth manifoldM and a vector field
X ∈ XM , we denote by fX the vector field

fX(p) = f (p)X(p) (p ∈ M).

A connection on a smooth manifold M is a mapping

∇ : XM × XM −→ XM

which satisfies

(i) ∇(fX + hY,Z) = f∇(X,Z) + h∇(Y,Z);
(ii) ∇(X, Y + Z) = ∇(X, Y ) +∇(X,Z);

(iii) ∇(X, f Y ) = f∇(X, Y ) + (Xf )Y

for X, Y,Z ∈ XM and smooth functions f, h on M .
It is customary to write ∇XY for ∇(X, Y ). The first property of a connection

∇ implies that, if Y,Z ∈ XM are such that Y (p) = Z(p) for p ∈ M , then

∇YX(p) = ∇ZX(p).

This enables us to introduce the definition of the tangent vector ∇vX ∈ TpM
for a given v ∈ TpM by defining

∇vX = ∇YX(p), (2.8)

where Y is a smooth vector field on M such that Y (p) = v.
Let γ : (−c, c) −→ M be a smooth curve. By a smooth vector field Z along

the curve γ , we mean a smooth map

Z : (−c, c) −→ TM
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such that Z(t) ∈ Tγ (t)M for t ∈ (−c, c). According to Remark 2.1.12, γ ′(t)
denotes the tangent vector to γ at γ (t). In particular, we can consider

γ ′ : (−c, c) −→ TM

as a vector field along γ . Given a connection ∇ on M and X ∈ XM ,

∇γ ′X : t ∈ (−c, c) �→ ∇γ ′(t)X ∈ TM
is a vector field along γ .

A connection ∇ on M is said to be torsion-free if

∇XY −∇YX − [X, Y ] = 0

for all X, Y ∈ XM . It is called Riemannian if

Xg(Y,Z) = g(∇XY,Z) + g(Y,∇XZ) (X, Y,Z ∈ XM),

where g(Y,Z) is the scalar function

g(Y,Z)(p) = g(p)(X(p), Z(p)) (p ∈ M).

A fundamental theorem in the theory of Riemannian manifolds is the exis-
tence of a unique connection, called the Levi–Civita connection, which is
torsion-free and Riemannian. We refer to Klingenberg [75, theorem 1.8.11] for
a proof.

Let ∇ be the Levi–Civita connection on a Riemannian manifold M . We
can “restrict” ∇ to vector fields along smooth curves in the following sense.
Let Z be a smooth vector field along a smooth curve γ : (−c, c) −→ M and
let X ∈ XM . Then there exists a vector field along γ , also denoted by ∇XZ,
satisfying

(i) ∇X(fZ) = f ′Z + f∇XZ for a smooth function f : (−c, c) → R;
(ii) ∇XZ = ∇γ ′Y for any Y ∈ XM satisfying Y (γ (t)) = Z(t) for all

t ∈ (−c, c).
The vector field ∇XZ is constructed in Klingenberg [75, proposition 1.5.5]. For
t ∈ (−c, c), the tangent vector ∇γ ′(t)Z ∈ Tγ (t)M is well defined by (2.8).

Definition 2.2.3 Let M be a Riemannian manifold with the Levi–Civita con-
nection∇. A smooth curve γ : (−c, c) −→ M is called a geodesic (with respect
to ∇) if the vector field γ ′ along γ is parallel which means ∇γ ′(t)γ

′ = 0 for
all t ∈ (−c, c).

The following existence of geodesics is proved in [75, lemma 1.6.7].
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Lemma 2.2.4 Let M be a Riemannian manifold with the Levi–Civita con-
nection. Let p ∈ M . Then there is a neighbourhood U of p and η > 0 such
that for each q ∈ U and X ∈ XM with 0 < ‖Xq‖ < η, there is a geodesic
γq,X : (−2, 2) −→ M satisfying γq,X(0) = q and γ ′

q,X(0) = Xq .

For each q ∈ U and ‖Xq‖ < η in the above lemma, we define expq(Xq) :=
γq,X(1) ∈ M , where we put γq,X(·) = q ifX = 0. By Klingenberg [75, theorem
1.8.15], there exists ε ∈ (0, η) such that the map

expq : B(0, ε) ⊂ TqM −→ M

is a diffeomorphism onto an open subset of M , where B(0, ε) = {v ∈ TqM :
‖v‖ < ε}. By a normal neighbourhood of q, we mean a neighbourhood of
the form expq(N ), where N is a neighbourhood of 0 in TqM , on which expq
is diffeomorphic. Each point in a normal neighbourhood of q is of the form
γq,X(1) which can be joined to q by the unique geodesic γq,X. Moreover, γq,X
is locally minimizing; that is, if the length � of γq,X from q to a point p is less
than η, then � ≤ �(γ1) for any smooth curve γ1 from q to p [75, theorem 1.9.3].

Using geodesics and normal neighbourhoods, it can be be shown readily that
the Riemannian distance d on a Riemannian manifold M , defined in (2.7), is
a metric on M and that the topology induced by d coincides with the original
topology of M [75, theorem 1.9.5].

Definition 2.2.5 Let M and N be Riemannian manifolds. A diffeomorphism
g : M −→ N is called an isometry if it satisfies the condition

〈Xp, Yp〉p = 〈dgp(Xp), dgp(Yp)〉g(p) (p ∈ M; Xp, Yp ∈ TpM).

The isometries of a Riemannian manifold M form a group G(M) under
composition. We call G(M) the isometry group of M . We say that G(M) acts
transitively on M if given two points p, q ∈ M , there exists g ∈ G(M) such
that g(p) = q.

Remark 2.2.6 Isometries between manifolds should not be confused with
isometries between normed vector spaces, which will be discussed later. How-
ever, the distinction should be clear from the context, and we will mostly con-
sider linear isometries on normed vector spaces. A map ϕ : V −→ W between
two normed vector spaces V and W is also called an isometry if it preserves
the norm, that is, ‖ϕ(v)‖ = ‖v‖ for all v ∈ V . The celebrated Mazur–Ulam
theorem states that a surjective isometry between two real normed vector
spaces is necessarily linear if it fixes the origin 0.
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Example 2.2.7 A Riemannian manifold could have few isometries. In fact,
an isometry group could be finite (cf. [80, p. 55]). On the other hand, isom-
etry groups could be large. Consider a real Hilbert space V as an analytic
Riemannian manifold with its own inner product as the Riemannian met-
ric. Given an isometry g : V −→ V , the map g − g(0) is an isometry on V
vanishing at 0 and is therefore linear. Hence each isometry of V is a trans-
lation g0 + v : x ∈ V �→ g0(x) + v ∈ V of a linear isometry g0 on V , where
v ∈ V . It follows that the isometry groupG(V ) is homeomorphic to the product
O(V ) × V of the orthogonal group

O(V ) = {g ∈ GL(V ) : gg∗ = g∗g = 1}
and the additive Lie group V . As a group,G(V ) is isomorphic to the semidirect
product O(V ) � V , which is the set O(V ) × V with the group product

(g, v)(h,w) = (gh, g(w) + v) (g, h ∈ O(V ), v, w ∈ V ).

Thus the isometry group G(V ) is a real Banach Lie group with the product
manifold structure of O(V ) and V (cf. [12, p. 216]).

Example 2.2.8 Let V be a real Hilbert space and let S(V ) = {(λ, v) ∈ R × V :
λ2 + ‖v‖2 = 1} be the unit sphere. Then S(V ) admits a Riemannian metric
induced by the inclusion immersion ι : S(V ) ↪→ R × V , where R × V is a
Hilbert space in the usual inner product. The isometry group for this metric of
S(V ) is the orthogonal group O(R × V ) which is a real Banach Lie group. In
particular, the isometry group of the n-dimensional sphere Sn is O(n+ 1).

Given a Riemannian manifoldM with dimM <∞, it is a well-known result
of Myers and Steenrod [91] that the isometry group G(M) is a Lie group in
the compact-open topology. Our main objective in this section is to derive an
analogous result for groups of bianalytic isometries on infinite-dimensional
complex manifolds.

The following proposition is a real analogue of Cartan’s uniqueness the-
orem which states that two holomorphic maps f and g, one of which is
biholomorphic, from a bounded domain U to another domain in a complex
Banach space must coincide iff (p) = g(p) andf ′(p) = g′(p) for somep ∈ U .
H. Cartan originally proved this result in the 2-dimensional case [17], but it
extends readily to arbitrary Banach spaces.

Proposition 2.2.9 Let g, h : M −→ M be isometries of a connected Rieman-
nian manifoldM such that g(p) = h(p) and dgp = dhp for some p ∈ M . Then
g = h.
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Proof Considering the isometry g ◦ h−1, we only need to show that if g is an
isometry such that g(p) = p and dgp : TpM −→ TpM is the identity map,
then g itself is the identity map on M .

Let U be a normal neighbourhood of p such that each point q ∈ U is joined
to p by a unique geodesic γq(t) with γq(0) = p. Since g is an isometry, g ◦ γq
is a geodesic satisfying g ◦ γq(0) = p and

(g ◦ γq)′(0) = dgγq (0)(γ
′
q(0)) = dgp(γ ′

q(0)) = γ ′
q(0),

we must have g ◦ γq = γq by uniqueness of γq . It follows that g(q) = q for all
q ∈ U .

Since M is path-connected, every point in M is connected to p by a contin-
uous path, covered by a finite number of overlapping normal neighbourhoods.
This shows that g is the identity map on M .

Let X be a complete smooth vector field on a Riemannian manifold M , with
the one-parameter group

exp tX : M −→ M (t ∈ R).

We call X a Killing field if each exp tX is an isometry. The Killing fields on
M form a Lie algebra with the brackets. We refer to Klingenberg [75, theorem
1.10.11] for a proof of this important result.

Theorem 2.2.10 The Killing fields on a Riemannian manifold M form a real
subalgebra g(M) of the Lie algebra XM of smooth vector fields on M .

LetM be a connected manifold modelled on a complex Hilbert spaceV . IfM
admits a Riemannian metric when regarded as a real smooth manifold, then we
show that the group Ga(M) = AutM ∩G(M) of biholomorphic isometries of
M form a real Banach Lie group. To achieve this, we need to topologizeGa(M)
appropriately. If dimM <∞, one can take the usual compact-open topology
and further, the identity components of G(M) and Ga(M) coincide if they are
semisimple Lie groups [51, p. 374]. In infinite dimensions, we need a different
topology which, nevertheless, coincides with the compact-open topology in
finite dimensions.

Example 2.2.11 A complex Hilbert space (V, 〈·, ·〉) is a complex analytic
manifold which is also a Riemannian manifold in the metric Re 〈·, ·〉, with
isometry group G(V ) = O(V,Re 〈·, ·〉) � V , where (V,Re 〈·, ·〉) is the real
restriction of V . Let f : (V,Re 〈·, ·〉) −→ (V,Re 〈·, ·〉) be a smooth map with
derivative f ′(a) : (V,Re 〈·, ·〉) −→ (V,Re 〈·, ·〉) at a point a ∈ V . Then f is
holomorphic at a if, and only if, the derivative f ′(a) : V −→ V is complex
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linear. Hence a real linear isometry g ∈ O(V,Re 〈·, ·〉) is biholomorphic on V
if, and only if, g is complex linear and

Ga(V ) = U (V ) � V,

where U (V ) is the unitary group of V . For V = C, the real restriction
(V,Re 〈·, ·〉) is the Euclidean space R2. Each isometry in O(2) is of the form

f =
(

cos θ − sin θ
sin θ cos θ

)
or g =

(
cos θ sin θ
sin θ − cos θ

)
,

where f is a rotation by θ and is complex linear on C, while g is a reflection
in the line y = x tan(θ/2), or the line x = 0 for θ = π , and is conjugate linear
on C. In this case, U (2) coincides with the connected component SO(2) of the
identity in O(2).

In the remainder of this section, we fix a connected manifold M modelled
on a complex Hilbert space V , equipped with a Riemannian metric for its
underlying real structure. Let {(Uϕ, ϕ, V )} be the complex analytic structure
on M and let d be the Riemannian distance on M , defined by the Riemannian
metric. Given two non-empty subsets A and B of M , their distance is denoted
by

d(A,B) = inf{d(a, b) : a ∈ A, b ∈ B}.
The topological boundary of a set A is denoted by ∂A. For each p ∈ M and
r > 0, we denote by

D(p, r) = {x ∈ M : d(x, p) < r}
the open ball of radius r centred at p.

Let p ∈ M and let (U , ϕ, V ) be a chart at p such that ϕ(U) is bounded in V .
An open neighbourhood B of p is called admissible if there exists r > 0 such
that

D(p, 4r) ⊂ U and d(B, ∂D(p, r)) > 0.

The latter condition implies that B ⊂ D(p, r), and B is said to be strictly
contained in D(p, r). Indeed, if there exists q ∈ B ∩ (M\D(p, r)), then
there is a smooth curve γ : [0, 1] −→ B with γ (0) = p and γ (1) = q. Since
d(p, q) ≥ r , the Intermediate Value Theorem implies that d(p, γ (t)) = r for
some t ∈ [0, 1] which gives γ (t) ∈ B ∩ ∂D(p, r) and d(B, ∂D(p, r)) = 0, a
contradiction.

Admissible neighbourhoods B are of finite diameter d(B) = sup{d(x, y) :
x, y ∈ B}. An example of an admissible neighbourhood of p is the open ball
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D(p, r/2), given D(p, 4r) ⊂ U . Since V is locally connected, we may assume
that U andD(p, r) are connected when admissible neighbourhoods are chosen.
Moreover, choosing normal coordinates as in the finite-dimensional case [51,
p. 54], we may further assume that in the chart (U , ϕ, V ), both ϕ and ϕ−1 are
uniformly continuous on U and ϕ(U), respectively [75, 1.9.8]; that is, given
ε > 0, there exists δ > 0 such that

d(x, y) < δ for x, y ∈ U implies ‖ϕ(x) − ϕ(y)‖ < ε

(and a similar condition applies to ϕ−1). (2.9)

In other words, the metric d on U is uniformly equivalent to the metric induced
by the norm ‖ · ‖.

We use an admissible neighbourhood to define a metric on the biholomorphic
isometry group Ga(M) of M . We will denote by ι the identity map in Ga(M).
For p ∈ M and an admissible neighbourhood Bp at p, define a metric ρ

Bp
on

Ga(M) by

ρ
Bp

(f, g) := sup{d(f (x), g(x)) : x ∈ Bp} (f, g ∈ Ga(M)). (2.10)

We first note that this is a well-defined metric since

d(f (x), g(x)) ≤ d(f (x), f (p))+d(f (p), g(p))+d(g(p), g(x))

= d(x, p)+d(f (p), g(p))+d(p, x)≤2d(B)+d(f (p), g(p))

and f = g as soon as they coincide on Bp, by the principle of analytic continu-
ation. Next, we show that this metric is independent of the choice of admissible
neighbourhoods.

Lemma 2.2.12 Let M be a connected Riemannian manifold modelled on a
complex Hilbert space (V, ‖ · ‖) and let p, q ∈ M with admissible neighbour-
hoods Bp and Bq , respectively. Then ρ

Bp
is uniformly equivalent to ρ

Bq
.

Proof By translation invariance of the two metrics, it suffices to show that for
each ε > 0, there exists δ > 0 such that

ρ
Bq

(g, ι) < δ implies ρ
Bp

(g, ι) < ε (g ∈ Ga(M)).

Let Bp ⊂ U and Bq ⊂ V be chosen from the charts (U , ϕ, V ) and (V, ψ, V ),
with d(Bp, ∂D(p, r)) > 0. First, suppose Bp ∩ Bq contains a point z. Then
for each g ∈ Ga(M) satisfying ρ

Bq
(g, ι) < r , we have g(D(p, r)) ⊂ U , since

x ∈ D(p, r) implies

d(g(x), p)≤d(g(x), g(z)) + d(g(z), z) + d(z, p)<d(x, z) + r + d(z, p)≤4r.
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It follows that the analytic maps

{ϕgϕ−1 : ρ
Bq

(g, ι) < r}
are uniformly bounded on the domain ϕ(D(p, r)) ⊂ V .

By (2.9), there exists τ > 0 such that

‖ϕ(x) − ϕ(y)‖ < τ implies d(x, y) < ε (x, y ∈ U).

By an application of Hadamard’s three-circles theorem in Vigué [114, proposi-
tion 1.1.3] to the domains ϕ(Bp) and ϕ(Bp ∩ Bq) which are strictly contained
in ϕ(D(p, r)), there exists η > 0 such that

sup{‖ϕgϕ−1(v) − ϕιϕ−1(v)‖ : v ∈ ϕ(Bp)} < τ (2.11)

whenever

sup{‖ϕgϕ−1(v) − ϕιϕ−1(v)‖ : v ∈ ϕ(Bp ∩ Bq)} < η

and ρ
Bq

(g, ι) < r . Now pick δ ∈ (0, r) such that

d(x, y) < δ implies ‖ϕ(x) − ϕ(y)‖ < η (x, y ∈ U).

Let ρ
Bq

(g, ι) < δ. For each y ∈ Bp ∩ Bq , we have g(y) ∈ U and d(g(y), y) < δ.
Hence ‖ϕ(g(y)) − ϕ(y)‖ < η. It follows from (2.11) that ‖ϕ(g(x)) − ϕ(x)‖ <
τ for all x ∈ Bp and therefore d(g(x), x) < ε for all x ∈ Bp. This proves that
ρ
Bp

(g, ι) ≤ ε.
Now, without the assumption of Bp ∩ Bq 	= ∅, let

S = {x ∈ M : dB is equivalent to dBq ,∀ admissible neighbourhoods B of x}.
Then q ∈ S and S is closed, for if (xn) is a sequence in S converging to some
x, then any admissible neighbourhood B of x contains some xn, and hence dB
is equivalent to dBq .

Also, S is open. Indeed, given s ∈ S, let Bs be an admissible neighbourhood
of s. Then we haveBs ⊂ S, for if y ∈ Bs andB is an admissible neighbourhood
of y, then B ∩ Bs 	= ∅ and the preceding arguments imply that dB is equivalent
to dBs which is in turn equivalent to dBq . Hence y ∈ S.

Finally, connectedness of M gives M = S.

Our next task is to show that the biholomorphic isometry group Ga(M),
equipped with the topology induced by the metric ρ

Bp
, has the structure of a

real Banach Lie group. We define

ga(M) := g(M) ∩ autM
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and call the vector fields in ga(M) analytic Killing fields. By Theorem 2.2.10,
ga(M) forms a Lie algebra and is a candidate for the model space of a manifold
structure on Ga(M). For this, we first need to introduce a norm on ga(M) to
make it into a Banach Lie algebra.

Fix p ∈ M and a chart (U , ϕ, V ) at p satisfying (2.9), with ϕ(p) = 0 and
some α > 0 such that

d(x, y) < α implies ‖ϕ(x) − ϕ(y)‖ < 1 (x, y ∈ U). (2.12)

Choose an admissible neighbourhood Bp ⊂ D(p, r) with 4r < α. Equip
Ga(M) with the metric ρ

Bp
defined in (2.10). Let

Gp(ι, r/2) = {g ∈ Ga(M) : ρ
Bp

(g, ι) < r/2},
which is an open neighbourhood of the identity ι ∈ Ga(M). For each g ∈
Gp(ι, r/2), we have g(Bp) ⊂ D(p, r).

Given g ∈ Ga(M), denote by

g̃ = ϕgϕ−1 : ϕ(U) −→ V

the local representation of g on ϕ(U) ⊂ V . Then for all x ∈ Bp and g ∈
Gp(ι, r/2), we have d(g(x), p) < r and hence

‖g̃‖
ϕ(B(p,r)) := sup

x∈B(p,r)
‖g̃(ϕ(x))‖ = sup

x∈B(p,r)
‖ϕ(g(x)) − ϕ(p)‖ ≤ 1.

In other words, the functions

{g̃ : g ∈ Gp(ι, r/2)}
are bounded on the domain ϕ(D(p, r)) ⊂ V in the supremum norm ‖ · ‖

ϕ(D(p,r)) .
Fix the admissible neighbourhood Bp at p and fix the metric ρ = ρ

Bp
on

Ga(M). Then Ga(M) is a topological group in the metric ρ.
Owing to Lemma 2.2.12, we have shown, in the terminology of [111, 10.3],

that the action (g, x) ∈ Ga(M) ×M �→ g(x) ∈ M is locally uniform, which
means that

(i) each point q ∈ M admits a chart (V, ψ, V ) and an open ball B(q) centred
at q such that, for some ρ-neighbourhood Gq (ι) of ι ∈ Ga(M), the
functions

{ψgψ−1 : g ∈ Gq(ι)}
are bounded on ψ(B(q)) in the supremum norm ‖ · ‖

ψ(B(q)) ;
(ii) the map g ∈ G(ι) �→ g̃ = ψgψ−1 is continuous, in the sense that if

h ∈ Gq(ι) is close to g ∈ Gq(ι) in the metric ρ, then h̃ is close to g̃ in the
norm ‖ · ‖

ψ(B(q)) .
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We now introduce a norm on the Lie algebra ga(M) of analytic Killing
fields on M . Each Killing field X ∈ ga(M) gives rise to a one-parameter group
exp tX : M −→ M of biholomorphic isometries, and by the above remark, the
group action

(t, x) ∈ R ×M �→ exp tX(x) ∈ M
is locally uniform since for each q ∈ M , there exists c > 0 and an admis-
sible neighbourhood B ⊂ B(q) of q such that (t, x) ∈ (−c, c) × B implies
exp tX(x) ∈ B(q), where the metric ρ

B
induced by the admissible neighbour-

hood B is equivalent to ρ. It follows from Upmeier [111, theorem 10.8] that,
in the chart (U , ϕ, V ) at p ∈ M , the local representation

X̃ : ϕ(Bp) −→ V

of X is bounded, where X̃ is given by the tangent map T (ϕ):

T (ϕ)(Xa) = (ϕ(a), X̃(ϕ(a))) (a ∈ Bp).

For sufficiently small t > 0, we have exp tX(a) ∈ Bp and

X̃(ϕ(a)) = d

dt

∣∣∣∣
t=0

ẽxp tX(ϕ(a)) = lim
t→0

ϕ(exp tX)(a) − ϕ(a)

t
. (2.13)

We define the norm

‖X‖ = ‖X̃‖
ϕ(Bp ) := sup{‖X̃(ϕ(a))‖ : a ∈ Bp}. (2.14)

We continue to use the notation of the chart (U , ϕ, V ) and the admissible
neighbourhood Bp. Choose s > 0 such that

Cp := D(p, s) ⊂ D(p, 2s) ⊂ Bp.

By (2.9), there exists β0 > 0 such that

‖ϕ(x) − ϕ(y)‖ < β0 implies d(x, y) < s.

For each 0 < β < β0, let

G(ι, β) = {g ∈ Ga(M) : ‖g̃ − 1‖
ϕ(Cp ) < β},

where 1 is the identity map on V and ‖ · ‖
ϕ(Cp ) denotes the supremum norm for

V -valued bounded functions on ϕ(Cp), as in (2.14). The metric ρ
Cp

induced
by the admissible neighbourhood Cp is equivalent to ρ, and by (2.9), the open
sets

{G(ι, β) : 0 < β < β0}
form a neighbourhood base at the identity ι ∈ Ga(M).
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For each g ∈ G(ι, β), we have g(Cp) ⊂ Bp, since x ∈ Cp implies

d(g(x), p) ≤ d(g(x), x) + d(x, p) < s + s = 2s.

Given X ∈ ga(M), continuity of t ∈ R �→ exp tX(p) ∈ M implies
exp tX(p) ∈ Cp for t in some interval (−c, c) with c > 0, and hence

d(exp tX(x), p) ≤ d(exp tX(x), exp tX(p)) + d(exp tX(p), p)

= d(x, p) + d(exp tX(p), p) < 2s (x ∈ Cp)

gives exp tX(Cp) ⊂ Bp. Applying (2.13) and the Mean Value Theorem to the
differentiable map

t ∈ (−c, c) �→ ϕ(exp tX(a)) ∈ V
for each a ∈ Cp, we obtain

‖ẽxp tX(ϕ(a)) − ϕ(a)‖ ≤ |t | sup
0≤s≤1

‖X̃(ϕ(exp stX)(a))‖

≤ ‖X̃‖
ϕ(Bp ) |t | = ‖X‖|t | (|t | < c). (2.15)

Lemma 2.2.13 Given 0 < β < β0 and an analytic Killing field X on M satis-
fying ‖X‖ < β, we have expX ∈ G(ι, β).

Proof By (2.15), we have

τ := sup{s > 0 : exp tX ∈ G(ι, β), ∀ |t | ≤ s} > 0.

We only need to show that τ ≥ 1. Suppose τ < 1. We deduce a contradiction.
Choose c > 0 in (2.15) and 0 < t1 < c, (β + 1)−1. Let s > 0 be such that |t | ≤
s implies exp tX ∈ G(ι, β). We show that exp tX ∈ G(ι, β) for 0 < t ≤ s + t1.

If 0 < t ≤ t1, we have ‖ẽxp tX − 1‖
ϕ(Cp ) ≤ ‖X‖|t | < β. If t1 < t ≤ s + t1, then

0 < t − t1 ≤ s gives exp(t − t1)X ∈ G(ι, β) and we have

‖ẽxp tX − 1‖
ϕ(Cp ) =‖ ˜exp(t − t1)Xẽxp t1X − 1‖

ϕ(Cp )

≤‖ ˜exp(t − t1)Xẽxp t1X − ẽxp t1X‖ϕ(Cp )+‖ẽxp t1X − 1‖
ϕ(Cp )

≤‖ẽxp t1X‖ϕ(Cp )‖‖ ˜exp(t − t1)X − 1‖
ϕ(Cp )+‖ẽxp t1X − 1‖

ϕ(Cp )

≤‖X‖t1β + ‖X‖t1 = βt1(β + 1) < β.

It follows that τ + t1 ≤ τ , which is impossible.

Let ‖X‖ < β0 and |t | < 1. Then ‖X‖ < β < β0 for some β implies that
‖tX‖ = |t |‖X‖ < β and exp tX ∈ G(ι, β). Hence, as noted before, we have

exp tX(Cp) ⊂ Bp. (2.16)
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Theorem 2.2.14 The Lie algebra ga(M) of analytic Killing fields on M ,
equipped with the norm defined in (2.14), is a Banach space.

Proof Let (Xn) be a Cauchy sequence in ga(M). We may assume, by omitting
the first few terms, that ‖Xn‖ < β0 for all n and hence exp tXn(Cp) ⊂ Bp.

The Cauchy sequence (X̃n) of bounded analytic functions on ϕ(Bp) con-
verges in the supremum norm to a bounded analytic function Y : ϕ(Bp) −→ V .

Consider the smooth map

f : (−1, 1) × ϕ(Bp) −→ V

defined by

f (t, y) = X̃n(y).

For each a ∈ Cp, we have

f (t, ˜exp tXn(ϕ(a))) = X̃n( ˜exp tXn(ϕ(a))) = d

dt
˜exp tXn(ϕ(a)).

Let u(t) = ˜exp tXm(ϕ(a)) for t ∈ (−1, 1). Then we have

‖u′(t) − f (t, u(t))‖
= ‖X̃m( ˜exp tXm(ϕ(a))) − X̃n( ˜exp tXm(ϕ(a)))‖ ≤ ‖Xm −Xn‖.

By comparison of solutions of the differential equation x ′ = f (t, x) in [33,
10.5.1.1], we have

‖ ˜exp tXm(ϕ(a)) − ˜exp tXn(ϕ(a))‖ ≤ ‖Xm −Xn‖e
k|t | − 1

k
, (2.17)

where, by the Cauchy inequality (2.1), we have

sup
n

‖X̃′
n‖ϕ(Bp ) ≤ k

for some k > 0. Hence

‖ ˜exp tXm − ˜exp tXn‖ϕ(Cp ) −→ 0 as m, n→∞

for all |t | < 1. Therefore the sequence ( ˜exp tXn) norm converges to an analytic
function g̃p(t) on ϕ(Cp), for each |t | < 1.

Let ρ
Cp

be the metric defined by the admissible neighbourhood Cp, as in
(2.10). Then we have

ρ
Cp

(exp tXn, exp tXm) −→ 0 as m, n→∞
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for |t | < 1. Applying Lemma 2.2.12, one can find an admissible neighbourhood

Cq in a chart (Uq, ϕq, V ) at every point q ∈ M such that ( ˜exp tXn) is a Cauchy
sequence on ϕq(Cq) and hence norm converges to an analytic function g̃q(t) :
ϕq(Cq) −→ V , for each |t | < 1. It is readily seen that the analytic function
g(t) : M −→ M defined by

gt (q) = ϕ−1
q g̃q(t)ϕq(q) (q ∈ M),

where ϕp = ϕ, is well defined. Moreover, we have

d(gt (q), gt (y))

≤ d(gt (q), exp tXn(q))) + d(exp tXn(q), exp tXn(y)) + d(expXn(y), gt (y))

= d(gt (q), exp tXn(q)) + d(q, y) + d(expXn(y), gt (y)) −→ d(q, y).

The same arguments imply that the sequence (exp−tXn) converges locally
uniformly to a contractive analytic function ht : M −→ M for |t | < 1, and
gtht (q) = q for all q ∈ M . It follows that gt ∈ Ga(M) for |t | < 1.

Since exp(s + t)Xn = (exp sXn)(exp tXn), we have gs+t = gsgt whenever
both sides are defined. Since (−1, 1) generates R, we can extend the map
t ∈ (−1, 1) �→ gt ∈ Ga(M) continuously to a one-parameter group t ∈ R �→
gt ∈ Ga(M) of bihomorphic isometries on M . Hence there is a Killing field X
in ga(M) such that gt = exp tX for all t ∈ R.

By (2.17), we have, for 0 < |t | < 1,∥∥∥∥∥ ẽxp tX − 1
t

−
˜exp tXn − 1

t

∥∥∥∥∥
ϕ(Cp )

= lim
m→∞

∥∥∥∥∥ ˜exp tXm − 1
t

−
˜exp tXn − 1

t

∥∥∥∥∥
ϕ(Cp )

≤ limm→∞‖Xm −Xn‖e
k|t | − 1

k|t | .

Let t −→ 0. Then ‖X̃ − X̃n‖ϕ(Cp ) −→ 0 as n→∞. By the principle of analytic
continuation, we have X̃ = Y on ϕ(Bp) and hence

‖Xn −X‖ = ‖X̃n − X̃‖
ϕ(Bp ) = ‖X̃n − Y‖

ϕ(Bp ) −→ 0.

Corollary 2.2.15 The Lie algebra ga(M) of analytic Killing fields on M is a
real Banach Lie algebra.

Proof Let Z = [X, Y ] for X, Y ∈ ga(M). Then for a ∈ Cp, we have

Z̃(ϕ(a)) = Ỹ ′(ϕ(a))X̃(ϕ(a)) − X̃′(ϕ(a))Ỹ (ϕ(a)),
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which gives, via the Cauchy inequality,

‖Z̃‖
ϕ(Cp ) ≤ ‖Ỹ ′‖

ϕ(Cp )‖X̃‖ϕ(Cp ) + ‖X̃′‖
ϕ(Cp )‖Ỹ‖ϕ(Cp )

≤ 2

R
‖Ỹ‖

ϕ(Bp )‖X̃‖ϕ(Bp ) ,

where R is the distance between ϕ(Cp) and the topological boundary of ϕ(Bp).
Since the norms ‖ · ‖

ϕ(Cp ) and ‖ · ‖
ϕ(Bp ) are equivalent on ga(M), we have shown

that ga(M) is a Banach Lie algebra.

Lemma 2.2.16 The mapX ∈ ga(M) �→ expX ∈ Ga(M) is injective in a neigh-
bourhood of 0 ∈ ga(M).

Proof There exists r0 > 0 such that ϕ(Bp) contains the open ball {v ∈ V :
‖v‖ < r0}. Let N = {X ∈ ga(M) : ‖X‖ < min(r0, β0/2)}. For each X ∈ N,
we have X̃(ϕ(Bp)) ⊂ ϕ(Bp) and also, by (2.16),

ẽxp tX(ϕ(Cp)) ⊂ ϕ(Bp)

for |t | ≤ 1. For each a ∈ Cp, we have

d

dt
ẽxp tX(ϕ(a)) = X̃(ẽxp tX(ϕ(a))

and it follows that

dn

dtn
ẽxp tX(ϕ(a)) = X̃n(ẽxp tX(ϕ(a)) (n = 1, 2, . . .).

Therefore we have the power series expansion for the analytic map

ẽxp tX(ϕ(a)) =
∞∑
n=0

tn

n!

dn

dtn

∣∣∣∣
t=0

ẽxp tX(ϕ(a)) =
∞∑
n=0

tn

n!
X̃n(ẽxpX(ϕ(a))).

In particular,

ẽxpX(ϕ(a)) =
∞∑
n=0

1

n!
X̃n(ẽxpX(ϕ(a))) (X ∈ N, a ∈ Cp).

Let H∞(ϕ(Bp), V ) be the Banach space of bounded analytic maps from
ϕ(Bp) to V , equipped with the supremum norm. Define a differentiable map
F : N −→ H∞(ϕ(Bp), V ) by

F (X) = ẽxpX − X̃ − 1 (X ∈ N).

Then we have F (0) = 0 = F ′(0) and one can find a convex neighbourhood
N0 ⊂ N such that ‖F ′(X)‖ ≤ 1/2 for all X ∈ N0. Given X, Y ∈ N0 with
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expX = exp Y , the Mean Value Theorem implies that

‖X̃ − Ỹ‖
ϕ(Bp )

= ‖F (X) − F (Y )‖≤‖X − Y‖ sup
0≤λ≤1

‖F ′(λX + (1 − λ)Y )‖≤‖X − Y‖/2

and hence ‖X − Y‖ = ‖X̃ − Ỹ‖
ϕ(Bp ) = 0. This proves injectivity of exp on

N0.

Theorem 2.2.17 Let M be a connected manifold modelled on a complex
Hilbert space, with a Riemannian metric. Then the biholomorphic isometry
group Ga(M) of M can be topologized to a real Banach Lie group with Lie
algebra ga(M) formed by the analytic Killing fields on M .

Proof We show that Ga(M) can be equipped with an analytic structure mod-
elled on the real Banach Lie algebra ga(M). By Birkhoff [8], there is a neigh-
bourhood N of 0 ∈ ga(M) such that the Campbell–Baker–Hausdorff series

H (X, Y ) = X + Y + 1

2
[X, Y ] + 1

12
([X, [X, Y ]] − [Y, [X, Y ]) + · · · ,

(2.18)

written in terms of iterates of [X, Y ], converges to an analytic map H : N×
N −→ ga(M) satisfying

expH (X, Y ) = (expX)(exp Y ).

By Lemma 2.2.16, we may assume the restriction exp |
N

: N −→ Ga(M) is
injective. Since H (0, 0) = 0, we can find open symmetric neighbourhoods
V ⊂ W ⊂ N of 0 ∈ ga(M) such that

H (V × V) ⊂ W and H (W × W) ⊂ N.

Let U = exp(W) ⊂ Ga(M) and let

ϕ = (exp |
W

)−1 : U −→ W ⊂ ga(M)

so that ι ∈ U and ϕ(expX) = X for X ∈ W. For each g ∈ Ga(M), we define
an injective map

ϕg : gU −→ W ⊂ ga(M)

by

ϕg(h) = ϕ(g−1h) (h ∈ gU).
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If gU ∩ hU 	= ∅, then h−1g ∈ U and h−1g = expX for someX ∈ W. Hence
for each Y ∈ ϕg(gU ∩ hU), we have

ϕhϕ
−1
g (Y ) = ϕ(h−1g exp Y ) = ϕ(expX)(exp Y ) = H (X, Y )

and therefore the composed map

ϕhϕ
−1
g : ϕg(gU ∩ hU) −→ ϕh(gU ∩ hU)

is analytic. It follows that Ga(M) can be given a topology such that
{(gU , ϕg, g(M))} is an analytic structure on Ga(M) where ϕι = ϕ.

It remains to show that the group operations on Ga(M) are analytic. Let
V = exp V, which is a neighbourhood of ι ∈ Ga(M). Then the map (g, h) ∈
V × V �→ gh−1 ∈ Ga(M) has the local representation

(X, Y ) ∈ V × V �→ H (X,−Y ) ∈ W,

which is analytic. For each g ∈ Ga(M), the left translation �g : hU −→ ghU
on a chart (hU , ϕh) is given by �g = ϕ−1

gh ϕh and hence analytic.
Finally, each g ∈ Ga(M) induces a Lie algebra isomorphism g∗ : ga(M) −→

ga(M) by (2.2) and the conjugation h ∈ Ga(M) �→ ghg−1 ∈ Ga(M) is analytic
in a neighbourhood of ι ∈ Ga(M) via the local representation

h = expX ∈ exp(W ∩ g−1
∗ (W)) −→ g(expX)g−1 ∈ G⏐⏐( ,⏐⏐exp

X ∈ W ∩ g−1
∗ (W)

g∗−→ g∗X ∈ W

where the commutativity of the diagram follows from (2.4).

Corollary 2.2.18 LetK be a closed subgroup of the Banach Lie groupGa(M)
in Theorem 2.2.17. ThenK can be topologized to a real Banach Lie group with
Lie algebra

k = {X ∈ ga(M) : exp tX ∈ K,∀t ∈ R}.
Proof By Upmeier [111, 6.8], k is a closed real subalgebra of ga(M) and hence
a real Banach Lie algebra. Repeating the previous arguments, using K and k

in place of Ga(M) and ga(M), one can equip K with a real Banach manifold
structure, modelled on k.

Remark 2.2.19 Corollary 2.2.18 is a special case of the fact that a closed
subgroup K of a real Banach Lie group G with Lie algebra g can always be
topologized to a real Banach Lie group with Lie algebra k = {X ∈ g : exp tX ∈
K,∀t ∈ R} (cf. [111, 7.8]).
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2.3 Jordan algebras and Riemannian symmetric spaces

We now discuss Riemannian manifolds which arise naturally in Jordan algebras.
This provides a setting to show the useful relationships between the geometric
structures of these manifolds and the underlying Jordan algebraic structures.

The important class of Riemannian manifolds closely related to Jordan alge-
bras and Jordan triple systems is the class of symmetric spaces. In finite dimen-
sions, these manifolds were classified by É. Cartan.

Definition 2.3.1 A connected Riemannian manifoldM is called a (Riemannian)
symmetric space if there is a symmetry sp at every point p ∈ M; in other
words, if every point p is an isolated fixed point of an involutive isometry
sp : M −→ M .

An isometry sp is called involutive if the composite s2
p is the identity map. A

fixed point p of sp is isolated if it is the only fixed point in a neighbourhood of
p. The following lemma, together with Proposition 2.2.9, shows that there can
only be one symmetry sp at p.

Lemma 2.3.2 In a Riemannian symmetric space M , the differential dsp of a
symmetry s at p ∈ M is minus the identity map on TpM .

Proof Since s2 is the identity map on M , the composite (dsp)2 is the iden-
tity map on the tangent space TpM , and hence dsp induces an eigenspace
decomposition of TpM:

TpM = {Xp : dsp(Xp) = Xp} ⊕ {Xp : dsp(Xp) = −Xp}.
Let dsp(Xp) = Xp. Then we must have Xp = 0 for otherwise, in a normal
neighbourhood of p, there is a unique geodesic α(t) with α(0) = p and α′(0) =
Xp which implies that s ◦ α = α, since s ◦ α is a geodesic satisfying the same
conditions. This contradicts the fact that p is an isolated fixed point of s. Hence

TpM = {Xp : dsp(Xp) = −Xp}.

Example 2.3.3 A real Hilbert space V is a Riemannian symmetric space. The
symmetry at a point p ∈ V is the map sp(x) = 2p − x.

Example 2.3.4 Let M be a Riemannian manifold. If there is a symmetry sp at
some point p ∈ M and if G(M) acts transitively on M , then M is a symmetric
space. Indeed, given q ∈ M with q = f (p) for some f ∈ G(M), the map
sq = f ◦ sp ◦ f −1 is a symmetry at q. We note, however, that transitivity of
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the action of G(M) on M alone is not sufficient for M to be a symmetric space
[96].

Example 2.3.5 The unit sphere S(V ) = {(λ, v) ∈ R × V : λ2 + ‖v‖2 = 1} in
a Hilbert space R × V is a symmetric space in the induced Riemannian metric.
The isometry group O(R × V ) acts transitively on S(V ) and the symmetry sp
at the north pole p = (1, 0) is given by

sp(λ, v) = (λ,−v).

Lemma 2.3.6 Let M be a Riemannian symmetric space. Then the isometry
group G(M) acts transitively on M .

Proof Given a geodesic γ : [0, 1] −→ M , the symmetry sγ ( 1
2 ) at the midpoint

γ ( 1
2 ) reverses γ , sending the endpoints γ (0) and γ (1) to each other. Since M

is connected, any two points p, q ∈ M can be joined by the union of a finite
number of geodesics, and hence a finite composite of symmetries would send
p to q.

Riemannian symmetric spaces associated with real Jordan algebras, in the
form of symmetric cones and manifolds of idempotents, were first studied in
Helwig [52], Hirzebruch [55], Koecher [76, 79] and Vinberg [113]. Koecher
and Vinberg [76, 79, 113] have shown that the category of finite-dimensional
formally real Jordan algebras is equivalent to the category of symmetric cones
in finite-dimensional Euclidean spaces. They showed that the latter are exactly
the interiors of positive cones in formally real Jordan algebras. Hirzebruch [55]
has shown that the manifold of minimal idempotents in a finite-dimensional
simple formally real Jordan algebra is a Riemannian symmetric space. We now
discuss the infinite-dimensional extension of these results.

By Theorem 1.1.14, finite-dimensional formally real Jordan algebras are
characterised by the existence of a positive definite trace form 〈x, y〉 =
Trace (x y), which provides a natural topology for the aforementioned man-
ifolds. In the absence of a trace form in infinite dimension, an appropriate
generalisation of finite-dimensional formally real Jordan algebras is the class
of JB-algebras, which presents a proper topological setting to extend Hirze-
bruch’s result. Another generalisation suitable for geometry and symmetric
cones is the class of JH-algebras.

A real Jordan algebra B is called a JB-algebra if it is also a Banach space
and the norm satisfies

‖ab‖ ≤ ‖a‖‖b‖, ‖a2‖ = ‖a‖2, ‖a2‖ ≤ ‖a2 + b2‖
for all a, b ∈ B.
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A JB-algebra A is called a JBW-algebra if it is the dual of a Banach space, in
which case the predual ofA is unique, the weak* topology onA is unambiguous
and A must have an identity, denoted by 1. A JBW-algebra is called a JBW-
factor if its centre

Z = {z ∈ A : z(ab) = (za)b, ∀ a, b ∈ A}
is trivial, that is, Z = {α1 : α ∈ R}. We refer to Hanche-Olsen and Størmer
[47] and Topping [109] for basic results of JB-algebras and JBW-algebras.

An important class of JB-algebras is furnished by C*-algebras. We recall
that a C*-algebra is representable as a norm-closed subalgebra A of the algebra
L(H ) of bounded linear operators on a complex Hilbert spaceH such that a ∈ A
implies a∗ ∈ A, where a∗ denotes the adjoint of the operator a : H −→ H . If
H is a real Hilbert space, then A satisfying the same conditions is called a real
C*-algebra. We regard a C*-algebra over a complex Hilbert space as a real
C*-algebra by restricting to the real scalar field. The Banach space

Asa = {a ∈ A : a∗ = a}
of self-adjoint operators in a real C*-algebra A is a JB-algebra in the special
Jordan product

a ◦ b = 1

2
(ab + ba),

where the Jordan product ◦ is the same as the associative product on the right
if A is commutative.

The complexification Ac = A⊕ iA of a real C*-algebra A is a C*-algebra,
and if A is commutative, then so is Ac, which must be of the form C0(S), the
C*-algebra of complex continuous functions vanishing at infinity on a locally
compact Hausdorff space S. The self-map τ on A⊕ iA = C0(S) defined by

τ (a + ib) = a + ib (a, b ∈ A)

is a complex linear ∗-automorphism and is of period 2, that is, τ 2 is the identity
map. The dual map τ ∗ restricts to a homeomorphism σ : S −→ S of period 2
and we have the identification

A = {f ∈ C0(S) : f ◦ σ = f }, (2.19)

where the involution f ∗ is the complex conjugation f of f .
Bilinearity implies that the multiplication (a, b) ∈ A2 �→ ab ∈ A in a JB-

algebra A is analytic (cf. Example 2.1.5), and hence the Jordan triple product
(a, b, c) �→ {a, b, c} = (ab)c + a(bc) − b(ac) is also analytic.
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A real Jordan algebra H is called a JH-algebra in Nomura [93] if it is also a
real Hilbert space in which the inner product 〈·, ·〉 is associative; that is,

〈ab, c〉 = 〈b, ac〉 (a, b, c ∈ H).

A finite-dimensional JH-algebra is called Euclidean in Faraut and Koranyi
[38]. Evidently, a finite-dimensional formally real Jordan algebra, equipped
with the trace norm as an inner product, is Euclidean. In fact, all three concepts
introduced above are equivalent in finite dimensions.

Lemma 2.3.7 LetA be a finite-dimensional real Jordan algebra. The following
conditions are equivalent:

(i) A is formally real.
(ii) A is Euclidean and has an identity 1.

(iii) A is a JB-algebra.

Proof See Braun and Koecher [13, p. 320] and Hanche-Olsen and Størmer [47,
pp. 77, 84]. We simply note that, in a finite-dimensional formally real Jordan
algebra A, the positive cone {a2 : a ∈ A} induces a partial ordering ≤ in A and
a norm

‖a‖ := inf{λ > 0 : λ1 ≤ a ≤ λ1}
which makes A into a JB-algebra.

Example 2.3.8 An infinite-dimensional formally real Jordan algebra need not
be a JB-algebra. The disc algebra D on the open unit disc U in the complex
plane consists of continuous functions on the closureU which are holomorphic
on U . Let

A = {f ∈ D : f (U ∩ R) ⊂ R},
which is a real closed subalgebra of D and is an associative Jordan algebra. It
is formally real and we also have ‖f 2‖ = ‖f ‖2 for all f ∈ A, but

‖ sin2 nz+ cos2 nz‖ = 1 	≥ ‖ sin2 nz‖
for large n.

Example 2.3.9 The exceptional Jordan algebra H3(O) in Example 1.1.5 is a
formally real Jordan algebra. Hence it is a JB-algebra with the norm described
in the proof of Lemma 2.3.7. Following [117], we equip

H3(O) = H3(O) + iH3(O)
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(cf. Example 1.2.8) with the norm

‖(aij )‖c = inf{α > 0 : (aij ) ∈ αC},
which is the Minkowski functional of the convex hull C of the set{

exp iz =
∞∑
n=0

inzn

n!
: z ∈ H3(O)

}
.

(H3(O), ‖ · ‖c) is a Banach space complexification of H3(O), and we will
always assume this norm structure of H3(O). As a subtriple of H3(O), the
Hermitian Jordan triple M12(O) also inherits this norm.

Let A be a JH-algebra with identity 1. Then for each a ∈ A, we have

‖a‖2 = 〈a, a〉 = 〈1, a2〉 ≤ ‖1‖‖a2‖.
The box operator a a : A −→ A is norm continuous, since it is weakly
continuous by associativity of the inner product,

〈(a a)xα, y〉 = 〈xα, (a a)y〉 −→ 〈x, (a a)y〉 = 〈(a a)x, y〉,
whenever a net (xα) converges weakly to x ∈ A. Actually, it follows from
Lemma 3.5.5 that there is a constant c > 0 such that ‖a a‖ ≤ c‖a‖2 for all
a ∈ A. Hence

‖a2‖ = ‖(a a)1‖ ≤ ‖a a‖‖1‖ ≤ c‖1‖‖a‖2. (2.20)

Now we consider symmetric cones.

Definition 2.3.10 Let V be a real Hilbert space with inner product 〈·, ·〉. An
open cone � ⊂ V is called symmetric if it satisfies the following conditions:

(i) (self-duality) � = {v ∈ V : 〈v, x〉 > 0 ∀x ∈ �\{0}};
(ii) (homogeneity) given x, y ∈ �, there is a continuous linear isomorphism

h : V −→ V such that h(�) = � and h(x) = y.

Example 2.3.11 For n > 2, the Lorentz cone �n ⊂ Rn, defined as follows, is
symmetric:

�n = {(x1, . . . , xn) ∈ Rn : x1 > 0 and x2
1 − x2

2 − · · · − x2
n > 0}.

Example 2.3.12 Let V be the Hilbert space of all real symmetric m×m

matrices, equipped with the inner product

〈A,B〉 = Trace (AB).

The cone � consisting of positive definite symmetric m×m real matrices is
symmetric in V .
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Example 2.3.13 Let A be a finite-dimensional formally real Jordan algebra.
The interior � of the cone {a2 : a ∈ A} is a symmetric cone with respect to
the inner product 〈x, y〉 = Trace (x y). This example is a special case of
Lemma 2.3.17.

A symmetric cone � in a finite-dimensional Hilbert space V can be given a
Riemannian metric g which turns it into a Riemannian symmetric space. The
metric g can be constructed via a Jordan algebra, and indeed, one only needs to
do this for the positive cone of a finite-dimensional formally real Jordan algebra,
by the following result of Koecher [76] and Vinberg [113], which, together with
Example 2.3.13, establishes the one–one correspondence between symmetric
cones and formally real Jordan algebras in finite dimensions.

Theorem 2.3.14 Let� be a symmetric cone in a finite-dimensional real Hilbert
space V . Then V can be equipped with a formally real Jordan product such
that � is the interior of its closure � and

� = {x2 : x ∈ V }.
We will construct a Riemannian metric on the interior of the positive cone

of a unital JH-algebra, and thereby extend Koecher’s result [79] to the infinite-
dimensional setting. An important example of a unital JH-algebra is the spin
factor H ⊕ R, which is a direct sum of a real Hilbert space (H, 〈·, ·〉H ) and R,
with Jordan product

(x ⊕ ζ ) ◦ (y ⊕ η) = (ηx + ζy) ⊕ (〈x, y〉H + ζη)

and the associative inner product

〈x ⊕ ζ, y ⊕ η〉 = 〈x, y〉H + ζη.

We note that the spin factor H ⊕ R is also a JB-algebra with the equivalent
norm

‖(x ⊕ ζ )‖ = ‖x‖H + |ζ |.
H ⊕ R has the identity 0 ⊕ 1.

Example 2.3.15 Let M be a von Neumann algebra with a faithful semifinite
normal trace τ . Then L2(M, τ ) is a two-sided M-module, where L2(M, τ ) is
the completion of the inner product space

Nτ = {a ∈ M : τ (a∗a) <∞}
with the inner product

〈a, b〉 = τ (ab∗) (a, b ∈ Nτ ).
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The multiplication in Nτ is continuous with respect to the inner product norm
and therefore extends to an associative binary product in L2(M, τ ). It follows
that L2(M, τ ) is a Jordan algebra in the special Jordan product

a ◦ b = 1

2
(ab + ba).

Moreover, L2(M, τ ) is a JH-algebra. If M = L(H ), the von Neumann algebra
of bounded linear operators on a complex Hilbert space H , then the canonical
normal trace τ on M is faithful semifinite and L2(M, τ ) is the algebra of
Hilbert–Schmidt operators on H , with the Hilbert–Schmidt norm.

We recall that La and Qa denote respectively the left multiplication and
the quadratic operator on a Jordan algebra A, defined by an element a ∈ A.
Let A have an identity 1. An element a ∈ A is called invertible if there exists
a−1 ∈ A such that aa−1 = 1 and (a2)a−1 = a. This is equivalent to saying that
the operator Qa is invertible with inverse Q−1

a = Qa−1 .
Let p ∈ A be an idempotent with Peirce decomposition

A = A0(p) ⊕A1(p) ⊕A2(p)

and the corresponding Peirce projections Pk(p) : A −→ Ak(p), given by

P0(p) = Q1−p, P1(p) = 4Lp − 4L2
p, P2(p) = Qp.

By Peirce arithmetic in Theorem 1.2.44, we have

A0(p)A2(p) = {0} and A1(p)A1(p) ⊂ A0(p) ⊕A2(p).

An idempotent in a JB-algebra is more often called a projection in the
literature, which we follow henceforth, and we use the same term for JH-
algebras. Given a JH-algebra A and a projection p ∈ A, we have 〈p, a2〉 ≥ 0
for all a ∈ A, since

〈p, a2〉 = 〈pa, a〉 = 1

2
‖P1(p)(a)‖2 + ‖P2(p)(a)‖2.

Also, two projections p and q are orthogonal with respect to the inner product
if, and only if, the Jordan product pq = 0.

The spectral decomposition of elements in a finite-dimensional formally real
Jordan algebra, proved in Theorem 1.1.14, can be extended to JH-algebras.
Indeed, applying similar arguments in the proof of Proposition 3.5.19 to the
closed subalgebra A(x) generated by an element x in a JH-algebra A, one can
find a maximal family of orthogonal projections in A(x) and hence a sequence
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{ek} of orthogonal projections such that

x =
∞∑
k=1

λkek (λk ∈ R),

where we have λk = 〈x, ek〉, and if λk ≥ 0 for all k, then

x =
∞∑
k=1

(
√
λk)

2ek =
( ∞∑
k=1

√
λkek

)2

,

which is in the positive cone

A+ = {x2 : x ∈ A}.

This remark implies that each a = x2 ∈ A+ has the form

a =
∞∑
k=1

λ2
kek

for some sequence {ek} of orthogonal projections. It follows that, for every
y ∈ A,

〈Lay, y〉 =
∞∑
k=1

λ2
k〈ek, y2〉 ≥ 0.

The positive cone A+ is not only norm-closed in the Hilbert space A, but also
weakly closed, as shown in the proof of Lemma 2.3.17.

Definition 2.3.16 Let A be a JH-algebra with identity 1. We denote by�(A) =
intA+ the interior of the positive cone A+, and call it the open cone of A.

We exhibit a typical example of an infinite-dimensional symmetric cone.

Lemma 2.3.17 The open cone �(A) of a JH-algebra A with identity is a
symmetric cone.

Proof To prove self-duality, we first show that

A+ = {y ∈ A : 〈y, a〉 ≥ 0,∀a ∈ A+},

which implies immediately that A+ is weakly closed. Given y ∈ A+ with

y =
∞∑
k=1

αkpk (αk ≥ 0)
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for some mutually orthogonal projections {pk}, we have, for a = x2 ∈ A+,

〈y, a〉 =
∞∑
k=1

αk〈pk, x2〉 ≥ 0.

Conversely, if y = ∑
k βkqk is such that 〈y, x2〉 ≥ 0 for all x ∈ A, where qk’s

are mutually orthogonal projections, then

0 ≤ 〈y, q2
k 〉 = 〈y, qk〉 = βk〈qk, qk〉

implies that βk ≥ 0 for all k and y ∈ A+.
Hence, if y ∈ int A+ and a ∈ A+\{0}, then we have 〈z, a〉 ≥ 0 for all z in

some neighbourhood N of y. For any ε > 0, we can choose w ∈ A such that
y + w ∈ N and 〈w, a〉 ≤ ε. This gives

〈y, a〉 + ε ≥ 〈y, a〉 + 〈w, a〉 = 〈y + w, a〉 ≥ 0

and it follows that 〈y, a〉 > 0.
On the other hand, int A contains the set S = {y ∈ A : 〈y, a〉 > 0,∀a ∈

A+\{0}}, which is open. To see that A\S is closed, let (yn) be a sequence
norm converging to y ∈ A and 〈yn, a2

n〉 ≤ 0 for some an ∈ A with ‖an‖ = 1.
We show that y ∈ A\S. Note that the sequence (a2

n) is bounded by (2.20) and
hence it has a subnet (a2

β) which converges weakly to some a ∈ A. We have
a ∈ A+ and also a 	= 0, since

1 = ‖aβ‖2 = 〈aβ, aβ〉 = 〈1, a2
β〉 −→ 〈1, a〉.

Moreover,

〈y, a〉 = (〈y, a〉 − 〈y, a2
β〉) + (〈y, a2

β〉 − 〈yβ, a2
β〉) + 〈yβ, a2

β〉
≤ (〈y, a〉 − 〈y, a2

β〉) + (〈y, a2
β〉 − 〈yβ, a2

β〉) −→ 0 as β → 0,

which implies y ∈ A\S.
For homogeneity, we observe that, given a2, b2 ∈ �(A), the element a is

invertible andQbQa−1 : A −→ A is a continuous linear isomorphism, sending
� to itself, and a2 to b2.

We note from the above lemma that 1 ∈ �(A) = {y ∈ A : 〈y, a〉 > 0,∀a ∈
A+\{0}}. Each element x in the open cone �(A) is invertible in A. In fact,
if N ⊂ A+ is a neighbourhood of x, then x −N is a neighbourhood of 0 and
hence 1 ∈ α(x −N ) for some α > 0. It follows that x = a + α−11 for some
a ∈ N ⊂ A+. Let A(a, 1) be the smallest closed subalgebra of A containing a
and 1, which is just the closed real linear span of polynomials in a. ThenA(a, 1)
is a JH-algebra and the operator Lx = La + α−1I : A(a, 1) −→ A(a, 1) is
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invertible, since 〈Lay, y〉 ≥ 0 for all y in the Hilbert space A(a, 1). It follows
that x is invertible with inverse x−1 = L−1

x 1 ∈ A(a, 1) by power associativity.
As in the case of JB-algebras, Jordan multiplication and Jordan triple product

are analytic maps on JH-algebras A. We show next that the inverse map x ∈
�(A) �→ x−1 ∈ A is a smooth map.

Lemma 2.3.18 Let A be a JH-algebra with identity and open cone �(A). The
inverse map f : x ∈ �(A) �→ x−1 ∈ A is smooth and has derivative

f ′(a) = −Q−1
a : A −→ A

at a ∈ �(A).

Proof Let F : A −→ L(A,A) be defined by

F (x) = Qx (x ∈ A).

Then F (a + h)(z) − F (a)(z) − 2{a, z, h} = {a + h, z, a + h} − {a, z, a} −
2{a, z, h} = {h, z, h} implies that F is differentiable and the derivative
F ′(a) : A −→ L(A,A) is given by

F ′(a)(h) = 2{a, ·, h}.
Observe that F (x) ◦ f (x) = x for all x ∈ A; in other words, F (·) ◦ f is the
identity map ιA on A. Differentiating F (·) ◦ f at a ∈ �(A) gives

F ′(a)(·)f (a) + F (a) ◦ f ′(a) = ιA.

Hence

2{a, f (a), x} + {a, f ′(a)(x), a} = x (x ∈ A),

which simplifies to

{a, f ′(a)(x), a} = −x,
since a(a−1x) = a−1(ax). Therefore we obtain

f ′(a)(x) = −Qa−1 (x) = −Q−1
a (x) (x ∈ A).

Since the derivative f ′(a) = −F (a−1) is the composite of the inverse map with
−F , which can be differentiated repeatedly, we see that f is smooth.

Theorem 2.3.19 Let A be a JH-algebra with identity 1. Then the open cone
�(A) is a Riemannian symmetric space.

Proof Since �(A) is open in A, it is a submanifold of A. Also �(A) is
connected because it is convex. For each ω ∈ �(A), we define a symmetric
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bilinear form on the tangent space Tω�(A) = A by

〈u, v〉ω = 〈Qω−1 (u), v〉 = 〈{ω−1, u, ω−1}, v〉 (u, v ∈ A),

which is completely positive definite, since ω−1 = x−2 for some x ∈ A, and
we have

〈Qω−1 (u), u〉 = 〈Qx−2 (u), u〉 = 〈Qx−1 (u),Qx−1 (u)〉 ≥ 0,

and also, the operator Qω−1 : A −→ A is invertible. Hence gω(u, v) =
〈{ω−1, u, ω−1}, v〉 defines a Riemannian metric on �(A).

To show that�(A) is a Riemannian symmetric space, it suffices to show that
the identity 1 is an isolated fixed point of an involutive isometry on �(A), by
the homogeneous property that, given x = a2 ∈ �(A), the linear isomorphism
θ = Qa−1 : A −→ A restricts to an isometry on�(A) with respect tog, sending
x to 1:

g
θ (ω) (dθω(u), dθω(v))

= g
θ (ω) (θ (u), θ (v))

= 〈{θ (ω)−1, θ (u), θ (ω)−1}, θ (v)〉
= 〈{{a, ω−1, a}, {a−1, u, a−1}, {a, ω−1, a}}, {a−1, v, a−1}〉
= 〈{ω−1, {a, {a−1, u, a−1}, a}, ω−1}, v〉
= 〈{ω−1, u, ω−1}, v〉

by associativity of the inner product.
Finally, the symmetry at 1 is given by the involutive isometry σ : �(A) −→

�(A), defined by σ (ω) = ω−1, where

g
σ (ω) (dσω(u), dσω(v)) = g

σ (ω) (−Qω−1 (u),−Qω−1 (v))

= 〈{ω,−Qω−1 (u), ω}, −Qω−1 (v)〉
= 〈u, {ω−1, v, ω−1}〉
= 〈{ω−1, u, ω−1}, v〉.

To extend Hirzebruch’s result mentioned previously to infinite dimensions,
one needs to identify the class of JB-algebras which generalises the simple
finite-dimensional formally real Jordan algebras. This is actually the class of
JBW-factors defined earlier. Hence our goal is to show that the rank-n projec-
tions in a JBW-factor form a Riemannian symmetric space. These manifolds
can be regarded as an infinite-dimensional analogue of the Grassmann mani-
folds which are manifolds of subspaces of a particular dimension of a vector
space.
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We first develop some algebraic results for projections in JB-algebras. A
JB-algebra may contain only the trivial projection 0; for instance, the algebra
C0(R) of real continuous functions on R vanishing at infinity contains only the
projection 0. However, a JBW-algebra contains an abundance of projections
[47, 4.2.3].

A nonzero projection p in a JB-algebra A is called minimal if {p,A, p} =
Rp, where {·, ·, ·} denotes the canonical Jordan triple product. Given a nonzero
projection p in a JBW-algebra A, we say that p has infinite rank if there
are infinitely many mutually orthogonal nonzero projections in {p,A, p}; oth-
erwise, p is said to have finite rank, and the unique maximal cardinality of
mutually orthogonal nonzero projections in {p,A, p} is defined to be the rank
of p, denoted by rank(p), in which case, p is a sum of orthogonal minimal
projections p1, . . . , pn with n = rank(p). The minimal projections are exactly
the rank-1 projections. We regard 0 as a finite rank projection with rank(0) = 0.
The rank of a JBW-algebra A, rank(A), is defined to be the rank of the identity.

Lemma 2.3.20 Let A be a unital JB-algebra and let p ∈ A be a minimal
projection with Peirce decomposition

A = A0(p) ⊕A1(p) ⊕A2(p).

Then for every x ∈ A1(p)\{0}, we have x2 ∈ A0(p) ⊕A2(p), and the Jordan
subalgebra A(p, x) in A generated by p and x has dimension 3.

Proof Note that {p, x, p} = 2p(px) − px = 0 for x ∈ A1(p). By the
Shirshov–Cohn Theorem, A(p, x) is special and we have x = 2(px) =
x.p + p.x, where the product on the right is that of a containing associative
algebra. This gives x2 = x2.p + x.p.x and, by minimality, we have p.x2 =
p.x2p + p.x.p.x = p.x2.p = αp for some α ∈ R. Likewise x2.p = αp and
hence px2 = αp = {p, x2, p}. Moreover, x2(px) = (x2p)x gives x3 = αx.
Hence A(p, x) is the linear span of {p, x, x2}, which can be seen readily
to be linearly independent, using the above facts.

An element s in a unital JB-algebra A is called a symmetry if s2 = 1, in
which case s is a tripotent in A with ‖s‖ = 1, and {s, {s, a, s}, s} = a for all
a ∈ A. Hence the quadratic operator Qs : A −→ A is an involutive Jordan
automorphism and an isometry (cf. [47, 2.8.6, 3.4.3]). Two projections p and
q in A are called Jordan equivalent if they are exchanged by a symmetry s,
that is, p = {s, q, s}, which is equivalent to q = {s, p, s}. We note that any two
minimal projections in a JBW-factor are Jordan equivalent, by the comparison
theorem for projections [47, 5.2.13].
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Remark 2.3.21 A symmetry element in a JB-algebra should not be confused
with a symmetry sp : M −→ M for a symmetric space M in Definition 2.3.1.

Lemma 2.3.22 Let p, q be two Jordan equivalent orthogonal projections in
a unital JB-algebra A. Then there is an element x ∈ A1(p) ∩A1(q) such that
x2 = p + q.

Proof Let q = {t, p, t} for some symmetry t ∈ A. Let s = 2q − 1. Then s is a
symmetry and we have {s, {t, p, t}, s} = q. We definex = 2{p, t, s}. Following
the computation in [47, p. 125], one finds x2 = p + q. Further, we have

x = 2{p, t, 2q − 1} = 4{p, t, {t, p, t}} − 2{p, t, 1}
= 4pt − 2pt = 2pt,

which gives px = 2p(pt) = pt + {p, t, p}, where, by orthogonality of p and
q, we have

{p, t, p} = {p, t, {t, q, t}}
= {{p, t, t}, q, t} − {t, {t, p, q}, t} + {t, q, {p, t, t}}
= 2{{p, t, t}, q, t} = 2{p, q, t} = 0.

Therefore we obtain px = 1
2x, that is, x ∈ A1(p). Since qt = {t, p, t}t = pt ,

we also have x ∈ A1(q).

Similar to the Murray–von Neumann classification of von Neumann algebras,
the JBW-factors are classified into the following types:

type I2: spin factors H ⊕ R,
type I3: H3(O),
type In: L(H )sa (dimH = n ∈ N ∪ {∞}\{2, 3}),
type II: semifinite and continuous,
type III: purely infinite,

where L(H )sa is the JBW-algebra of self-adjoint bounded linear operators on
a Hilbert space H over R, C or H, with the special Jordan product

a ◦ b = 1

2
(ab + ba)

(cf. [47, 5.3.8, 7.5.11]). The type II and type III factors do not contain any
minimal projection and hence, neither do they contain nonzero finite rank
projections [47, 5.1.5].
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Given a finite-dimensional (hence type I) JBW-factor A of dimension n, we
define λ1 : A −→ R to be the trace

λ1(x) = rank(A)

n
TraceLx

so that λ1(p) = 1 for every minimal projection p in A.
If A is an infinite-dimensional type I JBW-factor, then A is of type I2 or type

I∞. In the former case, say A = H ⊕ R, we define λ2 : A −→ R by

λ2(x ⊕ ζ ) = 2ζ.

In the type I∞ case, A = L(H )sa and we define λ∞ : A −→ R ∪ {∞} by

λ∞(x) =
{

Trace x if Trace x <∞
∞ otherwise,

where Trace x = ∑
α〈xeα, eα〉 for some orthonormal basis {eα} in H . We have

λ∞(p) = 1 for every minimal projection p and λ∞(x) <∞ for each x in the
Peirce 1-space A1(p) since x = px + xp − 2pxp.

In a type I2 JBW-factor, an element p = x ⊕ ζ ∈ H ⊕ R is a minimal pro-
jection if, and only if, ‖x‖H = 1

2 = ζ. Hence we also have λ2(p) = 1 for a
minimal projection p in H ⊕ R.

Given a type I JBW-factor A, we now define a function λ : A −→ R ∪ {∞},
called the canonical trace, by

λ =
⎧⎨⎩
λ1 if dimA <∞,

λ2 if A is an infinite-dimensional spin factor,
λ∞ if A is of type I∞.

(2.21)

We note from the above classification that the Jordan product in a JBW-factor
is denoted by ◦. In fact, they are all special Jordan algebras except H3(O). It is
readily verified that the canonical trace λ is associative in the sense that

λ((x ◦ y) ◦ z) = λ(x ◦ (y ◦ z))
if λ(x) <∞. We also note that λ({x, y, x}) = λ(x2 ◦ y) if λ(x) <∞.

A JB-algebra A is equipped with a partial ordering defined by the positive
cone A+ = {a2 : a ∈ A}. A linear functional μ : A −→ R is called positive if
x ∈ A+ implies μ(x) ≥ 0. We call μ associative if

μ((xy)z) = μ(x(yz)) (x, y, z ∈ A).

A positive functional μ on A is automatically continuous, and if A has an
identity 1, then ‖μ‖ = μ(1) [47, 1.2.2].
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Lemma 2.3.23 Let A be a JB-algebra and let μ : A −→ R be an associative
positive linear functional. Then for each a ∈ A+, we have

|μ(xa)| ≤ ‖x‖μ(a) (x ∈ A).

Proof We may assume that A has an identity 1 since, otherwise, the natural
extension of μ to A⊕ R is still associative and positive. By associativity,
we have μ({x, y, x}) = μ(x2y) for all x, y ∈ A. The linear functional ψ(x) =
μ(xa) is positive since x ∈ A+ implies

μ(xa) = μ((x1/2)2a) = μ({x1/2, a, x1/2}) ≥ 0

as a ∈ A+. Hence we have

|μ(xa)| = |ψ(x)| ≤ ‖x‖‖ψ‖ = ‖x‖ψ(1) = ‖x‖μ(a).

As noted earlier, a JBW-factor may not contain any minimal projection.

Proposition 2.3.24 Let A be a JBW-factor and let M be the subspace of mini-
mal projections in A. Given p ∈ M and given x ∈ A1(p) satisfying λ(x2) = 2,
we have

M ∩A(p, x) =
{

(cos 2θ )p +
(

1

2
sin 2θ

)
x + 1

2
(1 − cos 2θ ) x2 : θ ∈ R

}
.

Proof Since A contains a minimal projection, it is of type I . Let λ : A −→
R ∪ {∞} be the canonical trace defined in (2.21). We first note that λ(x) = 0
sinceλ(x) = 2λ(p ◦ x) = 2λ(p ◦ (p ◦ x)) = λ(p ◦ x) = 1

2λ(x). As in the proof
of Lemma 2.3.20, we have p ◦ x2 = αp for some α ∈ R. Since λ(p ◦ x2) =
λ((p ◦ x) ◦ x) = 1

2λ(x2) = 1, we have α = 1.
Now let q = ζp + ηx + κx2 ∈ M ∩A(p, x). Then {p, q, p} = ζp +

κ{p, x2, p} = (ζ + κ)p implies 0 ≤ ζ + κ ≤ 1. Also 1 = λ(q) = ζ + 2κ
implies −1 ≤ −κ ≤ ζ ≤ 1 − κ . On the other hand, we have

ζp + ηx + κx2 = (ζp + ηx + κx2)2

= (ζ 2 + 2ζκ)p + (ζη + 2ηκ)x + (η2 + κ2)x2,

which implies κ = η2 + κ2 ≥ 0. Therefore |ζ | ≤ 1 and ζ = cos 2θ for some
θ ∈ R, which gives κ = 1

2 (1 − cos 2θ ) and η = 1
2 sin 2θ .

Conversely, given any

z = (cos 2θ )p +
(

1

2
sin 2θ

)
x + 1

2
(1 − cos 2θ ) x2

for some θ ∈ R, it is evident that z2 = z by the above arguments. Sinceλ(z) = 1,
it follows that z is a minimal projection and hence z ∈ M ∩A(p, x).
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Corollary 2.3.25 Let M be the space of minimal projections in a JBW-factor
A. Then M is path-connected.

Proof By definition, the empty set is path-connected. Fix p ∈ M . We show
that any other q ∈ M is of the form

q = (cos 2θ )p +
(

1

2
sin 2θ

)
x + 1

2
(1 − cos 2θ ) x2

for some θ ∈ R and hence q is joined to p by a continuous path. Note that p
and q are Jordan equivalent. If q and p are orthogonal, then by Lemma 2.3.22,
we have q = x2 − p ∈ M ∩A(p, x) for some x ∈ A1(p) and we are done, by
Proposition 2.3.24.

Suppose q and p are not orthogonal. Then the Peirce-1 component q1 =
P1(p)(q) = 2(p ◦ q − P2(p)(q)) is in the Jordan algebra A(p, q) generated by
p and q. Therefore we haveA(p, q1) ⊂ A(p, q), where dimA(p, q) = 3, since
p ◦ q 	= 0. We have q1 	= 0 for otherwise, p ◦ q = P2(p)(q) = αp for some
α ∈ R which is impossible, sincep and q are two distinct minimal projections. It
follows from Lemma 2.3.20 that dimA(p, q1) = 3. Hence A(p, q1) = A(p, q)
and q ∈ A(p, q1). By Proposition 2.3.24, q is joined to p by a continuous
path.

Remark 2.3.26 This result is false for JBW-algebras. In fact, it is even false
for the abelian algebra R2 in which the space of minimal projections consists
of two points {(1, 0), (0, 1)}, which is not connected.

Let A be a JBW-algebra. For each a ∈ A, the smallest weak* closed Jordan
subalgebra W (a) ⊂ A containing a is an associative JBW-algebra which is
isometric and Jordan isomorphic to the algebra of real continuous functions
on an extremely disconnected compact space [47, 4.1.11]. This isomorphism
enables us to apply functional calculus to W (a).

Given two projections p and q in a JBW-algebra A, their supremum p ∨ q
is the range projection r(p + q) of p + q [47, 4.2.8]. For a positive element
a ∈ A, functional calculus implies that its range projection r(a) is the weak*
limit of the sequence of Jordan products

(
(a + 1

m
)−1a

)
, where (a + 1

m
)−1 is the

inverse of a + 1
m

in the JBW-algebra W (a) generated by a. By continuity of
the inverse and Jordan product, we see that if (ak) is a sequence of positive
elements norm converging to some a ∈ A, then (r(ak)) weak* converges to r(a).
In particular, if A is finite-dimensional, then this convergence is equivalent to
norm convergence.

Corollary 2.3.27 The subspace Pn of rank-n projections in a JBW-factor A is
path-connected.



2.3 Jordan algebras and Riemannian symmetric spaces 117

Proof There is nothing to prove for P0 = {0}. Let n ≥ 1 and let p, q ∈ Pn

with p 	= q. Then p and q are rank-n projections in the finite-dimensional
JBW-factor {(p ∨ q), A, (p ∨ q)}. Each is an orthogonal sum of n minimal
projections:

p = p1 + · · · + pn, q = q1 + · · · + qn.

By Corollary 2.3.25, each pk is joined to qk by a continuous path {pk(θ )} of
minimal projections, with parametrization θ ∈ [0, 1]. By the previous remark,
the path

p(θ ) = p1(θ ) ∨ · · · ∨ pn(θ ) = r(p1(θ ) + · · · + pn(θ ))

is a continuous path of rank-n projections with p(0) = p and p(1) = q.

We now study the differential structures of the space P of projections in a
JB-algebra A where the Jordan product of two elements a and b is written ab.
Given a projection p in A with Peirce decomposition

A = A0(p) ⊕A1(p) ⊕A2(p)

and given v ∈ A0(p), we define a linear map pv : A −→ A by

pv = 4[Lv,Lp],

where [·, ·] denotes the Lie brackets. The usual exponential, exppv : A −→ A,
is a Jordan algebra automorphism; in particular, (exppv)(z) is a projection if
and only if z is such.

Lemma 2.3.28 Let p be a projection in a JB-algebra A. Then for each nonzero
projection q ∈ A2(p) ⊕A0(p), we have ‖q − p‖ ≥ 1 if q 	= p.

Proof Write q − p = z2 ⊕ z0 ∈ A2(p) ⊕A0(p). Then z0 and z2 cannot both
be 0 and we have

p + z2 + z0 = q = q2 = (p + z2 + z0)2

= p + z2
2 + z2

0 + 2pz2 + 2pz0

= p + z2
2 + z2

0 + 2z2,

which gives z0 = (z2
2 + z2) + z2

0 and z2
0 = (z2

2 + z2)z0 + z3
0.

Since A2(p)A0(p) = {0}, we have z2
0 = z3

0 ∈ A0(p). Therefore z2
2 + z2 = 0

and z0 = z2
0. It follows that, if z0 	= 0,

‖q − p‖2 = ‖(q − p)2‖ = ‖z2
2 + z2

0‖ = ‖z0 − z2‖ ≥ ‖z0‖ = 1,

since −z2 ≥ 0. If z0 = 0, we also have ‖q − p‖ ≥ 1.

We now show that the projections in a JB-algebra form a Banach manifold.
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Proposition 2.3.29 Let A be a JB-algebra. The subspace P of projections in
A is a submanifold of A.

Proof Let p ∈ P and let

V = A1(p) and W = A2(p) ⊕A0(p).

We define an analytic map ϕ : V ×W −→ A by

ϕ(v,w) = (exppv)(w).

We have ϕ(0, p) = p and the derivative ϕ′(0, p) : V ×W −→ A = V ⊕W is
given by

ϕ′(0, p)(v,w) = v + w

and is therefore an isomorphism. Hence, by the inverse mapping theorem, ϕ is
bianalytic on an open set O1 ×O2 in V ×W containing (0, p). Let

N = {w ∈ W : ‖w − p‖ < 1}
and let U = ϕ(O1 ×N ). Then U is an open neighbourhood of p in A and we
have

P ∩ U = ϕ(O1 × {p}).
Indeed, given (v, p) ∈ O1 × {p}, we have ϕ(v, p) = (exppv)(p), which is a
projection in U . Conversely, for q ∈ P ∩ U with q = ϕ(v,w) and (v,w) ∈
O1 ×N , we have q = (exppv)(w), which implies that w is a projection in
W . Since ‖w − p‖ < 1, we must have w = p, by Lemma 2.3.28. Hence
(U , ϕ−1, V ×W ) is a chart at p such that

ϕ−1(P ∩ U) = (V × {p}) ∩ ϕ−1(U)

and we have proved that P is a submanifold of A.

Now we focus on projections in JBW-algebras.

Proposition 2.3.30 Let A be a JBW-algebra. Then the subspace Pf of finite
rank projections in A is an open subset of the manifold P of projections in A.
Also, the subspace P∞ of infinite rank projections in A is open in P .

Proof The openness of Pf follows from the fact that, for each p ∈ Pf , the set

{q ∈ P : ‖q − p‖ < 1}
is an open subset of Pf because ‖q − p‖ < 1 implies that q and p are Jordan
equivalent, by Topping [109, proposition 7] and by considering the special
JBW-algebra generated by p and q, if necessary.

Likewise P∞ is open in P .
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Remark 2.3.31 If two projections p and q in A can be joined by a continuous
path {p(θ )}θ∈[0,1] of projections in A, then p and q must be Jordan equivalent,
since the path can be subdivided into shorter paths such that ‖p(θ ) − p(θ ′)‖ < 1
on each of them and hence p(θ ) is Jordan equivalent to p(θ ′).

The Banach manifolds Pf and P∞ need not be connected, and P∞ need not
have a Riemannian structure. However, these structures occur in JBW-factors.

Theorem 2.3.32 Let A a JBW-algebra. Then the subspace Pn of projections
of rank n in A is a submanifold of P , for n ∈ N ∪ {0}. Further, if A is a JBW-
factor, then Pn is a Riemannian symmetric space and the tangent space TpPn

of Pn at each p ∈ Pn identifies with the Peirce 1-space A1(p).

Proof As in the proof of Proposition 2.3.30, Pn is an open subset of P and
hence the first assertion follows.

Now let A be a JBW-factor with Jordan product ◦ and let Pn 	= ∅ for some
n 	= 0. Then A must be of type I. Let p ∈ Pn and let

α : (−c, c) −→ Pn ⊂ A

be a smooth curve with α(0) = p. The derivative α′(0) : R −→ A satisfies

α′(0) = 2α(0) ◦ α′(0),

since α(t)2 = α(t). In particular, α′(0)(1) ∈ A1(p). On the other hand, given
v ∈ A1(p), we can define a smooth curve β : (−c, c) −→ Pn by

β(t) = exp(4t[Lv,Lp]) (p).

Then β(0) = p and the derivative β ′(0) : R −→ A is given by

β ′(0)(t) = 4t[Lv,Lp](p)

and we have β ′(0)(1) = v. It follows that the tangent space TpPn identifies with
{α′(0)(1) : p = α(0) for a smooth curve α} = A1(p).

To see that Pn has a Riemannian structure, we let, for each p ∈ Pn,

λp : A1(p) −→ R

be the restriction of the canonical trace λ : A −→ R ∪ {∞} defined in (2.21),
where

λ(v) = 2λ(p ◦ v) ≤ 2λ(p)‖v‖ = 2n‖v‖ (v ∈ A1(p))

by Lemma 2.3.23. On the tangent space A1(p), we can define an inner product

〈·, ·〉p : A1(p) −→ R
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by

〈u, v〉p = λp(u ◦ v).

The inner product norm |v|p = λp(v2)1/2 is equivalent to the JBW-algebra norm
on A1(p). Indeed, we have, by Lemma 2.3.23 again,

‖v‖2 = ‖v2‖ ≤ |v|2p = λp(v2) = 2λp((p ◦ v) ◦ v) = 2λp(p ◦ v2) ≤ 2n‖v2‖.

In particular, the inner product 〈·, ·〉p is complete. Since any two projections
p, q ∈ Pn are exchanged by a symmetry s ∈ A, the tangent space A1(q) iden-
tifies with A1(p) via the map v ∈ A1(q) �→ {s, v, s} ∈ A1(p), which preserves
the JBW-algebra norm as well as the inner product: λq(u ◦ v) = λ(u ◦ v) =
λp({s, u ◦ v, s}). Hence in a local chart (U , ϕ,A1(p)) at p, we have

〈u, v〉q = λ(u ◦ v) (q ∈ U ; u, v ∈ A1(p)).

It follows that the inner product 〈·, ·〉p depends smoothly on p ∈ Pn and defines
a Riemannian metric.

By Corollary 2.3.27, Pn is connected.
Given p ∈ Pn, the element 1 − 2p is a symmetry in A and the map σ :

A −→ A defined by

σ (a) = {1 − 2p, a, 1 − 2p}

is a Jordan automorphism of A. Its restriction σp : Pn −→ Pn is an isometry
with p as an isolated fixed point. This proves that Pn is a symmetric space.

Corollary 2.3.33 In a JBW-factor, the connected components of the manifold
Pf of finite rank projections are exactly the manifolds

{Pn}kn=0 (k ∈ N ∪ {∞}),

where P0 = {0} and k = ∞ if and only if the factor is of type I∞.

Proof In a type II or III factor, we have Pf = {0}. For a type I factor, we
only need to observe that two projections in a connected component, which
is now path-connected, must be of the same rank, since they can be joined by
a continuous path of projections {p(θ )}, which can be subdivided into shorter
paths such that ‖p(θ ) − p(θ ′)‖ < 1 on each of them, and it follows that these
projections are all Jordan equivalent.
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2.4 Jordan triples and Riemannian symmetric spaces

We introduce in this section a class of Jordan triple systems which corre-
sponds to a large class of Riemannian symmetric spaces. The correspondence
is established via the Tits–Kantor–Koecher Lie algebras. To include infinite-
dimensional manifolds, we need to consider topological structures for Jordan
triple systems and their TKK Lie algebras.

If V is a normed Jordan triple system, that is, V is a Jordan triple system
which is a normed vector space, we denote by L(V ) the normed vector space
of linear continuous self-maps on V . It is a Banach space if V is one also.

A Lie algebra g is called a normed Lie algebra if g is a normed vector space
and the Lie product is continuous:

‖[X, Y ]‖ ≤ C‖X‖‖Y‖ (X, Y ∈ g)

for some C > 0.
A TKK Lie algebra g = g−1 ⊕ g0 ⊕ g1 with involution θ is said to be quasi-

normed or admit a quasi-norm if g is a normed vector space such that the maps
θ : g−1 −→ g1 and (a, b) ∈ gα × gβ �→ [a, b] ∈ gα+β are continuous. In this
case, the dual involution θ∗|g−1 = −θ |g−1 is also continuous on g−1.

Let V be a Jordan triple system and let, as in (1.39),

L(V ) = V ⊕ V00 ⊕ V

be the corresponding TKK Lie algebra with the main involution θ . We denote
by g(V ) the symmetric part of L(V ). For (h+, h−) ∈ V00 ⊂ V0 × V0 with
θ (h+, h−) = (h+, h−), we have h+ = h− ∈ V0 , where V0 is the linear span
of V V . Moreover, given h+ = ∑

j aj bj , we have h− = −∑
j bj aj . If

h+ = h−, then

2h+ =
∑
j

(aj bj − bj aj ).

Hence the symmetric part of L(V ) can be written as

g(V ) = {(a, k,−a) : a ∈ V, θk = k ∈ V00}
= {(a, (h, h),−a) : h = ∑

j
(aj bj − bj aj ), a, aj , bj ∈ V }.

(2.22)

The restriction of θ to g(V ) is an involution, also denoted by θ . The dual
symmetric part of L(V ) will be denoted by

g∗(V ) = {(a, (h, h), a) : h = ∑
j
(aj bj − bj aj ), a, aj , bj ∈ V }.
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Lemma 2.4.1 Let V be a Jordan triple system and L(V ) = V−1 ⊕ V00 ⊕ V1

its TKK Lie algebra with symmetric part g(V ). The following conditions are
equivalent:

(i) g(V ) can be normed to become a normed Lie algebra.
(ii) g∗(V ) can be normed to become a normed Lie algebra.

(iii) V can be normed to have continuous inner derivations, that is, one can
define a norm on V such that the bilinear map (a, b) ∈ V × V �→
a b − b a ∈ L(V ) is well defined and continuous:

‖a b − b a‖ ≤ c‖a‖‖b‖ (a, b ∈ V )

for some c > 0.

Proof (i) =⇒ (iii). Let g(V ) be a normed Lie algebra with norm ‖ · ‖g(V ). We
equip V with the norm

‖a‖ = ‖(a, 0,−a)‖g(V ) (a ∈ V ).

Then there is some constant C > 0 such that

‖[(a, 0,−a), (b, 0,−b)]‖g(V ) ≤ C‖a‖‖b‖

for all a, b ∈ V. We have, for a, b, x ∈ V ,

‖(a b − b a)(x)‖
= ‖( (b a − a b)(x), 0, (a b − b a)(x) )‖g(V )

= ‖ [(0, (b a − a b, b a − a b), 0), (x, 0,−x)] ‖g(V )

= ‖[ [(a, 0,−a), (b, 0,−b)], (x, 0,−x)]‖g(V )

≤ C2‖a‖‖b‖‖x‖.

This proves a b − b a ∈ L(V ) and the map (a, b) ∈ V 2 �→ a b − b a ∈
L(V ) is continuous.

(iii)=⇒ (i). LetV be equipped with a norm ‖ · ‖V so that the inner derivations
are continuous and the bilinear map in (iii) is bounded by c. For (a, (h, h) − a) ∈
g(V ) with h = ∑

j (aj bj − bj aj ), we have h ∈ L(V ). Therefore we can
equip g(V ) with the norm

‖(a, (h, h) − a)‖ = ‖a‖V + ‖h‖L(V )
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for (a, (h, h),−a) ∈ g(V ). Then we have

‖ [a ⊕ (h, h) ⊕−a, u⊕ (g, g) ⊕−u] ‖
= ‖(hu− ga, ([h, g] − a u+ u a, [h, g] − a u+ u a), ga − hu)‖
≤ ‖h‖‖u‖ + ‖g‖‖a‖ + 2‖h‖‖g‖ + c‖a‖‖u‖
≤ (2 + c)‖a ⊕ h⊕−a‖‖u⊕ g ⊕−u‖

for some c > 0. Hence g(V ) is a normed Lie algebra with the above norm.
The equivalence of (ii) and (iii) is proved analogously since

[a ⊕ h⊕ a, u⊕ g ⊕ u] = (hu− ga, (k, k), hu− ga),

where k = [h, g] + a u− u a.

The continuity of the triple product in a normed Jordan triple V requires its
TKK Lie algebra L(V ) be quasi-normed, as shown next.

Lemma 2.4.2 Let V be a Jordan triple system and L(V ) = V ⊕ V00 ⊕ V its
TKK Lie algebra. The following conditions are equivalent:

(i) L(V ) admits a quasi-norm.
(ii) V can be normed to have continuous left multiplication; that is, one can

define a norm on V such that the bilinear map (a, b) ∈ V × V �→
a b ∈ L(V ) is well defined and continuous:

‖a b‖ ≤ c‖a‖‖b‖ (a, b ∈ V )

for some c > 0.

Proof (i) =⇒ (ii). Let L(V ) be quasi-normed. Then V inherits the norm of
L(V ). For α, β ∈ {0,±1}, there are positive constants cα,β such that

‖[x, y]‖L(V ) ≤ cα,β‖x‖L(V )‖y‖L(V ) for (x, y) ∈ L(V )α × L(V )β.

Given a, b, x ∈ V , we have

‖(a b)(x)‖V = ‖[[a, θb], x]‖L(V )

≤ c0,−1‖[a, θb]‖L(V )‖x‖V
≤ c0,−1c−1,1‖a‖V ‖θb‖V ‖x‖V
≤ c0,−1c−1,1‖θ‖‖a‖V ‖b‖V ‖x‖V .

Hence V satisfies condition (ii).
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(ii) =⇒ (i). We have V0 ⊂ L(V ), and L(V ) can be equipped with a natural
norm

‖x ⊕ (h+, h−) ⊕ y‖ = ‖x‖V + ‖h+‖L(V ) + ‖h−‖L(V ) + ‖y‖V
(x ⊕ (h+, h−) ⊕ y ∈ L(V )).

We have

‖θ (x, 0, 0)‖L(V ) = ‖(0, 0, x)‖L(V ) = ‖x‖V = ‖(x, 0, 0)‖L(V )

and hence θ : V−1 −→ V1 is continuous. Given a ∈ L(V )α and b ∈ L(V )β
for α 	= β, we have [a, b] = ±a b if α, β 	= 0, and for αβ = 0, we have
[a, b] = ±h(x) for some h = ∑

k uk vk with x = a or b. It follows from
condition (ii) that the maps (a, b) ∈ L(V )α × L(V )β �→ [a, b] ∈ L(V )α+β are
continuous.

Remark 2.4.3 Condition (ii) is equivalent to saying that V can be normed to
have a continuous Jordan triple product.

The symmetric part gs of a quasi-normed TKK Lie algebra g inherits the
norm of g. The norm completion gs is called the complete symmetric part of
g. The Lie product of gs extends to gs and the involution θ extends to θ on gs .
The complete dual symmetric part g∗s is defined likewise.

We see from Theorem 1.3.11 and Lemma 2.4.2 that the category of quasi-
normed canonical TKK Lie algebras is equivalent to the category of normed
Jordan triples with continuous triple product.

In finite dimensions, Riemannian symmetric spaces correspond to orthogonal
involutive Lie algebras. The first objective of this section is to extend this
correspondence to an infinite-dimensional setting. This then leads to the second
objective of characterising the class of Jordan triples whose TKK Lie algebras
admit orthogonal symmetric parts.

In what follows, we shall not distinguish a quadratic form and its associated
symmetric bilinear form, but use the same notation for both. We recall that a
real quadratic form q on a real vector space V is said to be positive definite if
q(v) > 0 for v ∈ V \{0}. It is called completely positive definite if the symmetric
bilinear form q(·, ·) is a complete inner product on V .

We adapt the notion of an orthogonal involutive Lie algebra in finite dimen-
sions (cf. [51, p. 213], [63, p. 35] and [11, p. 21]) to our setting below, which
can be infinite-dimensional.

Definition 2.4.4 Let (g, θ ) be an involutive real Lie algebra with the canonical
decomposition g = k ⊕ p into ±1-eigenspaces of θ , with k the 1-eigenspace.
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Then g is called orthogonal if there is a completely positive definite quadratic
form

q : p × p −→ R

which is (infinitesimally) invariant under the isotropy representation ad k|p of
k on p; that is,

q(ad Z(X), Y ) + q(X, ad Z(Y )) = 0 (Z ∈ k, X, Y ∈ p),

where the second condition is equivalent to

q(ad Z(X), X) = 0 (Z ∈ k, X ∈ p).

We note that q is invariant under θ , that is, q(θX, θX) = q(X,X) as θX = −X.

Given a Riemannian symmetric space M , its isometry group G(M) acts
transitively on M by Lemma 2.3.6. Pick a point p ∈ M and let K = {g ∈
G(M) : g(p) = p}, called the isotropy subgroup at p. Then the map

ρ : gK ∈ G(M)/K �→ g(p) ∈ M (2.23)

is a well-defined bijection from the left coset space G(M)/K = {gK : g ∈
G} onto M . With a suitable topology on G(M), this bijection becomes a
homeomorphism. In fact, if G(M) can be topologized to a Banach Lie group,
then the homogeneous space G(M)/K is diffeomorphic to M . We give the
details below.

Let G(M) be a real Banach Lie group. Then its Lie algebra can be identi-
fied with the Lie algebra g(M) of Killing fields on M , via the one-parameter
subgroups of G(M). Fix the point p ∈ M in the following discussion. Let
sp : M −→ M be the symmetry at p and let σ : G(M) −→ G(M) be the
conjugation

σ (g) = spgsp (g ∈ G(M)).

Let θ = Ad(sp) = dσι : g(M) −→ g(M) be the differential of σ at the identity
ι ∈ G(M). Since s2

p = ι, we have σ 2 = ι and θ2 = I , the identity map on g(M).
Indeed,

I = (dσ 2)ι = (dσ )σ (ι) ◦ dσι = dσι ◦ dσι = θ2.

Hence (g(M), θ ) is an involutive Lie algebra and θ has eigenvalues ±1 with
the eigenspace decomposition

g(M) = k ⊕ p,
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where

k = {X ∈ g(M) : θX = X} and p = {X ∈ g(M) : θX = −X}. (2.24)

We will see that the involutive Lie algebra (g(M), θ ) is orthogonal. We retain
the above notation throughout this section.

Lemma 2.4.5 Let M be a Riemannian symmetric space and θ = Ad(sp)
the adjoint representation induced by the symmetry at p ∈ M . Then the 1-
eigenspace of θ is equal to

k = {X ∈ g(M) : Xp = 0} = {X ∈ g(M) : exp tX(p) = p,∀t ∈ R}.
Proof In the notation of (2.4), we have θ = (sp)∗ and exp tθX = sp(exp tX)sp
for all t ∈ R. If θX = X, then exp tX = sp exp tXsp and exp tX(p) =
sp(exp tX(p)) implies exp tX(p) = p for sufficiently small t since p is an
isolated fixed point of sp. It follows that

Xp = d

dt

∣∣∣∣
t=0

exp tX(p) = 0.

On the other hand, given Xp = 0, we have

d

dt

∣∣∣∣
t=s

exp tX(p) = d

dt

∣∣∣∣
t=0

exp(s + t)X(p)

= d

dt

∣∣∣∣
t=0

exp sX ◦ exp tX(p)

= d(exp sX)p(Xp) = 0

for all s ∈ R. Therefore exp tX is constant in t and we have exp tX(p) = p for
all t ∈ R.

In turn, the last condition implies θX = X. Indeed, by Lemma 2.3.2, the
differential (dsp)p is minus the identity on TpM , which gives

d(sp(exp tX)sp)p = (dsp)p ◦ d(exp tX)p ◦ (dsp)p = d(exp tX)p

and it follows from Proposition 2.2.9 that exp tX = sp(exp tX)sp for all t ∈ R.
Hence

θX(·) = d

dt

∣∣∣∣
t=0

exp tθX(·) = d

dt

∣∣∣∣
t=0

sp(exp tX)sp(·)

= d

dt

∣∣∣∣
t=s

exp tX(·) = X(·).

By Remark 2.2.19 and Lemma 2.4.5, the isotropy group K is a real
Banach Lie group with Lie algebra k. Since g(M) = k ⊕ p, the inclusion
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map ιK : K ↪→ G(M) is an immersion as its differential (dιK )ι : k −→ g(M)
has complemented image k. Hence K is a submanifold of G(M) and a
Banach Lie subgroup of G(M). It follows that the left coset space G(M)/K
is a Banach manifold and the quotient map π : G(M) −→ G(M)/K is a
submersion.

By the identity component of a topological groupG, we mean the connected
component of G containing the identity. It is a closed normal subgroup of G
and will always be denoted by G0.

Lemma 2.4.6 Let Gσ (M) = {g ∈ G(M) : σ (g) = g} and let Gσ (M)0 be the
identity component of Gσ (M). Then the isotropy group K satisfies

Gσ (M)0 ⊂ K ⊂ Gσ (M).

Proof Given g ∈ K , we have σ (g)(p) = sp ◦ g ◦ sp(p) = p and
dσ (g)p(Xp) = d(sp ◦ g ◦ sp)p(Xp) = dsp ◦ dg ◦ dsp(Xp) = dgp(Xp) by
Lemma 2.3.2. It follows from Proposition 2.2.9 that σ (g) = g.

By Remark 2.2.19, Gσ (M) is a real Banach Lie group with Lie algebra
gσ ⊂ g(M). The map σ restricts to the identity map on Gσ (M) and hence
θX = dσι(X) = X for all X ∈ gσ . By Lemma 2.4.5, we have exp tX(p) =
p for all t ∈ R. Thus the exponential map exp maps homeomorphically a
neighbourhood of gσ onto a neighbourhood V of the identity in Gσ (M) with
V ⊂ K . Therefore Gσ (M)0 ⊂ ⋃

n≥1 V
n ⊂ K .

For p ∈ M , the evaluation map ε : g ∈ G(M) �→ g(p) ∈ M is a submersion
since its differential at ι ∈ G(M) is the evaluation map X ∈ g(M) �→ X(p) ∈
TpM of which the kernel {X ∈ g(M) : X(p) = 0} = k is complemented in
g(M), by Lemma 2.4.5.

Since submersions are open maps by Remark 2.1.18, the following com-
mutative diagram implies that the bijection ρ : G(M)/K −→ M in (2.23) is a
homeomorphism:

G(M)/K
ρ−→ M

π ↖ ↗ ε

G(M)
(2.25)

Further, ρ is a diffeomorphism since the submersions π and ε have local left
inverses, by Lemma 2.1.17. For instance, the submersion π has a local left
inverse fπ on some neighbourhood V of each point inG(M)/K , which implies
ρ|V = ε ◦ fπ is smooth. Likewise, ρ−1 is smooth. Therefore we can identify
the manifold M with the homogeneous space G(M)/K .
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Taking differentials of the commutative diagram in (2.25) gives

TK G(M)/K
dρ

K−→ TpM

dπι ↖ ↗dει

g(M)

where the evaluation map dει restricts to a real linear isomorphism

X ∈ p �→ X(p) ∈ TpM, (2.26)

where p is the (−1)-eigenspace of θ : g(M) −→ g(M).

Remark 2.4.7 Let G(M)0 be the identity component of G(M). Then G(M)0

also acts transitively on M . Indeed, G(M)0 is a clopen set in G(M)
which is locally connected, and the above commutative diagram implies that
ε(G(M)0) = {g(p) : g ∈ G(M)0} is a non-empty clopen set in M and hence
equals M , by connectedness of M . If we let K0 = {g ∈ G(M)0 : g(p) = p} be
the isotropy subgroup of G(M)0 at p ∈ M , then likewise M is also diffeomor-
phic to the homogeneous space G(M)0/K0.

Example 2.4.8 Let Pn be the Riemannian symmetric space of rank-n projec-
tions in the JBW-factor A = L(H )sa in Corollary 2.3.27, where L(H ) is the
von Neumann algebra of bounded linear operators on a complex Hilbert space
H . The real Banach Lie group

U = U (H ) = {u ∈ L(H ) : uu∗ = u∗u = 1}
of unitary operators on H can be represented as a group of isometries of Pn,
where q ∈ Pn �→ uqu∗ ∈ Pn is an isometry for each u ∈ U . The action

(u, q) ∈ U × Pn �→ uqu∗ ∈ Pn

on Pn by U is transitive. Let u be the Lie algebra of U , which consists of skew-
Hermitian operators onH . Fix somep ∈ Pn, the evaluation map ε : U −→ Pn,
given by ε(u) = upu∗, is a submersion. Indeed, its differential

dε1 : u −→ TpPn

is given by

dε1(X) = Xp − pX (X ∈ u)

with kernel k = {X ∈ u : Xp = pX} = {X ∈ u : (1 − 2p)X(1 − 2p) = X}.
The Lie algebra u has the decomposition

u = k ⊕ {X ∈ u : X = Xp + pX},
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where p = {X ∈ u : X = Xp + pX} is the (−1)-eigenspace of the involution
θ (X) = (1 − 2p)X(1 − 2p) on u. We have the real linear isomorphism

X ∈ p �→ Xp − pX ∈ {X ∈ L(H )sa : X = Xp + pX} = A1(p) = TpPn,

where each X ∈ TpPn has pre-image Xp − pX ∈ p.

The previous discussion reveals two important features of Riemannian sym-
metric spaces whose isometries form a Lie group; namely, they are homoge-
neous spaces (of connected Lie groups) and the Lie algebras of vector fields
associated with them are involutive. The latter hinted at a connection with TKK
Lie algebras and Jordan triple systems. We are going to determine the class of
Riemannian symmetric spaces, among homogeneous spaces, whose Lie alge-
bras are related to TKK Lie algebras. We show that they correspond to a class
of normed Jordan triples called JH-triples.

In what follows,G/K denotes a homogeneous space whereG is a connected
real Banach Lie group with identity e and K a Banach Lie subgroup of G. We
first characterize homogeneous spaces G/K which are symmetric spaces, in
terms of the Lie algebra of G.

Let π : G −→ G/K be the quotient map, which is a submersion. Let g be
the Lie algebra of G and k the Lie algebra of K , which is a Lie subalgebra of
g as well as a complemented subspace, since K is a submanifold of G. Let
p = π (e) = K . Then the differential dπe : g −→ Tp(G/K) has kernel k and
induces to an isomorphism g/k ≈ Tp(G/K).

Denote the natural left action of G on G/K by

τg : aK ∈ G/K �→ gaK ∈ G/K (g ∈ G).

A Riemannian metric 〈·, ·〉 on G/K (cf. Remark 2.2.1) is called G-invariant if
the left translation τg is an isometry in this metric for all g ∈ G; that is,

〈XaK, YaK〉aK = 〈(dτg)aKXaK, (dτg)aK )YaK〉gaK (a, g ∈ G).

Definition 2.4.9 Let G/K be a homogenous space. We call (G,K) a Rieman-
nian symmetric pair if there is an involutive automorphism σ : G −→ G such
that

(i) G0
σ ⊂ K ⊂ Gσ , where Gσ is the closed subgroup of fixed points of σ

and G0
σ the identity component of Gσ ;

(ii) G/K admits a G-invariant Riemannian metric.

In the identification of a Riemannian symmetric space M with the
homogeneous space G(M)/K , for each g ∈ G(M), the left translation τg :
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G(M)/K −→ G(M)/K is identified with the isometry g : M −→ M . There-
fore (G(M),K) is a Riemannian symmetric pair by Lemma 2.4.6. Conversely,
if (G,K) is a Riemannian symmetric pair, we will see thatG/K is a symmetric
space.

Let σ : G −→ G be an involutive automorphism in a Riemannian symmetric
pair (G,K). Then the differential dσe : g −→ g is involutive on the Lie algebra
g of G and hence g has a ±1-eigenspace decomposition

g = {X ∈ g : (dσe)X = X} ⊕ p,

where p is the (−1)-eigenspace.

Lemma 2.4.10 Given a Riemannian symmetric pair (G,K) with involutive
automorphism σ on G, the Lie algebra k of K is the 1-eigenspace of the
differential dσe and the differential dπe of the quotient map π : G −→ G/K

is a linear isomorphism from p onto the tangent space Tp(G/K), where p is the
(−1)-eigenspace of dσe and p = π (e).

Proof The Lie algebra k of K is given by k = {X ∈ g : exp tX ∈ K, ∀t ∈ R}.
We need to show

k = {X ∈ g : (dσe)X = X}.
Let X ∈ k. Since K ⊂ Gσ , we have σ (exp tX) = exp tX for all t ∈ R, which
implies (dσe)X = X. Conversely, given (dσe)X = X, we have σ (exp tX) =
exp tX for all t ∈ R, since

d

dt

∣∣∣∣
t=0

σ (exp tX) = X = d

dt

∣∣∣∣
t=0

exp tX.

It follows that exp tX ∈ G0
σ ⊂ K for all t ∈ R and hence X ∈ k.

Finally, the differential dπe : g −→ Tp(G/K) has kernel k and g = k ⊕ p.
Hence dπe restricts to an isomorphism between p and Tp(G/K).

Note that in Lemma 2.4.10 we have

[p, p] ⊂ k and [k, p] ⊂ p.

LetAd : G −→ Aut g be the adjoint representation. GivenX, Y ∈ g, we recall
from Lemma 2.1.25 that

[X, Y ] = ad(X)(Y ) = d

dt

∣∣∣∣
t=0

(Ad(exp tX)Y − Y ). (2.27)

Lemma 2.4.11 Let (G,K) be a Riemannian symmetric pair with the decom-
position g = k ⊕ p into ±1-eigenspaces of the involution dσe, as in Lemma
2.4.10. Then for k ∈ K and Y ∈ p , we have Ad(k)Y ∈ p.
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Proof Since σ (k) = k, we have, by (2.5),

dσe(Ad(k)Y ) = d

dt

∣∣∣∣
t=0

σ (exp tAd(k)Y ) = d

dt

∣∣∣∣
t=0

σ (k(exp tY )k−1)

= d

dt

∣∣∣∣
t=0

kσ (exp tY )k−1 = Ad(k)dσe(X)

= −Ad(k)Y.

Therefore Ad(k)Y ∈ p.

Lemma 2.4.12 Let (G,K) be a Riemannian symmetric pair with the decompo-
sition g = k ⊕ p into ±1-eigenspaces of the involution θ = dσe, as in Lemma
2.4.10. Then (g, θ ) is orthogonal and G/K is a symmetric space.

Proof Let p = π (e) = K as before. We first define a complete inner product
q on the (−1)-eigenspace p via the isomorphism dπe : p −→ Tp(G/K). Since
(G,K) is a Riemannian symmetric pair, there is a G-invariant Riemannian
metric 〈·, ·〉 on G/K . Define q : p × p −→ R by

q(X, Y ) = 〈(dπe)X, (dπe)Y 〉p (X, Y ∈ p).

We show that q is Ad(k)-invariant for all k ∈ K , Let k ∈ K and X ∈ p. Then
we have

(dπe)(Ad(k)X) = d

dt

∣∣∣∣
t=0

exp(tAd(k)X)K = d

dt

∣∣∣∣
t=0

(k(exp tX)k−1)K

= (dτk)p
d

dt

∣∣∣∣
t=0

(exp tX)K = (dτk)p(dπe)X.

For X, Y ∈ p, we have shown earlier Ad(k)X,Ad(k)Y ∈ p. It follows that

q(Ad(k)X,Ad(k)Y ) = 〈(dπe)Ad(k)X, (dπe)Ad(k)Y 〉p
= 〈(dτk)p(dπe)X, (dτk)p(dπe)Y 〉p
= 〈(dπe)X, (dπe)Y 〉p
= q(X, Y ),
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which is equivalent to ad k-invariance of q, since for Z ∈ k and X, Y ∈ p, we
have

q(ad Z(X), Y ) = q(
d

dt

∣∣∣∣
t=0

Ad(exp tZ)X, Y )

= d

dt

∣∣∣∣
t=0

q(Ad(exp tZ)X, Y )

= d

dt

∣∣∣∣
t=0

q(X,Ad(exp−tZ)Y )

= q(X,−ad Z(Y )).

This proves that (g, θ ) is orthogonal with respect to q.
Finally, we show that G/K is a symmetric space in the Riemannian metric

〈·, ·〉. SinceG acts transitively onG/K by left translations which are isometries,
it suffices to exhibit a symmetry at p = π (e). Given K ⊂ Gσ , we can define
an involution s : G/K −→ G/K by

s(aK) = σ (a)K.

Since G0
σ ⊂ K , it is readily seen that p = K is an isolated fixed point of s. We

complete the proof by showing that s is an isometry.
We have

sτg−1 = τσ (g−1)s

since, for each aK ∈ G/K ,

sτg−1 (aK) = s(g−1aK) = σ (g−1)σ (a)K = τσ (g−1)s(aK).

It follows from the G-invariance of the metric that

〈X, Y 〉gK = 〈dτg−1X, dτg−1Y 〉K
= 〈(ds)pdτg−1X, (ds)pdτg−1Y 〉K
= 〈dτσ (g−1)(ds)gKX, dτσ (g−1)(ds)gKY 〉σ (g−1)s(gK)

= 〈(ds)gKX, (ds)gKY 〉s(gK).

Example 2.4.13 Every Banach Lie group is a homogeneous space since trans-
lations act transitively on the group. In fact, a connected real Banach Lie group
G is a symmetric space if it admits a left and right invariant Riemannian metric.
On the product G×G of such a group G, we can define an involutive auto-
morphism σ : (g, h) ∈ G×G �→ (h, g) ∈ G×G. Then the fixed-point set is
the diagonal

Gσ = {(g, g) : g ∈ G} ⊂ G×G
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and G = G×G/Gσ . Hence (G×G,Gσ ) is a Riemannian symmetric pair. In
particular, abelian or compact connected Lie groups are symmetric spaces.

We have the following Lie algebraic characterization of Riemannian sym-
metric spaces in any dimension.

Theorem 2.4.14 Let G/K be a homogeneous space, where G is a simply
connected Banach Lie group andK is connected. The following conditions are
equivalent:

(i) (G,K) is a Riemannian symmetric pair.
(ii) The Lie algebra g of G is involutive and orthogonal, and the Lie algebra

k of K is the 1-eigenspace of the involution.

In the preceding case, the involution of g is the differential (dσ )e at the identity
e ∈ G, where σ : G −→ G is the given involution in (i).

Proof (i) =⇒ (ii). This is proved in Lemma 2.4.12.
(ii) =⇒ (i). The involution θ of g induces a local involutive automorphism of

G, which can then be extended to an involutive automorphism σ ofG by simply
connectedness (cf. [20, p.49]). The exponential map exp sends a neighbourhood
of k onto a neighbourhood V of the identity in K with σ (k) = k for all k ∈ V .
Since K is connected, we have K = ⋃

n≥1 V
n ⊂ Gσ and G0

σ = K .
Let g = k ⊕ p be the eigenspace decomposition with respect to θ . Orthogo-

nality provides a completely positive definite quadratic form q on p, invariant
under ad k. Via the identification p ≈ TpG/K where p = π (e), the quadratic
form q induces an Ad K-invariant complete inner product 〈·, ·〉p on TpG/K ,
which extends to a G-invariant metric 〈·, ·〉 of G/K:

〈X, Y 〉gK = 〈dτg−1X, dτg−1Y 〉p (g ∈ G and X, Y ∈ TgKG/K),

where τg is the left translation by g. This proves that (G,K) is a Riemannian
symmetric pair.

The last assertion is evident from the proof.

Remark 2.4.15 In the above proof of (i) =⇒ (ii), it is not necessary to assume
simple connectedness of G, nor connectedness of K .

Our next task is to give a Jordan algebraic characterization of symmetric
spaces on which the vector fields form a TKK Lie algebra. In view of The-
orem 2.4.14, this amounts to identifying the Jordan triple structures in those
orthogonal involutive Lie algebras having TKK Lie algebraic structures.
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Lemma 2.4.16 Let V be a real Jordan triple and let L(V ) be its TKK Lie
algebra, with the main involution θ . The following conditions are equivalent:

(i) The symmetric part (g(V ), θ ) of L(V ) is orthogonal.
(ii) The dual symmetric part (g∗(V ), θ∗) of L(V ) is orthogonal.

(iii) V admits a complete inner product 〈 · , · 〉 satisfying

〈(a b)x, x〉 = 〈x, (b a)x〉 (a, b, x ∈ V ).

Proof (i) =⇒ (iii). Let (g(V ), θ ) be orthogonl with eigenspace decomposition

g(V ) = k ⊕ p

= {(0, h, 0) : θh = h} ⊕ {(a, 0,−a) : a ∈ V },
where h ∈ V00 is of the form h = (h+, h−) with h+ = h− = ∑

j aj bj −
bj aj for some aj , bj ∈ V . Let q be a completely positive definite quadratic
form on p, invariant under ad k. ThenV is endowed with the following complete
inner product:

〈x, y〉 := q((x, 0,−x), (y, 0,−y)).

Let a, b ∈ V and let h = (a b − b a, a b − b a) Then θh = h and the
ad k-invariance of q gives

0 = q([(0, h, 0), (x, 0,−x)], (x, 0,−x))

= q(({abx} − {bax}, 0, {bax} − {abx}), (x, 0,−x))

= 〈(a b)x, x〉 − 〈(b a)x, x〉.
(iii)=⇒ (i). Let k ⊂ g(V ) be the 1-eigenspace of θ and p the (−1)-eigenspace.

We define a completely positive definite quadratic form q
V

: p × p −→ R by
the complete inner product 〈·, ·〉 of V :

q
V
((a, 0,−a), (u, 0,−u)) = 〈a, u〉 ((a, 0,−a), (u, 0,−u) ∈ p).

Thus q
V

is ad k-invariant. Indeed, let Z = (0, h, 0) ∈ k with h = (h+, h−) and
h+ = h−. Then we have

q
V
([Z, (u, 0,−u)], (u, 0,−u)) = q

V
((h+u, 0,−h−u), (u, 0,−u))

= 〈h+u, u〉,
which vanishes. Indeed, let h+ = ∑

j (xj yj − yj xj ) = 0, say. Then

〈h+u, u〉 =
∑
j

〈(xj yj )u, u〉 − 〈(yj xj )u, u〉

=
∑
j

〈(xj yj )u, u〉 − 〈u, (xj yj )u〉 = 0.
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Therefore g(V ) is orthogonal with respect to q
V
.

The equivalence of (ii) and (iii) is proved similarly.

This lemma motivates the following definition.

Definition 2.4.17 A Jordan triple system V is called a Jordan Hilbert triple if
V is a Hilbert space in which the inner product 〈·, ·〉 satisfies

〈(a b)x, x〉 = 〈x, (b a)x〉 (a, b, x ∈ V ). (2.28)

According to this definition, Lemma 2.4.16 says that a real Jordan triple V
is a Jordan Hilbert triple if, and only if, the Lie algebra g(V ) is orthogonal.
Condition (2.4.19) can be rephrased in terms of inner derivations. For a Jordan
triple system V and a, b ∈ V , denote by

d(a, b) : V −→ V

the inner derivation d(a, b) = a b − b a. A simple calculation shows that
(2.4.19) is equivalent to saying that the inner derivations d(a, b) are skew-
symmetric:

〈d(a, b)x, y〉 = 〈x, d(b, a)y〉 (a, b, x, y ∈ V ).

Inner derivations are automatically continuous in a Jordan Hilbert triple.

Lemma 2.4.18 Let V be a Jordan Hilbert triple and a, b ∈ V . The inner
derivation d(a, b) : V −→ V is continuous.

Proof Since

〈d(a, b)x, y〉 = 〈x, d(b, a)y〉 (x, y ∈ V ),

the linear operator d(a, b) is weakly continuous on V and therefore norm
continuous.

In view of Lemma 2.4.1 and Lemma 2.4.2, given a normed Jordan triple V ,
we always equip the Lie algebras g(V ), g∗(V ) and L(V ) with the following
norms:

‖(a, (h, h),−a)‖g(V ) = ‖a‖V + ‖h‖L(V )

‖(a, (h, h), a)‖g∗(V ) = ‖a‖V + ‖h‖L(V )

‖(x, (h+, h−), y)‖L(V ) = ‖x‖V + ‖h+‖L(V ) + ‖h−‖L(V ) + ‖y‖V .
With these norms in the context of normed Jordan triples, Lemma 2.4.1 and
Lemma 2.4.2 can be stated as follows. A normed Jordan triple V admits a
continuous map (a, b) ∈ V × V �→ d(a, b) ∈ L(V ) if, and only if, g(V ) is
a normed Lie algebra. A normed Jordan triple V admits a continuous map
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(a, b) ∈ V × V �→ a b ∈ L(V ) if, and only if, the TKK Lie algebra L(V ) is
a quasi-normed Lie algebra.

Definition 2.4.19 A real Jordan Hilbert triple V is called a JH-triple if the
bilinear map

d : (a, b) ∈ V 2 �→ d(a, b) ∈ L(V )

is continuous; in other words, if there is a constant c > 0 such that

‖d(a, b)‖ ≤ c‖a‖‖b‖ (a, b,∈ V ).

Theorem 2.4.20 Let V be a real normed Jordan triple and (L(V ), θ ) its
TKK Lie algebra, with symmetric part g(V ) = k ⊕ p, where p = {(u, 0,−u) :
u ∈ V } is the (−1)-eigenspace of θ on g(V ). The following conditions are
equivalent:

(i) V is a JH-triple.
(ii) (g(V ), θ ) is a normed orthogonal Lie algebra.

(iii) (g∗(V ), θ∗) is a normed orthogonal Lie algebra.

In this case, the quadratic form q on p for orthogonality is related to the inner
product 〈·, ·〉 of V by

q(u, 0,−u) = 〈u, u〉 (u ∈ V ).

Proof This follows from Lemma 2.4.1 and Lemma 2.4.16.

We see from this result and Theorem 1.3.11 that the category of TKK Lie
algebras with normed orthogonal symmetric part is equivalent to the category
of JH-triples. Our final task is to show that they correspond to a large class of
Riemannian symmetric spaces.

Definition 2.4.21 A JH-triple V is said to be continuous if its triple product is
continuous, which is equivalent to the condition

‖a b‖ ≤ c‖a‖‖b‖ (a, b ∈ V )

for some constant c > 0.

Theorem 2.4.22 Let V be a real normed Jordan triple and (L(V ), θ ) its TKK
Lie algebra, with symmetric part g(V ). The following conditions are equivalent:

(i) V is a continuous JH-triple.
(ii) (L(V ), θ ) is quasi-normed and (g(V ), θ ) is a normed orthogonal Lie

algebra.
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(iii) (L(V ), θ ) is quasi-normed and (g∗(V ), θ∗) is a normed orthogonal Lie
algebra.

Proof This follows from Lemma 2.4.2 and Theorem 2.4.20.

Let V be a JH-triple with TKK Lie algebra L(V ) = V ⊕ V00 ⊕ V and invo-
lution θ . For h = ∑

j aj bj ∈ V0 ⊂ L(V ) and h� = ∑
j bj aj , we have

h+ h� = 0 if, and only if, 2h =
∑
j

(aj bj − bj aj ).

Let

V θ
00 = {k ∈ V00 : θk = k} = {(h, h) ∈ V 2

0 : h+ h� = 0},
which is a Lie subalgebra of V0 and a subspace of L(V ), where the last equality
can be seen from (2.22). The symmetric part g(V ) is contained in V ⊕ V θ

00 ⊕
V . The dual symmetric part g∗(V ), with the dual involution θ∗(a, k, a) =
(−a, k,−a), is also contained in V ⊕ V θ

00 ⊕ V .
The symmetric part g(V ) is equipped with the norm

‖(u, (h, h),−u)‖ = 〈u, u〉1/2 + ‖h‖ ((u, (h, h),−u) ∈ g(V )).

Let V θ
00 be the closure of V θ

00 in the �∞-sum L(V ) ⊕∞ L(V ). Then

g(V ) = {(u, (h, h),−u) : u ∈ V, (h, h) ∈ V θ
00}

is the completion of g(V ). The Lie product of g(V ) extends naturally to g(V ).
With the extended involution

θ (u, k,−u) = (−u, k, u) ((u, k,−u) ∈ g(V )),

(g(V ), θ ) is a real involutive Banach Lie algebra with involution θ and
eigenspace decomposition

g(V ) = {(0, (h, h), 0) : (h, h) ∈ V θ
00} ⊕ p, (2.29)

where p = {(u, 0,−u) : u ∈ V } is also the (−1)-eigenspace of θ in g(V ).
Likewise g∗(V ) = {(u, (h, h), u) : u ∈ V, (h, h) ∈ V θ

00} is the completion of
the dual symmetric part g∗(V ), which is a real involutive Banach Lie algebra
with the extended involution θ∗(u, k, u) = (−u, k,−u) for (u, k, u) ∈ g∗(V ).

Given (h, h) ∈ V θ
00 ⊂ L(V ) × L(V ), we have 〈hu, u〉 = 0 for all u ∈ V , by

the proof of (iii) =⇒ (i) in Lemma 2.4.16. Hence h is skew-symmetric with
respect to the inner product of V :

〈hx, y〉 + 〈x, hy〉 = 0 (x, y ∈ V ).

In other words, h∗ = −h = h�, where h∗ is the adjoint of h in L(V ).
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Remark 2.4.23 If V is finite-dimensional in Theorem 2.4.20, then one can
define an inner product 〈·, ·〉k on k = {(0, (h, h), 0) : (h, h) ∈ V θ

00} by the trace

〈(0, (h, h), 0), (0, (g, g), 0)〉k = Trace (hg∗),

which is ad k-invariant since

〈[(0, (h, h), 0), (0, (g, g), 0)], (0, (g, g), 0)〉k = Trace ([h, g]g∗) = 0,

where [h, g]g∗ = hgg∗ − ghg∗ = −hg2 + ghg by skew symmetry of g. It
follows that the positive definite quadratic form q̃ : g(V ) × g(V ) −→ R defined
by

q̃((a, (h, h),−a), (a, (h, h),−a))

= 〈(0, (h, h), 0), (0, (h, h), 0)〉k + q(a, 0,−a)

is invariant under θ and ad k.

Lemma 2.4.24 Let (V, 〈·, ·〉) be a JH-triple and g(V ) = k ⊕ p the symmet-
ric part of the TKK Lie algebra (L(V ), θ ). Then the completion (g(V ), θ ) is
orthogonal with respect to the inner product of p.

Proof Let g(V ) = k ⊕ p be the eigenspace decomposition with respect to θ ,
where

k = {(0, (h, h), 0) : (h, h) ∈ V θ
00}.

Let 〈·, ·〉p be the inner product of p. For (h, h) ∈ V θ
00 with h = limn hn and

(hn, hn) ∈ V θ
00, we have 〈hu, u〉 = limn〈hnu, u〉 = 0 for all u ∈ V . Hence for

Z = (0, (h, h), 0) ∈ k, we have

〈 [Z, (u, 0,−u)], (u, 0,−u) 〉p = 〈 (hu, 0,−hu), (u, 0,−u) 〉p = 〈hu, u〉 = 0.

Remark 2.4.25 Evidently, the completion g∗(V ) of the dual symmetric part is
also orthogonal in the preceding lemma. We omit the details to avoid repetition.

Theorem 2.4.20 provides a key to the correspondence between JH-triples
and Riemannian symmetric spaces. We first derived some results to pave the
way towards such a correspondence. We begin by determining the centre of the
complete symmetric part g(V ).

Lemma 2.4.26 Let V be a JH-triple and g(V ) the symmetric part of its TKK
Lie algebra (L(V ), θ ). The centre of g(V ) is given by

z(g(V )) = {(a, 0,−a) : a x = x a,∀x ∈ V }.
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Proof Let X = a ⊕ (h0, h0) ⊕−a ∈ g(V ). If X ∈ z(g(V )), then for x ⊕
(g, g) ⊕−x ∈ g(V ), we have

0 = [a ⊕ (h0, h0) ⊕−a, x ⊕ (g, g) ⊕−x]

= (h0x − ga, ([h0, g] − a x+x a, [h0, g] − a x + x a), ga−h0x).

Choose g = 0; then h0x = ga = 0 for all x ∈ V and hence h0 = 0 and
a x = x a. The arguments can be reversed, since a x = x a for all x ∈ V
implies ga = 0 for all (g, g) ∈ V θ

00.

The above lemma leads to the definition of the following closed subspace of
a JH-triple V :

Z(V ) = {a ∈ V : a x = x a,∀x ∈ V }, (2.30)

where Z(V ) is closed by continuity of the bilinear inner derivation map d :
(a, x) ∈ V 2 �→ d(a, x) ∈ L(V ). As V is a Hilbert space, we have the direct
sum decomposition

V = Z(V ) ⊕ Z(V )⊥.

Lemma 2.4.27 Given a JH-triple V , the subspaceZ(V ) is an abelian subtriple
of V .

Proof We need only show that Z(V ) is a subtriple of V , for which it suf-
fices to show that a ∈ Z(V ) implies a3 = {a, a, a} ∈ Z(V ), by the polarization
formulae for a, b, x ∈ Z(V ):

6{b, a, b} = (a + b)3 + (a − b)3 − 2a3

2{a, x, b} = {a + b, x, a + b} − {a, x, a} − {b, x, b}.
Let a ∈ Z(V ). We have

{a, x, {a, a, y}} = {{a, x, a}, a, y} − {a, {a, x, a}, y} + {a, a, {a, x, y}}
= {a, a, {a, x, y}}
= {a3, x, y} − {a, {a, a, x}, y} + {a, x, {a, a, y}}
= {a3, x, y},

where {a, {a, a, x}, y} = {a, y, {a, a, x}} = {a, a, {a, y, x}}. Hence

(a3 x)(y) = {a, a, {x, a, y}}
= {{a, a, x}, a, y} − {x, a3, y} + {x, a, {a, a, y}}
= 2{a3, x, y} − {x, a3, y}
= (x a3)(y)

and a3 ∈ Z(V ).
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Lemma 2.4.28 Let V be a JH-triple and let z(g) be the centre of g(V ). Then
we have the decomposition g(V ) = z(g) ⊕ z(g)o, where

z(g)o =
{

(x, (h, h),−x) : x ∈ Z(V )⊥ and (h, h) ∈ V θ
00

}
is a Lie subalgebra of g(V ) with trivial centre.

Proof The direct sum decomposition follows from Lemma 2.4.26 and the
decomposition V = Z(V ) ⊕ Z(V )⊥. We note that V θ

00 ⊂ L(V ) × L(V ), and

by a note before Remark 2.4.23, for each (g, g) ∈ V θ
00, the linear map g ∈ L(V )

is skew-symmetric with respect to the inner product of V . Given x ∈ Z(V )⊥

and (g, g) ∈ V θ
00, we have

〈gx, a〉 = −〈x, ga〉 = 0

for all a ∈ Z(V ), where ga = 0 as in the proof of Lemma 2.4.26. Hence
gx ∈ Z(V )⊥.

Let X = (x, (h, h),−x), Y = (y, (g, g),−y) ∈ z(g)o. We have

[X, Y ] = (hy − gx, ([h, g]−x y + y x, [h, g]−x y + y x), gx−hy),

where hy − gx ∈ Z(V )⊥ implies [X, Y ] ∈ z(g)o.
Further, if [X, Y ] = 0, then choosing g = 0, we have hy = 0 for all

y ∈ Z(V )⊥ and hence h = 0 since ha = 0 for all a ∈ Z(V ). It follows that
x y = y x for all y ∈ Z(V )⊥. But x a = a x for all a ∈ Z(V ). Hence
x ∈ Z(V ) ∩ Z(V )⊥ and x = 0. This proves the triviality of the centre of
z(g)o.

Definition 2.4.29 Let (G,K) be a Riemannian symmetric pair. The symmetric
space G/K is said to be associated to a TKK Lie algebra if the involutive Lie
algebra (g, σ ) ofG is the complete symmetric part (hs , θ ) of a TKK Lie algebra
(h, θ ), in which case G/K is called a Jordan symmetric space.

Remark 2.4.30 A symmetric space G/K is a also Jordan symmetric space if
the Lie algebra (g, σ ) of G is the complete dual symmetric part (h∗s , θ∗) of a
TKK Lie algebra (h, θ ). Indeed, h∗s is the complete symmetric part of (h, θ∗),
by Remark 1.3.6.

Theorem 2.4.31 We have the following correspondence between JH-triples
and Jordan symmetric spaces.

(i) Let V be a JH-triple. Then there is a Riemannian symmetric space G/K
such that the Lie algebra of G is the complete symmetric part g(V ) of the
TKK Lie algebra L(V ) of V .
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(ii) Let G/K be a Jordan symmetric space. Then there is a JH-triple V
such that L(V ) is the canonical part of the TKK Lie algebra associated
to G/K . Further, if G/K is associated to a canonical TKK Lie
algebra, then the complete symmetric part g(V ) of L(V ) is the Lie
algebra of G.

Proof (i) Let V be a JH-triple and let L(V ) be its TKK Lie algebra with
involution θ . Then the complete symmetric part g(V ) is a Banach Lie algebra
and θ extends to an involution θ on g(V ). By Lemma 2.4.28, we have g(V ) =
z(g) ⊕ z(g)o, where the centre z(g) is the Lie algebra of itself as a Lie group,
and the Lie algebra z(g)o has a trivial centre and is therefore the Lie algebra
of a connected Banach Lie group, by Remark 2.1.27. Taking the universal
covering of the group (cf. [111, lemma 6.10]), it follows that g(V ) is the Lie
algebra of a simply connected Banach Lie group G, and the 1-eigenspace
k = {(0, (h, h), 0) : (h, h) ∈ V θ

00} ⊂ g(V ) of θ is the Lie algebra of a connected
Banach Lie subgroup K of G. By Lemma 2.4.24, (g(V ), θ ) is an orthogonal
involutive Banach Lie algebra and by Theorem 2.4.14, G/K is a Riemannian
symmetric space.

(ii) Conversely, let G/K be a symmetric space such that the Lie algebra
(g, σ ) of G is the complete symmetric part (hs , θ ) of a TKK Lie algebra (h, θ ).
Then, by Theorem 1.3.11 and the construction after Proposition 1.3.13, there
is a Jordan triple V such that

h = h−1 ⊕ h0 ⊕ h1 ⊃ L(V ) = V ⊕ V00 ⊕ V

with h±1 = V and hs contains the complete symmetric part g(V ) of the TKK
Lie algebra L(V ) which is the canonical part hc of h.

By Theorem 2.4.14 and Remark 2.4.15, (hs , θ ) is orthogonal with respect
to a complete inner product 〈·, ·〉p on the (−1)-eigenspace of θ , which equals
the (−1)-eigenspace p = {(a, 0,−a) : a ∈ h−1} of θ in hs . Since p is also the
(−1)-eigenspace of θ in g(V ), it follows that (g(V ), θ ) is also orthogonal with
respect to 〈·, ·〉p. Hence V is a JH-triple by Theorem 2.4.20.

Finally, if h is canonical, then h = L(V ) and (hs , θ ) = (g(V ), θ ).

In the correspondence between JH-triples V and Jordan symmetric spaces,
the symmetric part and the dual symmetric part of a TKK Lie algebra L(V )
correspond to a pair of symmetric spaces which are said to be dual to each other.
Let (g, σ ) be the involutive Lie algebra of a Jordan symmetric space G/K and
V a JH-triple such that g = g(V ) and σ = θ , where g(V ) is the symmetric
part of the TKK Lie algebra (L(V ), θ ) of V . Let g = k ⊕ p be the eigenspace
decomposition for θ . Then the complete dual symmetric part (g∗(V ), θ∗) gives
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rise to a symmetric space, the dual ofG/K , whose Lie algebra can be identified
with (g′, σ ′), where

g′ = k ⊕ ip and σ ′(k + ip) = k − ip.

Indeed, given g(V ) = {(0, k, 0) : θk = k ∈ V θ
00} ⊕ {(a, 0,−a) : a ∈ V }, we

have

g′ = {(0, k, 0) : θk = k ∈ V θ
00} ⊕ {(ia, 0,−ia) : a ∈ V }.

The following Lie algebra isomorphism identifies g′ with g∗(V ):

ψ : (ia, k,−ia) ∈ g′ �→ (a, k, a) ∈ g∗(V ),

where ψσ ′ = θ∗ψ and θ∗ is the dual involution of L(V ).
We conclude this section with some examples. The structures of JH-triples

will be studied in more detail in the next chapter.

Example 2.4.32 A finite-dimensional formally real Jordan algebra V is a
Hilbert space with inner product 〈a, b〉 = Trace (a b) which satisfies

〈ab, c〉 = 〈b, ac〉 (a, b, c ∈ V ).

Therefore V is a JH-triple in the canonical Jordan triple product

{a, b, c} = (ab)c + a(bc) − b(ac).

In fact, any JH-algebra, which can be infinite-dimensional, is a JH-triple in the
canonical Jordan triple product.

Example 2.4.33 We have shown in Theorem 1.2.34 that a finite-dimensional
Jordan triple V has a positive definite trace form Tr (x y) if, and only if, it is
semisimple and positive. With the trace form as inner product, such a Jordan
triple is a JH-triple. These Jordan triples are also called compact in Loos [82]
because they correspond to a class of Riemannian symmetric spaces, called the
symmetric R-spaces, which are compact. The Lie algebras L for these sym-
metric spaces, constructed in [82], are TKK Lie algebras. Given a compact
Jordan triple (V, {·, ·, ·}) which is non-degenerate, the corresponding Lie alge-
bra L constructed in Loos [82] is the TKK Lie algebra L((V,−2{·, ·, ·}))
of the Jordan triple (V,−2{·, ·, ·}). The Lie algebra of the corresponding
symmetric R-space is the dual symmetric part g∗ of L((V,−2{·, ·, ·})), with
dual involution θ∗(x, h, y) = (−y,−h�,−x). Let β be the Killing form of
L((V,−2{·, ·, ·})) and let a a be the box operator with respect to the triple
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product {·, ·, ·}. By Koecher [78, p. 56], the restriction of β on the (−1)-
eigenspace p = {(a, 0, a) : a ∈ V } of g∗ is given by

β((a, 0, a), (a, 0, a)) = −8 Trace (a a)

which is negative definite.

Example 2.4.34 A JH ∗-triple, as defined in Kaup [71], is a Hermitian Jordan
tripleV which is a complex Hilbert space where the triple product is continuous
and every operator a a : V −→ V is self-adjoint. The latter condition is
equivalent to the associativity of the inner product:

〈(a b)x, y〉 = 〈x, (b a)y〉 (a, b, x, y ∈ V ). (2.31)

JH*-triples can be regarded as real Jordan triples with real inner product
Re 〈·, ·〉, in which case they are continuous JH-triples. The inner product Re 〈·, ·〉
is also associative in the sense of (2.31).

Example 2.4.35 The inner product of a JH-triple need not be associative in
the sense of (2.31), even if it is continuous and finite-dimensional. A simple
example is the real Hilbert space H of quaternions, with basis {1, i, j,k}. The
triple product 2{a, b, c} = abc + cba in H satisfies

〈(a b)x, x〉 = 〈x, (b a)x〉 (a, b, x ∈ H).

To see this, we can represent H by 4 × 4 matrices in M4(R) and observe that
the inner product satisfies

〈a, x〉 = 1

4
Trace (axt ) = 1

4
Trace (atx),

where xt denotes the transpose of x ∈ M4(R) and xxt = xtx for x ∈ H. Hence

4〈(a b)x, x〉 = Trace (abxxt + xbaxt ) = Trace (xtxab + baxxt )

= Trace (xt (xab + bax)) = 4〈x, (b a)x〉.
We also have ‖{a, b, c}‖ ≤ ‖a‖‖b‖‖c‖, since ‖xy‖ = ‖x‖‖y‖ for all x, y ∈ H.
Hence H is a continuous JH-triple. However, the inner product is not associative,
since

〈(1 k)k, 1〉 	= 〈k, (k 1)1〉.
We note that H is not a flat Jordan triple; for instance, (i j)(i) 	= (j i)(i).

It has been shown in Kaup [71] that JH*-triples correspond to the Hermitian
symmetric spaces which are Riemannian symmetric spaces with a Hermitian
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structure and will be discussed in the next section. In fact, JH*-triples are
exactly those JH-triples which admit compatible complex structures.

A complex structure on a real vector space V is a linear map J : V −→ V

such that −J 2 is the identity map on V . If V admits a complex structure J ,
then we view it as a complex vector space by defining the complex scalar
multiplication iv := Jv for v ∈ V . Conversely, every complex vector space,
regarded as a real space, admits a natural complex structure J : x �→ ix.

Proposition 2.4.36 A JH-triple (V, 〈·, ·〉) admits the structure of a JH*-triple
if, and only if, there is a complex structure J : V −→ V satisfying

〈Jx, Jy〉 = 〈x, y〉 and J (x y) = (x y)J

for x, y ∈ V .

Proof We only need to show the necessity. If a JH-triple V satisfies the given
condition, then it becomes a complex Hilbert space with the complex inner
product

� x, y � = 〈x, y〉 − i〈Jx, y〉,
and also it becomes a Hermitian Jordan triple with the Jordan triple product

{{{x, y, z}}} = {x, y, z} + i{x, Jy, z}.
Substituting x + y and x + iy for z in the identity

� (a b)z, z� = � z, (b a)z�
yields� (a b)x, y � = � x, (b a)y �. Hence (V, {{{·, ·, ·}}}, � ·, · �) is
a JH*-triple.

2.5 Jordan triples and symmetric domains

In this section, we study Jordan structures in complex Banach manifolds. Let
(M,g) be a Riemannian manifold. An almost complex structure J on M is a
mapp ∈ M �→ Jp ∈ L(TpM) such that Jp is a complex structure on the tangent
space TpM and for each smooth vector field X on M , the vector field JX is
smooth, where JX(p) = Jp(Xp) for p ∈ M . The almost complex structure J
is called a Hermitian structure if the Riemannian metric g is Hermitian with
respect to J , in the sense that

gp(Jpu, Jpv) = gp(u, v) (u, v ∈ TpM,p ∈ M).
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Under these conditions, one can define a Hermitian metric h on M by

hp(u, v) = gp(u, v) − igp(Jpu, v) (u, v ∈ TpM).

Example 2.5.1 Let M be a complex manifold of dimension n <∞, with an
atlas {(Uϕ, ϕ, Vϕ)}. Let p ∈ M . If p ∈ Uϕ , the tangent space TpM identifies
with Vϕ = Cn = R2n via ϕ and has a basis {xϕk , yϕk : k = 1, . . . , n}. We can
define an almost complex structure J on M by putting

Jpx
ϕ

k = y
ϕ

k , Jpy
ϕ

k = −xϕk (k = 1, . . . , n),

which can be seen to be independent of the choice of local charts (Uϕ, ϕ, Vϕ).
Indeed, if (Uψ,ψ, Vψ ) is another local chart at p and TpM � Vψ has a basis
{xψk , yψk : k = 1, . . . , n}, the change of basis

x
ψ

k =
∑
j

akj x
ϕ

j +
∑
j

bkj y
ϕ

j

y
ψ

k =
∑
j

ckj x
ϕ

j +
∑
j

dkj y
ϕ

j

is effected by the derivative

(ψϕ−1)′(ϕ(p)) : Vϕ −→ Vψ,

which is the 2n× 2n matrix (
akj bkj

ckj dkj

)
,

where akj = dkj and bkj = −ckj by the Cauchy–Riemann equations. It follows
that Jp(xψk ) = y

ψ

k and Jp(yψk ) = −xψk . We call J the canonical almost complex
structure.

The following definition is an extension of the concept of a finite-dimensional
Hermitian symmetric space (cf. [51, p. 372]).

Definition 2.5.2 A connected manifold M modelled on a complex Hilbert
space is called a Hermitian symmetric space if it is equipped with a Hermitian
structure and every point p ∈ M is an isolated fixed point of an involutive
holomorphic isometry sp : M −→ M .

The correspondence between Hermitian symmetric spaces and JH*-triples
shown in Kaup [71] can be seen from the perspective of TKK Lie algebras.
Let M be a Hermitian symmetric space. By definition, M is a Riemannian
symmetric space and has an analytic structure. By Theorem 2.2.17, the group
Ga(M) of biholomorphic isometries of M forms a real Banach Lie group
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with Lie algebra ga(M). The manifoldM is diffeomorphic to the homogeneous
spaceGa(M)/K , whereK is the isotropy group at a pointp ∈ M . The isometry
sp : M −→ M gives rise to an involution θ = Adsp : ga(M) −→ ga(M). Let
ga(M) = k ⊕ p be the eigenspace decomposition with respect to θ , with p

the (−1)-eigenspace. By Theorem 2.4.14, the involutive Lie algebra ga(M) is
orthogonal.

By (2.26), the eigenspace p identifies with the tangent space TpM as real
vector spaces, via the evaluation map

X ∈ p �→ X(p) ∈ TpM.

With the Hermitian structure ofM , the tangent space TpM is a complex Hilbert
space. Given X ∈ p, the vector iX(p) ∈ TpM is the evaluation of a vector field
JX ∈ p. This gives a complex structure

J : p −→ p

satisfying θJ = Jθ and

[JX, Y ](p) = i[X, Y ](p) (X ∈ p, Y ∈ ga(M)).

If Y ∈ k, then [X, Y ] ∈ p and hence

J [X, Y ] = [JX, Y ]. (2.32)

We note that X ∈ ga(M) does not imply iX ∈ ga(M). In fact, ga(M) is totally
real. We show this for k.

Lemma 2.5.3 In the eigenspace decomposition ga(M) = k ⊕ p, we have k ∩
ik = {0}.
Proof Let Y ∈ k and Y = iZ ∈ ik. We show Y = 0. For s + it ∈ C, the map
(exp sY )(exp tZ) = exp(s − it)Y : M −→ M is a biholomorphic isometry and
therefore the map

F : s + it ∈ C −→ (d exp(s − it)Y )p ∈ L(TpM)

is a bounded holomorphic map, whereL(TpM) is the complex Banach space of
continuous linear self-maps on TpM . By Liouville theorem, ϕ ◦ F : C −→ C

is constant for each continuous linear functional ϕ on L(TpM). Hence F is
constant and (d exp Y )p is the identity map. Since exp Y (p) = p, Proposition
2.2.9 implies that exp Y itself is an identity map on M , that is, Y = 0.

Lemma 2.5.4 Let J : p −→ p be the complex structure just described. Then
we have

[JX, JY ] = [X, Y ] (X, Y ∈ p).
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Proof Since [JX, Y ](p) = i[X, Y ](p), we have [JX, Y ] − i[X, Y ] ∈ k, as k is
the kernel of the evaluation map. Likewise, we have [X, JY ] + i[JX, JY ] ∈ k.
It follows that

i[JX, JY ] − i[X, Y ] ∈ k ∩ ik
and hence [JX, JY ] − [X, Y ] = 0.

Let pc be the complexification of p and extend J to a complex linear map on
pc, also denoted by J . Let

p+ = {X ∈ pc : JX = iX} , p− = {X ∈ pc : JX = −iX}
be the ±i-eigenspaces of J such that

pc = p+ ⊕ p−

and hence the complexification gc of ga(M) has a decomposition

gc = p+ ⊕ kc ⊕ p−,

where

X ∈ p �→ X − iJX ∈ p+

is a complex linear isomorphism. Considered as a real Lie algebra, gc has an
involution given by

σX = θX,

where the natural extension of θ to gc is still denoted by θ . We have σ (p+) = p−
and

[kc, p±1] ⊂ p±1, [p±, p±] = 0, (2.33)

by Lemma 2.5.4 and (2.32). We also have [p+, p−] ⊂ kc. Hence (gc, σ ), as a
real Lie algebra, is a TKK Lie algebra and the space p+ ≈ p is a Jordan triple
with Jordan triple product

{X, Y,Z} = [[X, σY ], Z] (X, Y,Z ∈ p+). (2.34)

Moreover, ga(M) can be identified with the complete symmetric part of gc by
the map

(Y,X) ∈ ga(M) = k ⊕ p �→ (X − iJX, Y, X + iJX) ∈ gc

whereX + iJX = −σ (X − iJX). Hence p is a JH-triple and also a JH*-triple
by Proposition 2.4.36.
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Conversely, let V be a JH*-triple and let

L(V ) = V−1 ⊕ V00 ⊕ V1 (V±1 = V )

be its TKK Lie algebra with the main involution θ . Define

σX = −X for X ∈ V±1 , σX = X for X ∈ V00

andX = σθX forX ∈ L(V ). Let g = {X ∈ L(V ) : X = X} be the real form of
X �→ X. Then σ is an involution on g. Since X ∈ g if, and only if, X = σθX,
in which case X is of the form (a, k,−a) with a ∈ V and θk = k ∈ V00, it
follows that σ |g = θ |g and (g, σ ) is the symmetric part of L(V ) with orthogonal
completion g = k ⊕ p, where p = {(a, 0,−a) : a ∈ V } inherits the Hermitian
structure from V and g gives rise to a Hermitian symmetric space.

Example 2.5.5 LetU = {z ∈ C : |z| < 1} be the open unit disc in the complex
plane. It is a Riemannian manifold in the Poincaré metric

〈u, v〉z = Re
uv

(1 − |z|2)2
(z ∈ U, u, v ∈ TzD = C),

with the canonical Hermitian structure Jv = iv and the corresponding Hermi-
tian metric

hz(u, v) = uv

(1 − |z|2)2
.

The automorphism group of biholomorphic maps on U is the group

AutU = {αga : |α| = 1, a ∈ U},
where ga : U −→ U is the Möbius transformation

ga(z) = z+ a

1 + āz
(z ∈ U )

induced by a and we have g−1
a = g−a (cf. [98, theorem 12.6]). Evidently AutU

acts transitively on U since ga(0) = a. The Riemannian distance on U is the
Poincaré distance

δ(z,w) = inf
γ

{∫ 1

0

|γ ′(t)|
1 − |γ (t)|2 dt

}
= tanh−1

∣∣∣∣ z− w

1 − zw

∣∣∣∣ , (2.35)

where the infimum is taken over all piecewise smooth curves γ : [0, 1] → U

from z to w (cf. [31, p. 42]). By the Schwarz–Pick lemma, a holomorphic map
f : U −→ U satisfies the inequality∣∣∣∣ f (z) − f (w)

1 − f (z)f (w)

∣∣∣∣ ≤ ∣∣∣∣ z− w

1 − zw

∣∣∣∣
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and hence AutU is the group of biholomorphic isometries on U . With the
Poincaré metric, U is a Hermitian symmetric space. Each point a ∈ D has a
symmetry

sa(z) = ga ◦ s0 ◦ g−a(z) = 2a − (1 + |a|2)z

1 + |a|2 − 2āz
(z ∈ U ),

where s0(z) = −z is the symmetry at 0.

If we equip U with the Euclidean metric, then the group of biholomorphic
isometries ofU consists of rotations, and henceU is not a Hermitian symmetric
space in the Euclidean metric.

Lemma 2.5.6 Let f : U −→ U be holomorphic and satisfy

|f (z) − f (w)| = |z− w| (z,w ∈ U ).

Then f is a rotation.

Proof Consider the function F (z) = f (z)−f (0)
z

, which has a removable singular-
ity at 0 and satisfies |F (z)| = 1 for z 	= 0. By the maximum modulus principle,
F is a constant function, say F (z) = eiα for some α ∈ R. It follows that

f (z) = eiαz+ f (0) (z ∈ U ).

If f (0) = reiβ 	= 0 for some r ∈ (0, 1), then we have

1 > |f ((1 − r)ei(β−α))| = |(1 − r)eiβ + reiβ | = 1,

which is impossible. Therefore f (z) = eiαz for all z ∈ U .

Example 2.5.7 The upper half-plane �+ = {z ∈ C : Im z > 0} is a Hermitian
symmetric space in the hyperbolic metric

〈v, v〉z = |v|2
(Im z)2

(z ∈ �+, v ∈ C)

and has the canonical complex structure. In fact, the group Ga(�+) of biholo-
morphic isometries identifies with the special linear group

SL(2,R) =
{(

a b

c d

)
: a, b, c, d ∈ R, det

(
a b

c d

)
= 1

}
,

where g =
(
a b

c d

)
gives the isometry

z ∈ �+ �→ g · z := az+ b

cz+ d
∈ �+.
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This action of SL(2,R) on �+ is transitive, since(
a b

0 1
a

)
· i = ab + ia2.

The symmetry at i is

si =
(

0 1
−1 0

)
.

Let K = {g ∈ SL(2,R) : g · i = i} be the isotropy subgroup at i. Since(
a b

c d

)
· i = i if and only if a = d, b = −c and a2 + b2 = 1, we see that

K =
{(

cos t sin t
− sin t cos t

)
: t ∈ R

}
= SO(2).

The symmetric space �+ is biholomorphic to the open unit disc U via the
Cayley transform

z ∈ �+ �→ z− i

z+ i
∈ U,

and SL(2,R) is isomorphic to AutU via(
a b

c d

)
∈ SL(2,R) �→ αgβ ∈ AutU,

where

α = b − c − (a + d)i

c − b − (a + d)i
, β = b + c + (a − d)i

c − b + (a + d)i
.

In finite dimensions, it is well known [16, 48] that the Hermitian symmetric
spaces of non-compact type are the bounded symmetric domains in the space
of several complex variables of which the open unit disc U is the simplest
example. The concept of a symmetric domain can be extended naturally to the
infinite-dimensional setting which is given below.

Definition 2.5.8 LetV be a complex Banach space and letD ⊂ V be a domain;
that is,D is an open connected set. We callD symmetric, or a symmetric domain,
if each point a ∈ D is an isolated fixed point of an involutive biholomorphic
map s ∈ AutD, in which case s is called a symmetry at a.

We note that symmetric domains are Banach manifolds, but in infinite dimen-
sion, they need not admit a Riemannian metric. Nevertheless, one can define a
metric on a bounded domain D, called the Carathéodory metric, as follows:

δD(z,w) = sup{δ(f (z), f (w)) : f ∈ H (D,U )} (z,w ∈ D), (2.36)
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where H (D,U ) denotes the vector space of holomorphic maps from D to the
open unit disc U in C, and δ is the Poincaré distance in (2.35). In particular,
δU = δ by the Schwarz–Pick lemma, and also, each g ∈ AutD is a δD-isometry:

δD(g(z), g(w)) = δD(z,w) (z,w,∈ D).

The metric δD is equivalent to the metric on D defined by the norm of the
ambient space. If D is symmetric, then Cartan’s uniqueness theorem implies
that the symmetry s at a is unique since its differential dsa at a is minus the
identity map on V (cf. Lemma 2.3.2). Henceforth we denote the symmetry at
a by sa .

A symmetric domain is called irreducible if it is not a Cartesian product
of symmetric domains. Finite-dimensional bounded symmetric domains have
been classified by É. Cartan [16]. One can view Cartan’s classification as an
extension of the Riemann mapping theorem in one dimension, which can be
stated as follows.

Theorem 2.5.9 Let D be a finite-dimensional irreducible bounded symmetric
domain. Then D is biholomorphic to the open unit ball of one of the following
complex Banach spaces of matrices:

(i) Mmn(C)
(ii) Sn(C)

(iii) Hn(C)
(iv) Spn(H )
(v) M1,2(O)

(vi) H3(O),

where the spaceMmn(C) is equipped with the operator norm ofL(Cn,Cm), both
Sn(C) and Hn(C) are norm-closed subspaces of Mn(C), consisting of n× n

skew-symmetric and symmetric matrices, respectively, and Spn(H ) is a complex
triple spin factor of dimension n > 2, which is a norm-closed subspace ofL(H )
for some complex Hilbert spaceH such that a ∈ Spn(H ) implies a∗ ∈ Spn(H )
and a2 ∈ C1.

Classically the first four types of open unit balls in the preceding list are called
the Cartan domains, while the last two are called the exceptional domains. We
observe that the six types of finite-dimensional complex Banach spaces in
Cartan’s classification are all Hermitian Jordan triples, where Sn(C) andHn(C)
are subtriples of Mmn(C) and the triple spin factor Spn(H ) has an equivalent
norm of the inner product,

〈a, b〉1 = ab∗ + b∗a = (a + b∗)2 − a2 − (b∗)2 ∈ C1 (a, b ∈ Spn(H )),
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and is equipped with the Jordan triple product

{a, b, c} = 1

2
(〈a, b〉c + 〈c, b〉a − 〈a, c∗〉b∗).

In Theorem 2.5.9, dimH <∞, although we include the definition of infinite-
dimensional complex triple spin factors for later reference. In fact, these
finite-dimensional Hermitian Jordan triples, as tangent spaces of Hermitian
symmetric manifolds, should all carry the structure of a JH*-triple by the dis-
cussion at the beginning of this section. These JH*-structures are described in
Proposition 3.5.1.

Our goal in this section is to present an infinite-dimensional version of Car-
tan’s classification, namely, to show that a bounded symmetric domain in a
complex Banach space is biholomorphic to the open unit ball of a Hermitian
Jordan triple equipped with a complete norm, thereby demonstrating the impor-
tant relationship of Jordan theory and complex geometry. A natural construction
of such a Hermitian Jordan triple for a bounded symmetric domainD is to take
the tangent space TpD at a point p ∈ D and use the geometry ofD to construct
a Jordan structure and a norm on TpD so that D is biholomorphic to the open
unit ball of TpD. Although there is no explicit reference to Lie structures in
this result, one would, however, expect their relevance in the construction. This
is indeed the case. To begin, one makes use of the fact that the automorphism
group AutD has the structure of a real Lie group.

Let D be a bounded domain in a complex Banach space V . Then D is a
complex Banach manifold modelled on V . Let δ = δD be the Carathéodory
metric defined in (2.36). Then the group

Gδ(D) = {g ∈ AutD : δ(g(z), g(w)) = δ(z,w),∀z,w ∈ D}
of biholomorphic δ-isometries is precisely the automorphism group AutD by
the earlier remark. Using the Carathéodory metric δ on D, the concept of an
admissible neighbourhood for a Riemannian manifold M with Riemannian
distance d, introduced in Section 2.2, can be carried over to D and as in (2.10),
one can define a metric ρ

Bp
on the biholomorphic δ-isometry group Gδ(D),

for a given admissible neighbourhood Bp of p ∈ D. With this metric, Gδ(D)
becomes a topological group.

Each complete holomorphic vector field X on D generates a one-parameter
group exp tX of biholomorphic δ-isometies in Gδ(D). It follows that the com-
plete holomorphic vector fields autD of D form a Lie algebra (cf. [111, corol-
lary 11.8]). Replacing M in Theorem 2.2.17 by D and using autD in place of
ga(M), one can repeat the proof of the theorem and conclude that Gδ(D); that
is, AutD, is a real Banach Lie group with real Banach Lie algebra autD.
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In the absence of a Riemannian metric, the infinitesimal version of the
Carathéodory metric δD on a bounded domain D is the Carathéodory norm on
the tangent space V = TpD defined by

‖v‖p = sup{|f ′(p)(v)| : f ∈ H (D,U ), f (p) = 0} (v ∈ V ),

which is equivalent to the original norm ‖ · ‖ of V . Indeed, given that D is
contained in some ballB of radius r > 0 at the origin, with d(D, ∂B) = R > 0,
Cauchy inequality implies that

|f ′(p)(v)‖ ≤ ‖f ′(p)‖‖v‖ ≤ 1

R
‖v‖ (f ∈ H (D,U ), f (p) = 0). (2.37)

Hence ‖v‖p ≤ ‖v‖/R. On the other hand, for each continuous linear functional
ϕ of V with ‖ϕ‖ ≤ 1, the holomorphic function ϕ−ϕ(p)

2r maps D to U , and p to
0 ∈ U . Therefore

2r‖v‖p ≥ |(ϕ − ϕ(p)′(p)(v)| = |ϕ(v)|
and it follows that

2r‖v‖p ≥ ‖v‖. (2.38)

In particular, if D is the open unit ball of V and if we choose p = 0 ∈ D,
then we have ‖v‖0 = ‖v‖. The Carathéodory norm is invariant under AutD:

‖v‖p = ‖g′(p)(v)‖g(p) (v ∈ V, g ∈ AutD). (2.39)

A domain D in V is called homogeneous if the automorphism group AutD
acts transitively on D.

Lemma 2.5.10 LetD be a bounded domain in a complex Banach space V and
let a ∈ D. The following conditions are equivalent:

(i) D is homogeneous.
(ii) The evaluation map X ∈ autD �→ X(a) ∈ V is surjective.

(iii) The orbit G(a) = {g(a) : g ∈ AutD} is open in D.

Proof (i) ⇒ (ii). Let K = {g ∈ AutD : g(a) = a} be the isotropy subgroup
at a. Since AutD acts transitively on D and, as discussed in the Riemannian
case before, the quotient manifold AutD/K is diffeomorphic toD via the map
gK �→ g(a). Hence the map

ε : g ∈ AutD �→ g(a) ∈ D
is the quotient map, which is a submersion. In particular, the evaluation map
X �→ X(a), which is the differential dει of ε at the identity ι ∈ AutD, is
surjective.
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(ii) ⇒ (iii). In the above notation, surjectivity of the evaluation map dει

implies that the map ε : g ∈ AutD �→ g(a) ∈ D is a submersion at the identity
ι and therefore open by Remark 2.1.18. Hence the orbit G(a) = {g(a) : g ∈
AutD} is open.

(iii) ⇒ (i). Since D is the disjoint union of all orbits, the orbit G(a) is also
closed. By connectedness of D, we have D = G(a).

Lemma 2.5.11 A homogeneous domainD is symmetric if it admits a symmetry
at some point. In particular, a homogeneous open unit ball of a complex Banach
space is a symmetric domain.

Proof As in Example 2.3.4, if D is homogeneous, then the symmetry sa at a
point a ∈ D is given by sa = g ◦ sp ◦ g−1, where sp is the given symmetry at
some p, and g ∈ AutD satisfies g(p) = a.

For the second assertion, we note that an open unit ball has a symmetry
s0(z) = −z at the origin.

Now let D be a bounded symmetric domain in a complex Banach space V .
It has been shown in Vigué [114, théorèm 3.2.6] that D is homogeneous. As in
the case of Riemannian symmetric spaces, the manifold D is diffeomorphic to
the homogenous space AutD/K , where K is the isotropy subgroup at a point
p ∈ D, with symmetry sp : D −→ D. The involution θ = Ad(sp) : autD −→
autD gives the ±1-eigenspace decomposition

autD = k ⊕ p, (2.40)

where p is the (−1)-eigenspace and is real linear isomorphic to the tangent space
TpD ≈ V via the evaluation mapX �→ X(p). Making use of the Carathéodory
norm on the tangent space V , we also have k ∩ ik = {0} as in Lemma 2.5.3.

As before, let

J : p −→ p

be the complex structure defined by (JX)(p) = iX(p) which satisfies Jθ =
θJ . With the complex structure J , p is complex isomorphic to V . Analogous
to Lemma 2.5.4 and (2.32), we have

[JX, JY ] = [X, Y ] and J [Z,X] = [Z, JX] (X, Y ∈ p, Z ∈ k).

Let gc be the complexification of autD. Using the same construction as
in the beginning of this section, where the correspondence is shown between
Hermitian symmetric spaces and JH*-triples, we obtain the decomposition

gc = p+ ⊕ kc ⊕ p−
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and a complex linear isomorphism

X ∈ p �→ X − iJX ∈ p+

such that p+ is a Jordan triple with triple product

{X, Y,Z}p+ = 1

8
[ [X, σY ], Z]

as in (2.34), apart from the scalar 1/8 which is added for later application. This
gives a Hermitian Jordan triple structure on p and V .

Proposition 2.5.12 Let D be a bounded symmetric domain in a complex
Banach space V . Then V admits a Hermitian Jordan triple structure.

Proof Following the above discussion, it suffices to show that p, as a complex
vector space which is complex isomorphic to V , is a Hermitian Jordan triple.
The triple product on p is obtained from p+ via the isomorphism X ∈ p �→
X − iJX ∈ p+.

Let X,Z ∈ p. Then the triple product in p+ is given by

1

8
[ [X − iJX, σ (Z − iJZ)], X − iJX ]

= 1

8
[ [X − iJX, θ (Z + iJZ)], X − iJX ]

= 1

8
[ [X − iJX, −Z − iJZ], X − iJX ]

= −1

4
[ [X,Z], X ] + 1

4
[ [JX,Z], JX ] + i(

1

4
[ [X,Z], JX ]

+ 1

4
[ [JX,Z], X ]).

Therefore p is equipped with the triple product

{X, Y,Z}p = −1

4
[ [X, Y ], Z ] + 1

4
[ [JX, Y ], JZ ], (2.41)

which is Hermitian. Indeed,

{X, iZ,X}p = {X, JZ,X}p = −1

4
[ [X, JZ], X ] + 1

4
[ [JX, JZ], JX ]

= 1

4
[ [JX,Z], X ] + 1

4
[ [X,Z], JX ] = −1

4
J [ [JX,Z], JX ]

+ 1

4
J [ [X,Z], X ]

= −J {X,Z,X}p.
Complex linearity in the outer variables can be verified likewise.
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It would be useful to have an explicit description of the vector fields in p

for a symmetric domain D. For simplicity, let us assume now that the bounded
symmetric domain D happens to be the open unit ball of the Banach space
V . Naturally we choose p = 0 ∈ D for the tangent space TpD and to simplify
notation, we consider a vector field X ∈ autD as a holomorphic map

X : D −→ V.

For X ∈ k, we have exp tX ∈ K = {g ∈ AutD : g(0) = 0} for all t ∈ R. It
follows from Cartan’s uniqueness theorem stated before Proposition 2.2.9 that
each exp tX : D −→ D is (the restriction of) a linear map and ‖ exp tX‖ ≤ 1
for all t ∈ R implies that iX is (the restriction) of a hermitian linear operator
on V . We recall that an element a in a Banach algebra A is called hermitian if
it has real numerical range N (a), which is equivalent to ‖ exp ita‖ = 1 for all
t ∈ R (cf. [10, p. 46]). A hermitian continuous linear operator T : V −→ V is
one which is hermitian as an element in the Banach algebraL(V ) of continuous
linear self-maps on V .

Remark 2.5.13 In the case above, we can and will regard each vector field
X ∈ k as i times a hermitian linear map on V and for each v ∈ V , the image
X(v) in V is well defined.

For each α ∈ D, there is a unique Xα ∈ p such that Xα(0) = α. Let Yα =
1
2 (Xα − iJXα), where J : p −→ p is the complex structure defined previously.
Then we have Yα(0) = α.

Define a holomorphic map F : D −→ D by

F (z) = exp Yz(0) (z ∈ D).

Evidently F (0) = 0. For v ∈ V and sufficiently small t ∈ R, we have tv ∈ D
and

F ′(0)(v) = d

dt

∣∣∣∣
t=0

F (tv) = d

dt

∣∣∣∣
t=0

exp tYv(0) = Yv(0) = v.

Again Cartan’s uniqueness theorem implies that F is the identity map; that is,

exp Yz(0) = z (z ∈ D).

As in (2.33), we have

[Yα, Yβ] = 1

4
[Xα − iJXα, Xβ − iJXβ ] = 0
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for allα, β ∈ D. Therefore we have from the Campbell–Baker–Hausdorff series
(2.18) that

(exp tYβ)(z) = (expYtβ )(expYz)(0) = exp(Ytβ+z)(0) = tβ + z.

It follows that

Yβ(z) = d

dt

∣∣∣∣
t=0

exp tYβ = β

is a constant vector field.
Given X ∈ p, the vector field [X, Yβ] ∈ k is linear for all Yβ which, together

with the fact that Yβ has zero derivative, implies that the derivative of X is
linear. Hence we must have

X(·) = X(0) + p(·), (2.42)

where p is a homogeneous polynomial on V of degree 2.

Remark 2.5.14 In view of (2.42), we can and will regard each vector field
X ∈ p on D as a quadratic polynomial on V . Together with Remark 2.5.13,
each vector fieldX ∈ aut D = k ⊕ p can be identified as a polynomial of degree
2 on V , and the exponential map expX : V −→ V is well defined.

Next, we compute the polynomial p in (2.42).

Lemma 2.5.15 LetD be the open unit ball of a complex Banach space V such
that D is a symmetric domain. Let V be equipped with the induced Hermitian
Jordan triple product {·, ·, ·} derived in Proposition 2.5.12 (2.41). Then in the
eigenspace decomposition autD = k ⊕ p, each X ∈ p is of the form

X(z) = X(0) − {z,X(0), z} (z ∈ D).

Proof By Proposition 2.5.12, the Jordan triple product of a = X(0), b = Y (0)
and c = Z(0) in V is given by

{a, b, c} = {X, Y,Z}p(0).

Let θ = Ad(s0) be the involution of autD, where s0 : D −→ D is the sym-
metry at 0. Since p is the (−1)-eigenspace of θ , we have X′(0) = 0 for all
X ∈ p. Indeed,

X′(0) = −θX′(0) = −s0
′(0)X′(0)s0

′(0) = X′(0)s0
′(0),

which gives

X′(0)(v) = X′(0)s0
′(0)(v) = X′(0)(−v) = −X′(0)(v) (v ∈ V )

and therefore X′(0) = 0.
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Now let X ∈ p. By (2.42), we have

X(·) = a − pa(·),

where a = X(0) and pa(v) = Pa(v, v) is a homogeneous polynomial on V of
degree 2, Pa being the polar form of pa .

Pick any z ∈ D with z = Y (0) and Y = z− pz, where pz(v) = Pz(v, v) is a
homogeneous polynomial of degree 2. We have

[Y,X](v) = X′(v)(Y (v)) − Y ′(v)(X(v)) = 2Pa(v, Y (v)) − 2Pz(v,X(v)).
(2.43)

Hence

[ [Y,X]Y ](0) = −[Y,X]′(0)(Y (0)) = −2P ′
a(0, Y (0))(Y (0))

+ 2P ′
z(0, X(0))(Y (0)) = −2Pa(0, Y ′(0)(Y (0))

− 2Pa(Y (0), Y (0)) + 2Pz(0, X
′(0)(Y (0))) + 2Pz(Y (0), X(0))

= −2Pa(z, z) + 2Pz(z, a).

Likewise, we have

[ [JY,X], JY ](0) = 2Pa(z, z) + 2Pz(z, a),

which gives

{Y,X, Y }p(0) = − 1

4
[ [Y,X]Y ](0) + 1

4
[ [JY,X], JY ](0) = Pa(z, z).

Therefore

X(z) = X(0) − pa(z) = a − Pa(z, z) = a − {z, a, z}.

Remark 2.5.16 Since both Pa and {·, a, ·} are symmetric bilinear maps,
we have Pa(z,w) = {z, a,w}. Also, Pia = −iPa , since the triple product is
Hermitian.

From now on, given a complex Banach space V with a symmetric open
unit ball, we will always assume the Hermitian Jordan triple structure in V
constructed above.

Lemma 2.5.17 Let D be the open unit ball of V such that D is a symmetric
domain. Then the operator a b + b a : V −→ V is a hermitian operator
for a, b ∈ V . In particular, a a is hermitian.
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Proof Let X, Y ∈ p be such that X(0) = a and Y (0) = ib. By (2.43), we have

[Y,X](v) = 2Pa(v, Y (v)) − 2Pib(v,X(v))

= 2{v, a, (ib − {v, ib, v})} − 2{v, ia, (a − {v, a, v})}
= 2{v, a, ib} − 2{v, ib, a} = 2((ib) a − a (ib))(v).

Since [Y,X] ∈ k, it follows from Remark 2.5.13 that i[Y,X] is a hermitian
linear map on V . In other words,

b a + a b = − i

2
(2((ia) a − a (ia))) = − i

2
[Y,X]

is hermitian.

Let us estimate the norm of a a = − i

4
[Y,X] in the above proof. We

recall from (2.14) that the norm ‖[Y,X]‖autD of the vector field [Y,X] in the
Banach Lie algebra autD is defined as sup{‖[Y,X](z)‖ : z ∈ B0}, where B0 is
an admissible neighbourhood of 0 ∈ D and hence rD ⊂ B0 for some r > 0.
Applying the open mapping theorem to the real continuous linear bijection
Z ∈ p �→ Z(0) ∈ V , one finds a constant k > 0 such that

‖Z‖autD ≤ k‖Z(0)‖ (Z ∈ autD). (2.44)

It follows that

‖a a‖ = sup
z∈D

‖a a(z)‖ = sup
z∈D

∥∥∥∥− i

4
[Y,X](z)

∥∥∥∥
≤ 1

4r
‖[Y,X]‖autD ≤ K

4r
‖Y‖autD‖X‖autD

≤ k2K

4r
‖Y (0)‖‖X(0)‖ = k2K

4r
‖a‖2. (2.45)

Given a = X(0), b = Y (0) and c = Z(0), using arguments as above and the
formula for the triple product in (2.41), we see that the triple product {·, ·, ·} is
continuous:

‖{a, b, c}‖ ≤ C‖a‖‖b‖‖c‖, (2.46)

where the constant C > 0 is independent of a, b and c.

Lemma 2.5.18 Let D be the open unit ball of V such that D is a symmetric
domain. For each a ∈ V with ‖a‖ = 1, the operator I − a a : V −→ V is
not invertible, where I is the identity operator on V .
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Proof Assume that I − a a is invertible. We deduce a contradiction.
For each v ∈ V , there is a unique Xv ∈ p such that Xv(0) = v. Let

Xv = −1

2
[Xv,Xa] +Xv ∈ k ⊕ p = autD.

By Remark 2.5.14 and (2.43), we have

Xv(a) = (−1

2
[Xv,Xa] +Xv)(a) = (I − a a)(v).

Let F : V −→ V be the holomorphic map

F (v) = expXv(a).

Then the differential dF0 is the evaluation map dF0(v) = Xv(a) = (I −
a a)(v), which, by assumption, is a linear isomorphism. Hence, by the inverse
function theorem, F maps an open neighbourhood of 0 homeomorphically
onto an open subset of the orbit {expXv(a) : v ∈ V }. This would contradict
the fact that ‖ expXv(a)‖ = 1 for all v ∈ V . To see the latter, we observe that
expXv : D −→ D is a biholomorphic map which is an isometry with respect to
the Carathéodory metric δD . LetD be the closed unit ball inV . By continuity, we
have expXv(D) ⊂ D. If expXv(a) ∈ D, then we have expXv(a) = expXv(z)
for some z ∈ D. Since δD is equivalent to the metric onD defined by the norm,
we have

0 = δD(expXv(a), expXv(z)) = lim
n→∞ δD(expXv(a − a/n), expXv(z))

= lim
n→∞ δD(a − a/n, z) = δD(a, z),

which gives a = z ∈ D and is impossible. Hence ‖ expXv(a)‖ = 1. This com-
pletes the contradiction and the proof.

We have already observed that the box operator a a is hermitian and
therefore its spectrum σ (a a) must lie in R. We will write σ (a a) < t ∈ R

to mean that λ < t for all λ ∈ σ (a a).

Lemma 2.5.19 Let D be the open unit ball of V such that D is a symmetric
domain. Then we have

{a ∈ V : σ (a a) < 1} ⊂ D.

Consequently σ (a a) ≤ 0 implies a = 0.

Proof Let σ (a a) < 1. If ‖a‖ > 1, then we have

σ

(
a

‖a‖
a

‖a‖
)
= 1

‖a‖2
σ (a a) < 1,
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which implies that the operator I − a
‖a‖

a
‖a‖ is invertible, contradicting Lemma

2.5.18. Therefore we must have ‖a‖ ≤ 1.
If σ (a a) ≤ 0, then ta ∈ D for all t ∈ R, which implies a = 0.

We shall strengthen Lemma 2.5.17 by showing that the box operator a a

has non-negative spectrum. Let V (a) be the closed subtriple in V generated
by a, which is the closed complex linear span of odd powers of a. We first
compare the two spectra σ (a a) and σ (a a|V (a)).

Lemma 2.5.20 Let b ∈ V (a). Then the spectrum σ (b b|V (a)) of the operator
b b|V (a) : V (a) −→ V (a) is contained in the spectrum σ (b b) of b b in
L(V ).

Proof In L(V ), consider the closed subalgebra

B = {T ∈ L(V ) : T (V (a)) ⊂ V (a)}
which contains the identity and the operator b b. Since σ (b b) ⊂ R, the
complement C\σ (b b) is connected. It follows that σB(b b) = σ (b b) (see,
for example, [99, p. 239]). Observe that the restriction map T ∈ B �→ T |V (a) ∈
L(V (a)) is an algebra homomorphism. In particular, we have σ (b b|V (a)) ⊂
σB(b b) and the result follows.

It follows from Lemma 2.5.17 that the operator b b|V (a) is hermitian in the
Banach algebra L(V (a)) of bounded complex linear operators on V (a). Let
V (a)0 be the closed linear span of V (a) V (a) |V (a) in L(V (a)). Since V (a)
is an abelian Jordan triple system by power associativity, V (a)0 is an abelian
closed subalgebra of L(V (a)). Moreover, polarisation gives

4x y = (x + y) (x + y) − (x − y) (x − y)

+ i((x + iy) (x + iy) − (x − iy) (x − iy)) (x, y ∈ V (a)).

Hence V (a)0 is the complexification of the hermitian elements in V (a)0 , and
by the Vidav–Palmer theorem [10, p. 65], V (a)0 is an abelian C*-algebra with
involution

(h+ ik)∗ = h− ik,

where h and k are hermitian elements in V (a)0.

Lemma 2.5.21 Let V be a complex Banach space which is a Hermitian Jordan
triple with continuous triple product. LetV (a) be the closed subtriple generated
by an element a ∈ V . Then we have

σ (a a) ⊂ 1

2
(S + S),
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where S = σ (a a|V (a)) ∪ {0}. Also, the spectrum σ (B(a, a)) of the Bergmann
operator B(a, a) : V −→ V is contained in (1 − S)(1 − S).

Proof Let V a be the a-homotope of V and denote its Jordan algebra product by
juxtaposition xy = {x, a, y} (cf. Definition 1.2.9). By continuity of the triple
product, we have

‖xy‖ = ‖{x, a, y}‖ ≤ C‖x‖‖y‖ (x, y ∈ V )

for some constant C > 0. Replacing the norm ‖ · ‖ by C‖ · ‖, we may assume
C = 1.

Let V a
1 = V a ⊕ C be the unit extension of V a . Since V (a) is abelian, it

is a closed associative subalgebra of V a and V (a)1 := V (a) ⊕ C is a unital
commutative Banach algebra.

Let σ (a) be the spectrum of a in V (a)1. It is identical with the spectrum
σ (La) of the left multiplication La : V (a)1 −→ V (a)1 given by

La(x) = ax = {a, a, x} = a a(x) (x ∈ V (a)).

Hence we have

σ (a) = σ (La) = σ (a a|V (a)) ∪ {0}.
The box operator a a : V −→ V is the left multiplication by a on the

Jordan algebra V a , which extends naturally to the left multiplication L̃a :
V a

1 −→ V a
1 by a.

The set L = {L̃b : b ∈ V (a)1} of left multiplications on V a
1 mutually com-

mute by power associativity (cf. Theorem 1.1.1). Let A be a maximal commu-
tative subalgebra of L(V a

1 ) containing L.
Let λ ∈ σ (a a) ⊂ σ (L̃a). Then there is a nonzero complex homomorphism

χ ofA such thatχ (L̃a) = λ. For eachb ∈ V (a)1, letQb = 2L̃2
b − L̃b2 : V a

1 −→
V a

1 be the quadratic operator defined in (1.1). We haveQb ∈ A and, in particular,
we can find λ1, λ2 ∈ C satisfying

λ1 + λ2 = 2λ and λ1λ2 = χ (Qa).

Let aj = a − λj ∈ V a
1 for j = 1, 2. Then Qaj = Qa − 2λj L̃a + λ2

j and hence
χ (Qaj ) = λ1λ2 − 2λjλ+ λ2

j = 0. Therefore Qaj is not invertible in A, and
also not invertible in L(V a

1 ), by maximal commutativity of A. It follows that
aj is not invertible in the Jordan algebra V a

1 , and also not invertible in V (a)1.
In other words, λj ∈ σ (a). This gives

λ = 1

2
(λ1 + λ2) ∈ 1

2
(S + S).
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The preceding argument also shows that the spectrum of the quadratic oper-
ator Qa : V a

1 −→ V a
1 is contained in SS, and that the Bergmann operator

B(a, a) = Qa − 2a a + id
V

on V is the quadratic operator Q1−a : V a −→ V a , where 1 is the adjoined
identity in V a

1 . It follows that σ (B(a, a)) ⊂ (1 − S)(1 − S).

Proposition 2.5.22 Let V be a complex Banach space with a symmetric open
unit ball and the induced Hermtian Jordan structure. Then for each a ∈ V , the
spectrum σ (a a) of the box operator a a is contained in [0,∞).

Proof LetV (a) be the closed subtriple inV generated by a. By Lemma 2.5.21, it
suffices to show thatσ (a a|V (a)) ⊂ [0,∞). As remarked before, the closed lin-
ear spanV (a)0 ofV (a) V (a)|V (a) is an abelien C*-algebra. The C*-sublagebra
A(a a) generated by the hermitian element a a|V (a) ∈ V (a)0 is isometrically
isomorphic to the C*-algebra C0(σ (a a|V (a))) of complex continuous func-
tions on σ (a a|V (a)), vanishing at infinity, and a a|V (a) identifies with the
identity function on the spectrum σ (a a|V (a)).

If σ (a a|V (a)) contains any negative real number, then there is a nonzero
function f ∈ C0(σ (a a|V (a))) vanishing on σ (a a|V (a)) ∩ [0,∞). Identify f
as an element in A(a a) ⊂ L(V (a)), which is the limit of a sequence of poly-
nomials pn in a a|V (a). By power associativity, we have pn(a) pn(a)|V (a) =
(p2

n)(a a)|V (a). It follows that f (a) f (a)|V (a) = (f 2)(a a)|V (a). As an ele-
ment in C0(σ (a a|V (a))), the function (f 2)(a a)|V (a) has non-positive spec-
trum. Hence σ (f (a) f (a)|V (a)) ≤ 0 and also σ (f (a) f (a)) ≤ 0. By Lemma
2.5.19, we have f (a) = 0, contradicting (f 2)(a a)|V (a) 	= 0.

Hence σ (a a|V (a)) ⊂ [0,∞).

Remark 2.5.23 Considering a a as a hermitian element in a C*-algebra in
the above proof, we have ‖(a a)3‖ = ‖a a‖3.

Corollary 2.5.24 Let V be a complex Banach space with a symmetric open
unit ball and the induced Hermtian Jordan structure. Then we have

{a ∈ V : σ (a a|V (a)) < 1} = {a ∈ V : σ (a a) < 1},

where V (a) denotes the closed subtriple generated by a, and

‖a‖∞ := ‖a a‖1/2 (a ∈ V )

defines a norm on V .
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Proof The first assertion follows from Lemma 2.5.20 and Lemma 2.5.21.
Since a a is an hermitian operator on V , the norm ‖a a‖ equals the

spectral radius of a a. If ‖a a‖ = 0, then Lemma 2.5.19 implies a = 0. It
remains to show that ‖ · ‖∞ satisfies the triangle inequality.

Let ‖a‖∞, ‖b‖∞ ≤ 1. We show ‖a + b‖∞ ≤ 2. Observe that

4 − (a + b) (a + b) = 2(I − a a) + 2(I − b b) + (a − b) (a − b),

where I is the identity operator on V and the operator on the right-hand side
has non-negative spectrum. Hence σ ((a + b) (a + b)) ⊂ [0, 4] concludes the
proof.

By Lemma 2.5.19, the ball D∞ := {a ∈ V : ‖a‖∞ < 1} is contained in the
open unit ball D of V , equivalently, ‖ · ‖ ≤ ‖ · ‖∞. Hence these two norms are
equivalent by (2.45). We shall see that they are actually identical.

The preceding lengthy exposition exhibits a number of important properties
of the Banach space (V, ‖ · ‖∞) and motivates the following definition.

Definition 2.5.25 A complex Banach space (V, ‖ · ‖) is called a JB*-triple if
it is a Hermitian Jordan triple with a continuous triple product and the box
operator a a of each element a ∈ V satisfies the following conditions:

(i) a a is a hermitian operator on V , that is, ‖ exp it(a a)‖ = 1 for all
t ∈ R;

(ii) a a has non-negative spectrum;
(iii) ‖a a‖ = ‖a‖2.

To summarise, we have shown that (V, ‖ · ‖∞) is a JB*-triple. Although our
demonstration was based on the assumption that the given symmetric domain is
the open unit ball of the complex Banach space V , we have nevertheless shown
the central tenets of analogous arguments for arbitrary bounded symmetric
domainsD in V . Indeed, via a suitable local chart at a point p ∈ D, one can use
similar arguments to show that ‖a‖∞ := ‖a a‖1/2 defines a complete norm
on V , turning it into a JB*-triple. Further, it follows from Kaup [70, proposition
4.7] that the ball D∞ = {a ∈ V : ‖a‖∞ < 1} can be considered as a universal
covering of the given domainD and the covering map is actually biholomorphic.
This gives an infinite-dimensional version of the Riemann mapping theorem,
as follows.

Theorem 2.5.26 Let D be a bounded symmetric domain in a complex Banach
space V . Then there is a norm ‖ · ‖∞ on V such that (V, ‖ · ‖∞) is a JB*-triple
and D is biholomorphic to the open unit ball D∞ of (V, ‖ · ‖∞).
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As a special case of this theorem, we show in the next theorem thatD = D∞
if D is the original open unit ball of V . We first look into the symmetry of
D∞. Let a ∈ D∞ and let I be the identity operator on V , which is a JB*-triple
in the norm ‖ · ‖∞. By Lemma 2.5.21, the Bergmann operator B(a, a) has
positive spectrum. For each x ∈ D∞, the linear operator I − x a : V −→ V

is invertible, since σ (x a) < 1. The latter follows from the observation that
the polarization

x a =
∑
ε4=1

ε

(
x + εa

2

) (
x + εa

2

)
implies that the numerical range N (x a) of x a is contained in the square
(−1, 1)2 ⊂ C by Lemma 2.5.21. Replacing x by λx in the above argument for
all complex numbers λ of unit modulus, we see that

N (x a) ⊂
⋂
|λ|=1

λ(−1, 1)2 = {z ∈ C : |z| < 1}. (2.47)

LetXa be the vector fieldXa(z) = a − {z, a, z} onD∞, andXa the constant
vector field taking value a ∈ D∞. By Kaup [70, proposition 4.6], the map
ga : D∞ −→ D∞ defined by

ga = (expXa) ◦ B(a, a)1/2 ◦ exp(Xa −Xa)

is a biholomorphic map with inverse g−a such that ga(0) = a and g′a(0) =
B(a, a)1/2. This gives an explicit description of homogeneity of D∞. In
fact, expXa(z) = a + z is a translation by a and exp(Xa −Xa)(z) = (I +
z a)−1(z) for z ∈ D∞. Hence the map ga , called the Möbius transformation
induced by a, has the form

ga(z) = a + B(a, a)1/2(I + z a)−1(z) (z ∈ D∞) (2.48)

in terms of the Jordan structures of V .
We can now complete the special case of Theorem 2.5.26 and conclude this

section with some examples.

Theorem 2.5.27 A complex Banach space V is a JB*-triple if and only if its
open unit ball D is a symmetric domain.

Proof Given a JB*-triple V with open unit ballD∞ = {a ∈ V : σ (a a) < 1},
the preceding argument shows that D∞ is homogeneous and hence symmetric.

Conversely, letV be a complex Banach space in which the open unit ballD is
symmetric. Then we have already shown that V is a JB*-triple in the equivalent
norm ‖a‖∞ = ‖a a‖1/2 and D∞ = {a ∈ V : ‖a‖∞ < 1} ⊂ D. We complete
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the proof by showing that D∞ = D and hence ‖ · ‖∞ is the original norm of
V .

If there exists ‖v‖ < 1 and ‖v v‖ = 1, then σ (tv tv) < 1, that is, tv ∈
D∞, for 0 < t < 1. Let γ : (0, 1) −→ D∞ be the curve γ (t) = tv. We show
that γ has infinite length in D∞, giving a contradiction and completing the
proof.

At each point tv ∈ D∞, the tangent space TtvD∞ = V has the Carathéodory
norm

‖u‖tv = sup{|f ′(tv)(u)| : f ∈ H (D∞, U ), f (tv) = 0} (u ∈ V ).

The Möbius transformation gtv : D∞ −→ D∞ defined in (2.48) satisfies
gtv(0) = tv and g′tv(0) = B(tv, tv)1/2.

When restricting to the closed subtriple V (v) generated by v in V , the
Bergmann operator B(tv, tv) has the form

B(tv, tv) = idv − 2t2v v + t4(v v)2

by power associativity, where idv is the identity map on V (v). Therefore
B(tv, tv)1/2v = (idv − t2(v v))(v). Let f = g−1

tv so that f (tv) = 0 and

f ′(tv)(v) = g′tv(0)−1(v) = (idv − t2(v v))−1(v)

= v + t2(v v)(v) + t4(v v)2(v) + · · · . (2.49)

Let R(v) be the closed real linear span of odd powers of v in V and let
R ⊂ L(V ) be the closed real linear span of the box operators R(v) R(v).
Since R(v) is flat, each box operator a b = 1

2 (a b + b a) is hermitian for
a, b ∈ R(v), by Lemma 2.5.17. Hence we have ‖a b‖ ≤ ‖a‖∞‖b‖∞ since,
as shown previously, ‖a‖∞, ‖b‖∞ < 1 implies σ (a b) < 1. Let

A = R(v) ⊕�1 R|V (v)

be the �1-sum of real Banach spaces, where R(v) is equipped with the norm
‖ · ‖∞, and define a product in A by

(a ⊕ h)(b ⊕ k) = (h(b) + k(a)) ⊕ (a b|V (v) + hk).

Then A is a real abelian Banach algebra. Since ‖v v|V (v)‖ = 1, there exists
a real linear character χ : A −→ C such that χ (v v|V (v)) = 1, which implies
χ (v) 	= 0.

From (2.49), we have

‖f ′(tv)(v)‖ ≥ |χ (f ′(tv)(v))| = |χ (v) + t2χ (v) + t4χ (v) + · · · | = |χ (v)|
1 − t2

.
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It follows that∫ s

0
‖γ ′(t)‖tvdt =

∫ s

0
‖v‖tvdt ≥

∫ s

0

|χ (v)|
1 − t2

= |χ (v)|
2

log
1 + s

1 − s

for s < 1. Letting s → 1, we get the contradiction that γ has infinite length.

Remark 2.5.28 The above theorem and the remark before it imply immediately
that, for all a, b in a JB*-triple, ‖a b‖ ≤ ‖a‖‖b‖ if a b is hermitian. Since
a b + b a is hermitian, (2.47) also implies ‖a b + b a‖ ≤ 2‖a‖‖b‖ and
‖a b − b a‖ = ‖ia b + b ia‖ ≤ 2‖a‖‖b‖. It follows that

‖a b‖ ≤ 2‖a‖‖b‖. (2.50)

By Remark 2.5.23, we also have

‖{a, a, a}‖2 = ‖{a, a, a} {a, a, a}‖ = ‖(a a)3‖ = ‖a a‖3 = ‖a‖6.

In particular, ‖a‖ = 1 if a is a nonzero tripotent.

Corollary 2.5.29 Let W be a closed subtriple of a JB*-triple. Then W , with
the inherited Jordan structure, is itself a JB*-triple.

Proof This is because the open unit ball DW = D ∩W of W is homogeneous
for if a ∈ DW , then the Möbius transformation ga ∈ AutD in (2.48) satisfies
ga(0) = a and ga(DW ) ⊂ D ∩W .

Definition 2.5.30 A JB*-tripleV is called a JBW ∗-triple if, as a Banach space,
it has a predual.

By Theorem 2.5.27, the spaces of matrices in Theorem 2.5.9 are all finite
dimensional JBW*-triples. Infinite-dimensional examples are given next.

Example 2.5.31 LetH andK be complex Hilbert spaces, and let J : H −→ H

be a conjugation; that is, J is a conjugate linear isometry and J 2 is the identity
map on H .

The Hermitian Jordan triple L(H,K) of bounded linear operators between
H and K , defined in Example 1.2.6, has the trace-class operators as its pre-
dual. Consider the Hermitian Jordan triple L(H ) = L(H,H ), which is a von
Neumann algebra. For each a ∈ L(H ), the box operator a a has the form

a a(x) = 1

2
(aa∗x + xa∗a)

and it follows that

‖a‖2 = ‖aa∗ + a∗a‖ = ‖a a(1)‖ ≤ ‖a a‖ ≤ ‖a‖2.
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It is not difficult to show that a a has a non-negative numerical range
(cf. Lemma 3.1.3). Hence L(H ) is a JBW*-triple.

The Hermitian Jordan triple L(H,K) can be embedded naturally as a
closed subtriple of L(H ⊕K) and is therefore a JBW*-triple. It is an infinite-
dimensional generalization of the first space Mmn(C) in Cartan’s classification
in Theorem 2.5.9. Hence it is called a type 1 or rectangular type Cartan factor.

The closed subtriples {a ∈ L(H ) : a = −Ja∗J } and {a ∈ L(H ) : a =
Ja∗J } of L(H ) generalize the second and third spaces in Cartan’s classfi-
cation in Theorem 2.5.9, hence called respectively a type 2 (or symplectic type)

and a type 3 (or Hermitian type) Cartan factor. They are JBW*-triples since
they are weak* closed in L(H ).

The triple spin factor Spn(H ), defined in Theorem 2.5.9, also called a type 4
Cartan factor, is a JBW*-triple. In fact, it is a reflexive Banach space. The
finite-dimensional JB*-triples M1,2(O) and H3(O) are called the type 5 and
type 6 Cartan factors, respectively. They are also called the exceptional Cartan
factors.

Example 2.5.32 Given a complex Hilbert space (H, 〈, ·, ·〉), the linear isometry
x ∈ L(C,H ) �→ x(1) ∈ H identifies the two spaces and induces a JB*-triple
structure on H . The adjoint x∗ of x ∈ L(C,H ) is given by x∗(h) = 〈h, x(1)〉
for h ∈ H and hence the triple product in H can be expressed as

{x, y, z} = 1

2
(〈x, y〉z+ 〈z, y〉x).

In all the examples of JBW*-triples given above, it is evident that the triple
product is separately weak* continuous.

Example 2.5.33 Every C*-algebra is a closed subtriple of L(H ) for some
Hilbert space H and hence carries the structure of a JB*-triple in which the
tripotents are exactly the partial isometries. In particular, the abelian C*-algebra
C0(�) of complex continuous functions on a locally compact Hausdorff space
�, vanishing at infinity, is a JB*-triple with the Jordan triple product

{f, g, h} = f gh (f, g, h ∈ C0(�)),

where g denotes the complex conjugate of g.
A von Neumann algebra A is a JBW*-triple with unique predual and the

triple product in A is separately weak* continuous, since involution x∗ and
multiplication xy in A are separately weak* continuous.
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Definition 2.5.34 A closed subtriple of L(H ) for some Hilbert space H is
called a JC*-triple. If V is a JC*-triple as well as a JBW*-triple, it is also
called a JW*-triple.

JC*-triples are called J*-algebras in Harris [49]. We shall see that JB*-
triples share many common features with C*-algebras and can be viewed as a
generalization of C*-algebras. Nevertheless, it cannot be overemphasized that
the predominant role of JB*-triples is in complex geometry. We see from the
previous discussion that JB*-triples are a study of quadratic vector fields on
bounded symmetric domains.

Notes

There is a substantial literature on infinite-dimensional manifolds, Lie groups
and Lie algebras. The basic material presented in this chapter can be found in
Bourbaki [12], Chevalley [20], Dieudonné [33], Helgason [51], Klingenberg
[75], Lang [81], Omori [94], Upmeier [111] and Varadarajan [112].

The two key words in the chapter are “Jordan structures” and “symmetric
manifolds.” Our object is to expose their close relationship. An important link
for this is the automorphism group AutM of a particular symmetric manifold
M , which carries the structure of a Lie group and induces a TKK Lie algebra.
From this, the related Jordan structure is derived. For a bounded domain M
in Cn, it was first shown by H. Cartan [18] that AutM is a Lie group. If
M is a connected complex Banach manifold with a compatible metric, it has
been shown by Upmeier [110] that AutM is a Lie group in the topology of
locally uniform convergence. For the special case of a bounded domain M in
a complex Banach space of any dimension, this result has also been proved by
Vigué [114]. All these results have been proved carefully and completely in
Upmeier [111]. If M is a finite-dimensional connected Riemannian manifold,
it is a well-known result of Myers and Steenrod [91] that the isometry group
G(M) ofM is a Lie group. The proof of Theorem 2.2.17 that the biholomorphic
isometry group Ga(M) is a Lie group, where the Riemannian manifold M can
be infinite-dimensional, follows the ideas and exposition of Upmeier [111].
The metrizable topology defined on Ga(M) is the topology of locally uniform
convergence mentioned previously.

The geometry of finite-dimensional symmetric cones and related Jordan
structures, as well as analysis on these cones, has been treated comprehensively
in Faraut and Koranyi [38]. Satake’s book [103] also discusses connections
between Jordan algebraic structures, finite-dimensional symmetric cones and
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bounded symmetric domains. Proposition 2.3.24 is an infinite-dimensional
extension of the result in Hirzebruch [55, satz 2.1]. Theorem 2.3.32 is taken
from Chu [21]. Manifolds of finite rank tripotents in JB*-triples have been
studied in Chu and Isidro [26].

The extension of the concept of an orthogonal involutive Lie algebra to
infinite dimension was introduced in Chu [22]. Its motivation comes from
the correspondence between Riemannian symmetric spaces and orthogonal
involutive Lie algebras, a well-known fact in finite dimensions [11, 63]. This fact
in the infinite-dimensional case has been shown in Chu [22]. In Definition 2.4.4,
orthogonality is defined in terms of a completely positive definite quadratic form
instead of a positive definite quadratic form in Chu [22]. The definition of a JH-
triple given in Definition 2.4.19 is more general than the one given in Chu [22];
the latter assumes non-degeneracy and continuity of the triple product. Hence
the correspondence between JH-triples and a class of Riemannian symmetric
spaces, shown in Theorem 2.4.31, covers a wider class of Jordan Hilbert triples
than the one given in Chu [22].

Cartan domains are called classical domains in Hua’s book [59]. In Fried-
man’s book [39], bounded symmetric domains are called homogeneous balls
and have been identified as a mathematical model for several areas of physics.
The concept of a JB*-triple and the correspondence between bounded sym-
metric domains and JB*-triples are due to Kaup [69, 70]. Prior to this, Loos
established the correspondence between finite-dimensional bounded symmet-
ric domains and Jordan pairs by showing that, in finite dimensions, the circled
bounded symmetric domains are exactly the open unit balls of Jordan triples
with the spectral norm [85]. The key to the construction of the Jordan triple
product from a symmetric Banach manifold D is the result that the complete
holomorphic vector fields autD are quadratic polynomial vector fields. This
result is also crucial in deriving further properties of the triple product. An
alternative construction of the triple product via a TKK Lie algebra is given
in Proposition 2.5.12, which relates the triple product to the curvature tensor
directly. Apart from this, the development in the last section leading to Theorem
2.5.26 and Theorem 2.5.27 can be found in the seminal papers [69] and [70].
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Jordan structures in analysis

3.1 Banach spaces

The importance of Jordan structures in geometry has been amply demonstrated
in the previous chapter. We go on to show their useful role in analysis. In this
section, we discuss Jordan structures in Banach spaces. To begin, we observe
that every complex Banach space V admits a subspace with a Hermitian Jordan
structure in the following way. Let D be the open unit ball in V and let

aut D = k ⊕ p

be the eigenspace decomposition induced by the symmetry s0(z) = −z at the
origin 0 ∈ D. Although D need not be homogeneous in general, and hence
the evaluation map X ∈ autD �→ X(0) ∈ V need not be surjective, the vector
fields X ∈ p are still polynomials of degree 2, without a linear term, as derived
in (2.42). Let

Vs = {X(0) : X ∈ autD} = {X(0) : X ∈ p}.
The restriction of each X ∈ autD to the open unit ball Ds = D ∩ Vs of Vs is a
complete vector field onDs . By (2.44), Vs is a closed subspace of V and admits
a Hermitian Jordan triple structure via p, as in Proposition 2.5.12. In fact, since
the evaluation map X ∈ autDs �→ X(0) ∈ Vs is surjective, the open unit ball
of Vs is homogeneous by Lemma 2.5.10 and hence Vs is a JB*-triple. We call
Vs the symmetric part of V ; it is the largest subspace of V with a symmetric
open unit ball under the action of AutD. Of course, Vs = V if, and only if, V
itself is a JB*-triple.

The fact that every complex Banach space V contains a subspace Vs which
is a JB*-triple is a remarkable phenomenon. This suggests that Vs and its
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relationship with V should be an interesting object of study. For instance, it can
be used to characterize Banach algebras satisfying the von Neumann inequality.
A Banach algebraAwith identity 1 is said to satisfy the von Neumann inequality
if for each a ∈ A with ‖a‖ ≤ 1,

‖p(a)‖ ≤ sup{|p(α)| : |α| = 1}
for every polynomial p with complex coefficients. It has been shown in Arazy
[5] and, Chu and Mellon [29] that A satisfies the von Neumann inequality if,
and only if, 1 ∈ As .

The study of Hermitian symmetric spaces and related Jordan structures
motivates the following definition.

Definition 3.1.1 A complex Banach space V is called a Hermitian Jordan
Banach triple or J*-triple if it is a Hermitian Jordan triple with a continuous
triple product such that the box operator a a : V −→ V is hermitian for all
a ∈ V .

Remark 3.1.2 To avoid confusion, it should be noted that a Banach space
which is a Hermitian Jordan triple need not be a Hermitian Jordan Banach
triple! Indeed, any Banach *-algebra A is a Hermitian Jordan triple in the triple
product

{a, b, c} = (a ◦ b∗) ◦ c + a ◦ (b∗ ◦ c) − b∗ ◦ (a ◦ c),
where ◦ is the special Jordan product in A.

Both JH*-triples and JB*-triples are Hermitian Jordan Banach triples.
Although the structures of JH*-triples and JB*-triples are now well under-
stood, the larger class of Hermitian Jordan Banach triples, which correspond to
symmetric Banach manifolds, are less so. This is an important class of Banach
spaces from the geometric perspective and deserves further investigation. A
Hermitian Jordan Banach triple is called positive if the spectrum of each box
operator a a lies in [0,∞) (cf. Definition 1.2.29). The negative Hermitian
Jordan Banach triples are the ones in which the spectrum of each a a lies in
(−∞, 0]. The sign of these Jordan triples relates to the opposite sign of the
curvature of the corresponding symmetric manifolds. JB*-triples are positive.

Lemma 3.1.3 A positive Hermitian Jordan Banach triple V is a JB*-triple
if, and only if, ‖{a, a, a}‖ = ‖a‖3 for all a ∈ V . In particular, JB*-triples are
anisotropic.

Proof The necessity follows from Remark 2.5.28. Conversely, given that V
is a positive Hermitian Jordan Banach triple, the proof of Corollary 2.5.24
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reveals that

‖a‖∞ := ‖a a‖1/2 (a ∈ V )

defines a norm on V . The domain D∞ := {a ∈ V : ‖a‖∞ < 1} is contained in
the open unit ball D of V , since

‖a‖2
∞ = ‖a a‖ ≥

∥∥∥∥(a a)

(
a

‖a‖
)∥∥∥∥ = ‖a‖2 (a ∈ V ).

Continuity of the triple product implies that the norm ‖ · ‖∞ is equivalent to
the original norm ‖ · ‖. The bounded domain D∞ has a symmetry s0(z) = −z
at 0 and is homogeneous via the Möbius transformations in (2.48). Hence
(V, ‖ · ‖∞) is a JB*-triple by Theorem 2.5.27, and in particular, we have

‖{a, a, a}‖∞ = ‖a‖3
∞

by Remark 2.5.28. We complete the proof by showing that ‖ · ‖ = ‖ · ‖∞.
Otherwise, we would have ‖v‖ < ‖v‖∞ = 1 for some v ∈ V , which entails the
contradiction

lim
n→∞ v

3n = 0 and lim
n→∞‖v3n‖∞ = 1.

In this section, we derive the basic analytic properties of JB*-triples, but we
present some examples first.

Example 3.1.4 Let {Vα}α∈A be a family of JB*-triples. Then the �∞-sum

�∞⊕
α∈A

Vα

is a JB*-triple in the triple product

{(xα), (yα), (zα)} := ({xα, yα, zα}),
which is well defined by Remark 2.5.28 and satisfies ‖{(xα), (xα), (xα)}‖ =
supα ‖xα‖3.

Definition 3.1.5 A complex Jordan algebra B with a conjugate linear algebra
involution ∗ is called a JB∗-algebra or JordanC∗-algebra if it is also a Banach
space in which the norm satisfies

‖ab‖ ≤ ‖a‖‖b‖, ‖a∗‖ = ‖a‖, ‖{a, a, a}‖ = ‖a‖3

for all a, b ∈ B, where {·, ·, ·} denotes the canonical Hermitian Jordan triple
product defined in (1.12). A JB*-algebra is called a JBW*-algebra if it has a
predual.
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Given a JB*-algebra B, its self-adjoint part

Bsa = {a ∈ B : a∗ = a}
forms a JB-algebra in the inherent Jordan product [47, 3.8.2] and we have

B = Bsa + iBsa.

Conversely, it has been shown in Wright [117] that a JB-algebra A can be
complexified to a JB*-algebra A so that A identifies with the self-adjoint part
Asa of A.

We see from Example 2.3.9 that the exceptional Jordan algebra H3(O) is a
JB*-algebra. A C*-algebra A is a JB*-algebra in the canonical triple product

{a, b, c} = 1

2
(ab∗c + cb∗c).

Lemma 3.1.6 A JB*-algebra B, with the canonical Hermitian Jordan triple
product

{a, b, c} = (ab∗)c + a(b∗c) − b∗(ac),

is a JB*-triple. Hence a JBW*-algebra is a JBW*-triple.

Proof In the canonical triple product, B is a Hermitian Jordan triple with
continuous triple product. In view of Lemma 3.1.3, we only need to show that
B is a positive Hermitian Jordan Banach triple.

For each z ∈ B, it has been shown in Youngson [119, theorem 6] that z = z∗

if, and only if, the left multiplication Lz : B −→ B is hermitian.
Let a = a∗ in B. Then a a = La2 is hermitian. The closed subalgebra A

generated by a in B is associative and is therefore an abelian C*-algebra, since
each x ∈ A satisfies

‖x‖3 = ‖(xx∗)x‖ ≤ ‖xx∗‖‖x‖ ≤ ‖x‖2‖x∗‖ = ‖x‖3.

When A is identified as the algebra C0(�) of complex continuous functions
vanishing at infinity on some locally compact Hausdorff space �, it is readily
seen that the operator

a a|A : A −→ A

has non-negative spectrum, since it is just the left multiplication by |a|2. The
closed subtriple V (a) generated by a is contained in A and hence a a|V (a)

also has non-negative spectrum, as in Lemma 2.5.20. By Lemma 2.5.21, we
have σ (a a) ⊂ [0,∞).

Given x ∈ B, we can write x = a + ib with a = a∗ and b = b∗. Since

x x = a a + b b + 2i(LbLa − LaLb),
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where the left multiplications La and Lb are hermitian, x x is hermitian
(cf. [10, p. 47]).

Observe that

x∗ x∗ = ∗ ◦ (x x) ◦ ∗,
where ∗ : B −→ B is the involution of B. Hence σ (x∗ x∗) = σ (x x). Now

x x + x∗ x∗ = 2a a + 2b b

implies σ (x x) ⊂ [0,∞).

An important feature of JB*-triples is that their norm and triple product
determine each other completely. We first show that a complex Banach space
can admit at most one JB*-triple structure.

Theorem 3.1.7 Let ϕ : V −→ W be a surjective linear isometry between two
JB*-triples V and W . Then ϕ is a triple isomorphism.

Proof Consider V and W as the tangent space at 0 of the open unit balls
DV and DW , respectively, which are symmetric domains. As in (2.40), let
autDW = k ⊕ p be the eigenspace decomposition of complete holomorphic
vector fields on DW , induced by the symmetry s0(w) = −w at 0 ∈ DW .

Let a ∈ V . Then there is a unique vector field Yϕ(a) ∈ p such that Yϕ(a)(0) =
ϕ(a). Likewise, let Xa be the unique complete holomorphic vector field on
DV such thatXa(0) = a. Since ϕ : DV −→ DW is a surjective linear isometry,
ϕXaϕ

−1 is a complete holomorphic vector filed on DW satisfying

(ϕXaϕ
−1)(0) = ϕ(a).

Hence we have ϕXaϕ
−1 = Yϕ(a). This gives, by Lemma 2.5.15,

ϕ(a) − {ϕ(z), ϕ(a), ϕ(z)}
= Yϕ(a)(ϕ(z)) = (ϕXaϕ

−1)(ϕ(z)) = ϕ(a) − ϕ{z, a, z} (z ∈ DV )

and hence

ϕ{z, a, z} = {ϕ(z), ϕ(a), ϕ(z)} (z ∈ DV ),

which proves that ϕ is a triple isomorphism by polarisation.

We will prove the converse of the above theorem later. In the special case
of C*-algebras, this theorem subsumes, but more importantly, provides a
geometric perspective of a well-known result on linear isometries between
them [65].
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Given a complex Banach space V , we define its conjugate V to be the
Banach space V , but with scalar multiplication (λ, x) ∈ C × V �→ λx ∈ V .
The conjugate V of a JB*-triple V is also a JB*-triple in the same triple
product.

In analogy to the fact that JB-algebras are real forms of JB*-algebras, we
introduce JB-triples as real forms of JB*-triples. First, we define, as usual, a
conjugation on a complex Banach space V to be a conjugate linear isometry
τ : V −→ V such that τ 2 is the identity map. A conjugation τ on a JB*-triple
V can be viewed as a complex linear isometry τ : V −→ V . In particular, it
preserves the triple product, by Theorem 3.1.7.

Definition 3.1.8 A real form of a JB*-triple V is a closed real subtriple of the
form

V τ = {x ∈ V : τ (x) = x},

where τ is a conjugation on V . A real Banach space E which is a real Jordan
triple is called a JB-triple or a real JB*-triple if its hermitification (Ec, {·, ·, ·}h),
defined in (1.24), can be normed to become a JB*-triple.

Lemma 3.1.9 The JB-triples are exactly the real forms of JB*-triples and
identify with the class of real closed subtriples of JB*-triples.

Proof Let E be a JB-triple. Then its hermitification Ec = E ⊕ iE is a JB*-
triple and τ (a + ib) = a − ib is a conjugation on Ec. Hence E = {x ∈ Ec :
τ (x) = x} is a real form of Ec.

Given a real form V τ of a JB*-triple V , the hermitification

V τ
c = V τ ⊕ iV τ = V

is a JB*-triple.
Let E be a real closed subtriple of a JB*-triple V . Then the �∞-sum V ⊕ V

is a JB*-triple and E can be identified as the closed real subtriple {(x, x) ∈
V ⊕ V : x ∈ E} of V ⊕ V . The hermitification E ⊕ iE of E identifies as a
closed subtriple of V ⊕ V via the embedding

x ⊕ iy ∈ E ⊕ iE �→ (x, x) + i(y, y) = (x + iy, x − iy) ∈ V ⊕ V

and is a JB*-triple by Corollary 2.5.29.

In the sequel, the (real) dual space of a real Banach space V , for instance, a
JB-triple, will be denoted by V ′.
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Example 3.1.10 Real C*-algebras and JB-algebras are JB-triples. Of course,
JB*-triples can be viewed as JB-triples when restricted to real scalar multi-
plication. Although Theorem 3.1.7 still holds for real C*-algebras [23] and
JB-algebras [118], it is no longer true for arbitrary JB-triples. A surjective lin-
ear isometry ϕ between JB-triples need not preserve the triple product [30] but
only satisfies the condition

ϕ(a3) = ϕ(a)3 (a ∈ V ).

We discuss isometries further in Section 3.4.

It is evident that the geometry of symmetric domains hinges on the spectrum
σ (a a) of the box operators. We now develop further the spectral theory
of JB*-triples. Let V be a JB*-triple and let a ∈ V \{0}. If dimV <∞, then
the element a admits a spectral decomposition, by Theorem 1.2.34, and, in
Definition 1.2.35, one defines the triple spectrum of a. We now extend the
concept of a triple spectrum to infinite dimension and derive useful spectral
properties of JB*-triples.

As before, let V (a) be the closed subtriple of V generated by a, and let R(a)
be the real closed subtriple of V generated by a. The latter is the closed real
linear span of odd powers of a and

V (a) = R(a) + iR(a).

Let R ⊂ L(V ) be the closed real linear span of R(a) R(a). By power
associativity, V (a) is abelian and R(a) is flat. Hence each operator u v is
hermitian for u, v ∈ R(a) and ‖u v‖ ≤ ‖u‖‖v‖ by Remark 2.5.28. Also,
R|V (a) is a real abelian Banach subalgebra of L(V (a)). Let

A = R(a) ⊕�1 R|V (a)

be the �1-sum of Banach spaces and define a product in A by

(u⊕ h)(v ⊕ k) = (h(v) + k(u)) ⊕ (u v|V (a) + hk).

Then A is a real abelian Banach algebra and R(a) can be identified with
R(a) ⊕ 0 ⊂ A. Let � be the spectrum of A, consisting of all characters of
A, where a character of A is a nonzero real linear multiplicative functional
χ : A −→ C which is necessarily continuous and is actually the restriction
of a character on the complexification A⊕ iA of A. The spectrum � is
locally compact in the topology of pointwise convergence, and � ∪ {0} is
compact.
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The Banach algebra quasi-spectrum σ ′
A(b) of each b ∈ A is given by

σ ′
A(b) = {0} ∪ {χ (b) : χ ∈ �}.

We note that χ (a) 	= 0 for each χ ∈ �, since χ does not vanish on A. Hence
χ (a2) = χ (a)2 	= 0, where a2 = a a|V (a).

For each b ∈ R(a) ⊂ A, the quasi-spectrum σ ′
A(b2) is the same as the quasi-

spectrum of b b|V (a) in R|V (a), which is a Banach subalgebra of L(V (a)).
Lemma 2.5.20 implies that the quasi-spectrum of b b|V (a) in L(V (a))

is contained in [0,∞) and is therefore the same as the quasi-spectrum
σ ′(b b|V (a)) of the element b b|V (a) in the subalgebra R|V (a) ⊂ L(V (a)),
by the same reason as given in the proof of Lemma 2.5.20. It follows that
σ ′
A(b2) = σ ′(b b|V (a)) ⊂ [0,∞) and χ (b2) ∈ [0,∞) for each χ ∈ �. This

implies χ (b) ∈ R for each χ ∈ �.
The spectrum � is the disjoint union of two open subsets,

S = {χ ∈ � : χ (a) > 0} and T = {χ ∈ � : χ (a) < 0}.

Let C0(S,R) be the real JB*-triple of real continuous functions on S, vanishing
at infinity. The Gelfand transform

̂ : R(a) −→ C0(S,R)

defined by

b̂(χ ) = χ (b) (b ∈ R(a), χ ∈ S)

is a real triple homomorphism and extends naturally to a complex triple homo-
morphism̂ : V (a) −→ C0(S,C). These two triple homomorphisms are actu-
ally isomorphisms.

Observe that for each b ∈ V (a), the element b2 = b b|V (a) is hermitian in
the complex abelian Banach algebra A⊕ iA since

‖ exp(it b b|V (a))‖ ≤ ‖ exp(it b b)‖ ≤ 1 (t ∈ R).

Hence the norm ‖b b|V (a)‖ coincides with the spectral radius of b b|V (a)

[10, p. 54]; that is,

‖b b|V (a)‖ = sup{|χ (b b|V (a))| : χ ∈ �c}
= sup{|χ (b b|V (a))| : χ ∈ �},

where each character χ ∈ � is the restriction of a character in the spectrum �c

of A⊕ iA and we use the same symbol for both characters.
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We first show that the map ̂ : R(a) −→ C0(S,R) is isometric. Indeed, for
b ∈ R(a), we have

‖b̂‖2 = sup{|̂b(χ )|2 : χ ∈ S}
= sup{χ (b)2 : χ ∈ S}
= sup{χ (b)2 : χ ∈ S ∪ T }
= sup{χ (b b|V (a)) : χ ∈ �}
= ‖b b|V (a)‖ ≤ ‖b b‖ = ‖b‖2.

On the other hand,

‖b‖2 = ‖(b b)(‖b‖−1b)‖ ≤ ‖b b|V (a)‖ = ‖b̂‖2.

Next, each z ∈ V (a) is an element in the complexification A⊕ iA of A and
by the definition of the algebraic product, z2 = z z|V (a). Let z = b + ic ∈
R(a) + iR(a). Then we have

z z = b b + c c + i(c b − b c)

and it follows that

χ (z2) = χ (z)χ (z) (χ ∈ �).

Hence, as before, we have

‖̂z‖2 = sup{|̂z(χ )|2 : χ ∈ S}
= sup{χ (z)χ (z) : χ ∈ S}
= sup{|χ (z z|V (a))| : χ ∈ �}
= ‖z z|V (a)‖.

Again, this leads to ‖z‖ = ‖̂z‖.
Finally, we show that the map̂ : R(a) −→ C0(S,R) is surjective. We first

observe that the map

â : χ ∈ S �→ â(χ ) = χ (a) ∈ â(S) = |σ ′(a)\{0}| ⊂ (0,∞)

is a homeomorphism, since the algebra A is generated by a. Therefore the map

f ∈ C0(̂a(S),R) �→ f ◦ â ∈ C0(S,R)

is an isometric isomorphism.
Let p ∈ C0(̂a(S),R) be an odd polynomial. We have

p ◦ â(χ ) = p(̂a(χ )) = p(χ (a)) = χ (p(a)) = p̂(a)(χ ) (χ ∈ S),

where p(a) is an odd polynomial in a and belongs to R(a).
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Let F ∈ C0(S,R). Then F = f ◦ â for some f ∈ C0(̂a(S),R), and f

extends to an odd function f̃ ∈ C0(̂a(S) ∪ −â(S),R) satisfying

f̃ (−â(χ )) = −f (̂a(χ )) (χ ∈ S).

Hence f̃ is the uniform limit of a sequence (pn) of odd polynomials inC0(̂a(S) ∪
−â(S),R). Each pn restricts to an odd polynomial pn |̂a(S) in C0(̂a(S),R), and

it follows that pn |̂a(S) ◦ â = p̂n(a) with pn(a) ∈ R(a). This gives

F = f ◦ â = f̃ |̂a(S) ◦ â = lim
n
pn |̂a(S) ◦ â = lim

n
p̂n(a) ∈ R̂(a),

proving the surjectivity of ̂ : R(a) −→ C0(S,R) as well as that of its extension
to V (a).

We note that the nonzero real triple homomorphisms ψ : C0(S,R) −→ R

of C0(S,R) are exactly the point evaluations {±δχ : χ ∈ S}. Identifying R(a)
with C0(S,R), we see that the nonzero real triple homomorphisms of R(a)
are exactly the restrictions {χ |R(a) : χ ∈ �}, and the nonzero complex triple
homomorphisms of V (a) are exactly the restrictions �|V (a).

The above discussion leads to a natural notion of spectrum in JB*-triples.

Definition 3.1.11 Let V be a JB*-triple and let a ∈ V \{0}. Let V (a) be the
closed subtriple generated by a. We denote by�(a) the spectrum of the operator
a a|V (a) : V (a) −→ V (a), where �(a) is a compact subset of [0,∞). The
symmetrized triple spectrum of a is defined to be the compact set

Sp (a) = {t ∈ R : t2 ∈ �(a)},

where Sp (a) = −Sp (a) is the union of two compact subsets

Sp (a)+ = {t ∈ [0,∞) : t2 ∈ �(a)} and

Sp (a)− = {t ∈ (−∞, 0] : t2 ∈ �(a)}.

We define the triple spectrum of a to be the set

s(a) = Sp (a)+\{0}.

We see from the preceding construction of the Gelfand map ̂ that

�(a)\{0} = σ ′
A(a2)\{0} = {χ (a2) : χ ∈ �}, Sp (a)\{0} = {χ (a) : χ ∈ �}

and also

Sp (a)+\{0} = {χ (a) : χ ∈ S} = â(S).
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We note that s(a) ∪ {0} is compact by compactness of S ∪ {0}. Moreover, we
have

Sp (a) ∪ {0} = {χ (a) : χ is a (real) triple homomorphism of R(a)}
= {χ (a) : χ is a (complex) triple homomorphism of V (a)}

and

‖a‖ = sup s(a) = sup{|χ (a)| : χ is a (real) triple homomorphism of R(a)}.
Summarising, we draw the following conclusion.

Theorem 3.1.12 Let V be a JB*-triple and a ∈ V \{0}. Then there is an iso-
metric triple isomorphism � from the closed subtriple V (a) generated by a
to the C*-algebra C0(s(a),C) of complex continuous functions on the triple
spectrum s(a), vanishing at infinity, such that

�(a)(s) = s (s ∈ s(a)).

The restriction of � to the real closed subtriple R(a) generated by a is an iso-
metric triple isomorphism to the real C*-algebraC0(s(a),R) of real continuous
functions on s(a), vanishing at infinity.

Let V τ be a JB-triple which is a real closed subtriple of a JB*-triple V . Given
a ∈ V τ , it is evident that the real closed subtriple R(a) of V τ generated by a is
also the smallest real closed subtriple of V containing a. Hence R(a) identifies
with C0(s(a),R) as before.

Remark 3.1.13 We note that C0(s(a),C) is isometrically triple isomorphic to

Codd(Sp (a),C) = {f ∈ C(Sp (a),C) : f (−s) = −f (s),∀s ∈ Sp (a)}.
Example 3.1.14 If e is a tripotent in a JB*-triple, then R(e) = Re and e has
triple spectrum s(e) = {1}. LetV = M2(C) be the C*-algebra of 2 × 2 complex

matrices. Then the C*-algebra spectrum of the tripotent

(
0 1
0 0

)
is {0}.

Let {eij } be the matrix units in M2(C) and let a =
(

1 0
0 −2

)
. Then

the box operator a a : M2(C) −→ M2(C) has a 4 × 4 diagonal matrix rep-
resentation with respect to the ordered basis {e11, e12, e21, e22}, with diago-
nal entries {1, 5/2, 5/2, 4}. Hence a a has spectrum σ (a a) = {1, 5/2, 4}.
We have V (a) = Ce11 + Ce22, and the spectrum of the restriction operator
a a|V (a) : V (a) −→ V (a) is {1, 4}. The triple spectrum of a is s(a) = {1, 2}
and the symmetrized triple spectrum Sp (a) = {±1,±2}. The C*-algebra spec-
trum of a ∈ M2(C) is {1,−2}. In fact, we have the following result.
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Corollary 3.1.15 Let a be a nonzero self-adjoint element in a C*-algebra A.
Let σ ′

A(a) be the C*-algebra quasi-spectrum of a. Then the triple spectrum
s(a) is just the set |σ ′

A(a)\{0}| = {|α| : α ∈ σ ′(a)\{0}}.
Proof We have V (a) ⊂ C∗(a), where C∗(a) is the abelian C*-subalgebra gen-
erated by a and the C*-algebra quasi-spectrum of a is given by

σ ′
A(a) = {0} ∪ {ρ(a) : ρ is a character of C∗(a)}.

Since each character ρ of C∗(a) restricts to a nonzero complex triple homo-
morphism of V (a), we have ρ(a) ∈ s(a) or −ρ(a) ∈ s(a).

On the other hand, Lemma 2.5.20 implies that�(a) = σ (a a|V (a)) is con-
tained in the spectrum σ (a a) of the box operator a a : C∗(a) −→ C∗(a),
which is the left multiplication on C∗(a) by a2. Identifying C∗(a) with the
C*-algebra C0(σ ′

A(a)\{0}), and the element a with the identity function on
σ ′
A(a)\{0}, we see that

σ (a a) ⊂ {t2 : t ∈ σ ′
A(a)},

which implies s(a) ⊂ |σ ′
A(a)\{0}|.

Corollary 3.1.16 A Hermitian Jordan Banach triple V is a JB*-triple if, and
only if, the closed subtriple V (a) generated by each a ∈ V is isometrically
triple isomorphic to an abelian C*-algebra.

Proof If V is a Hermitian Jordan Banach triple and if V (a) is iso-
metrically triple isomorphic to an abelian C*-algebra C0(s(a),C), then
we have ‖{a, a, a}‖ = ‖a‖3 and a a|V (a) has non-negative spectrum.
By Lemma 2.5.21, σ (a a) ⊂ [0,∞). The sufficiency now follows from
Lemma 3.1.3.

Let J be a closed triple ideal of an abelian C*-algebra A. It is readily
seen that J is an algebra ideal of A and hence the quotient A/J is an abelian
C*-algebra. If π : A −→ V is a triple homomorphism onto a Banach space V
which is a Hermitian Jordan triple, then A/π−1(0) is an abelian C*-algebra and
triple isomorphic to V . Since π induces an abelian Banach algebraic structure
on V , it follows that A/π−1(0) is isometric to V .

Remark 3.1.17 In fact, the closed triple ideals in any C*-algebra are exactly
the closed two-sided algebra ideals. We refer to Barton and Timoney [7] for a
proof. It can also be shown that a closed subspace J of a JB*-triple V is a triple
ideal if, and only if, {V, J, J } ⊂ J [15].

Corollary 3.1.18 Let V be a JB*-triple and J a closed triple ideal of V . Then
the quotient space V/J is a JB*-triple.
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Proof The quotient map π : V −→ V/J is a surjective triple homomorphism
and V/J is a Hermitian Jordan Banach triple. For each a ∈ V , let V (π (a))
be the closed subtriple generated by π (a) in V/J . Then V (π (a)) = π (V (a)),
where V (a) is isometrically triple isomorphic to an abelian C*-algebra A. By
the above observation, a continuous triple homomorphic image of A, and hence
V (π (a)), is isometrically isomorphic to an abelian C*-algebra.

Corollary 3.1.19 Let ϕ : V −→ W be a triple homomorphism between two
JB*-triples V and W . Then ϕ is contractive. The same conclusion holds if V
and W are JB-triples.

Proof Let a ∈ V \{0} and let V (a) be the JB*-subtriple generated by a. Then
ϕ(V (a)) is the JB*-subtriple W (ϕ(a)) generated by ϕ(a) in W . Further, for
each complex triple homomorphism χ of W (ϕ(a)), the composite χ ◦ ϕ is a
complex triple homomorphism of V (a). It follows that

‖ϕ(a)‖ = sup{|χ (ϕ(a))| : χ is a triple homomorphism of W (ϕ(a))} ≤ ‖a‖.
The arguments using R(a) for JB-triples do not change.

The following result is the converse of Theorem 3.1.7 and shows uniqueness
of the norm in a JB*-triple.

Theorem 3.1.20 Let ϕ : V −→ W be a triple isomorphism between two JB*-
triples V and W . Then ϕ is a linear isometry. The same conclusion holds if V
and W are JB-triples.

Proof Apply Corollary 3.1.19 to ϕ and its inverse ϕ−1.

Corollary 3.1.21 Let V be a JB*-triple which is the vector space direct sum
V = V1 ⊕ V2 of two closed subtriples V1 and V2. If V1 V2 = {0}, then ‖v1 +
v2‖ = max{‖v1‖, ‖v2‖} for vj ∈ Vj and j = 1, 2.

Proof The �∞-sum V1 ⊕�∞ V2 is a JB*-triple which is triple isomorphic, and
hence isometric, to V .

3.2 Holomorphic mappings

From the perspective of the Riemann mapping theorem, the open unit ball of
a JB*-triple can be regarded as an infinite-dimensional generalization of the
open unit disc in C, since every bounded symmetric domain in a complex
Banach space is biholomorphic to such a ball. Cartan domains, as well as
the two exceptional domains, are open unit balls of JB*-triples. It is therefore
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natural to study function theory on the open unit ball of a JB*-triple and expect
some fruitful applications of Jordan structures. Of course, analysis on finite-
dimensional bounded symmetric domains is already a vast and rich enterprise,
and literature abounds. The novelty here is the application of Jordan methods
in the infinite-dimensional setting. We will show several infinite-dimensional
results on holomorphic maps to highlight the use of Jordan structures.

Let D be the open unit ball of a JB*-triple V . A natural question comes
to mind is the boundary structure of D. Answering this question would be a
lengthy task and we refer to Loos [85], Sauter [102] and Wolf [116] for details.
It involves analyzing the manifold of tripotents in V and its components. A
simple task, however, is to identify the extreme points extD of the closed unit
ball D. We show they are complete tripotents of V . As before, let

autD = k ⊕ p

be the eigenspace decomposition induced by the symmetry s0 at 0 ∈ D. Inte-
gration of vector fields in autD has been computed explicitly in Kaup [70].

A point u ∈ D is called a complex extreme point if whenever v ∈ V satisfies
u+ λv ∈ D for all complex numbers λ of modulus at most 1, we have v = 0.
Evidently, an extreme point of D is also a complex extreme point.

A point u ∈ D is called a holomorphic extreme point if for every open
neighbourhood� ⊂ C of 0 and holomorphic mapf : � −→ D ⊂ V satisfying
f (0) = u, we have f ′(0) = 0. Plainly, a holomorphic extreme point is also a
complex extreme point.

Lemma 3.2.1 Let u be a tripotent in a JB*-tripleV . Then the Peirce projections
Pk(u) (k = 0, 1, 2) induced by u are all contractive and we have

exp it(u u) = P0(u) + eit/2P1(u) + eitP2(u).

Proof Since the box operator u u has eigenvalues 0, 1/2 and 1, with cor-
responding eigenspaces P0(u)V, P1(u)V and P2(u)V , the spectral mapping
theorem implies that the linear isometry exp it(u u) has eigenvalues 0, eit/2

and eit as well as

exp it(u u) = P0(u) + eit/2P1(u) + eitP2(u) (t ∈ R).

For each v ∈ V , we have

‖v‖=‖ exp it(u u)v‖=‖P0(u)v + eit/2P1(u)v + eit P2(u)v‖ for all t ∈ R.

It follows that

‖Pk(u)v‖ ≤ ‖v‖ (k = 0, 1, 2).
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For t = 2π in Lemma 3.2.1, we have

exp 2πi(u u) = P0(u) − P1(u) + P2(u) = B(u, 2u),

where B(u, 2u) : V −→ V is the Bergmann operator and the last equality
follows from (1.33). The isometry exp 2πi(u u) is involutive and fixes u, but
is not necessarily a symmetry at u in the manifold of tripotents of V (cf. [26,
p. 747]). However, it is called the Peirce symmetry at u. Since

P0(u) + P2(u) = 1

2
(1 + B(u, 2u)),

it is also a contractive projection on V .
We observe that, if a JB*-triple V admits a nonzero tripotent u, then the

u-homotope of the Peirce 2-space P2(u)V is a JB*-algebra in the inherited
norm, with involution defined by

a∗ := {u, a, u},
and u becomes the identity of the algebra. This often enables us to make
use of results in JB*-algebras and reduce a problem concerning JB*-triples to
one of JB*-algebras. For simplicity, we use the same notation P2(u)V for its
u-homotope and write the product by juxtaposition:

ab = {a, u, b}.
Remark 3.2.2 Since we have not yet removed the constant 2 from the inequality
in (2.50), one can show ‖ab‖ ≤ ‖a‖‖b‖ in P2(u)V in the following way. For a
self-adjoint element a = a∗ = {u, a, u}, the triple identity implies {u, a, b} =
{a, u, b} for b ∈ P2(u)V , and hence the box operator a u|P2(u)V is hermitian
on the JB*-triple P2(u)V . Therefore

‖ab‖ = ‖a u(b)‖ ≤ ‖a‖‖u‖‖b‖ = ‖a‖‖b‖,
by Remark 2.5.28. Also, the triple product [·, ·, ·] of the u-homotope with
involution ∗ coincides with the original triple product on P2(u)V :

[x, y, x] = {x, y∗, x}u = {x, {u, y∗, u}, x} = {x, y, x}.
It follows that the self-adjoint part {a ∈ P2(u)V : a = a∗} of P2(u)V is a JB-
algebra and its complexification is P2(u)V itself which, as noted before, can
be equipped with a norm ‖ · ‖ to become a JB*-algebra. Since a JB*-algebra
is also a JB*-triple and the norm in a JB*-triple is unique, ‖ · ‖ is the original
norm of P2(u)V .

We recall that a tripotent u in a Jordan triple system V is called complete if
the Peirce space V0(u) equals {0}.
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Theorem 3.2.3 Let D be the open unit ball of a JB*-triple V and let u ∈ V .
The following conditions are equivalent:

(i) u is an extreme point of D.
(ii) u is a complex extreme point of D.

(iii) u is a complete tripotent.
(iv) u is a holomorphic extreme point of D.

Proof (ii)⇒ (iii). The closed subtripleV (u) generated by u is triple isomorphic
to an abelian C*-algebra A in which the complex extreme points of the closed
unit ball are partial isometries. It follows that u is a tripotent. One needs to
show that P0(u)V = {0}. We first observe that {z, u, z} = 0 for z ∈ P0(u)V , by
the Peirce multiplication rule.

Let X(·) = u− {·, u, ·} be the unique vector field in p such that X(0) = u.

The integral curve exp tX(z) of X can be described explicitly by [70, theorem
2.25]. In our case, however, one can verify easily that, for z ∈ P0(u)V , the flow

gt (z) = (tanh t)u+ z

solves the differential equation

dgt (z)

dt
= X(gt (z)).

Hence

D ⊃ exp tX(P0(u)V ∩D) = (tanh t)u+ (P0(u)V ∩D).

Letting t →∞, we see that u+ (P0(u)V ∩D) ⊂ D, which implies that
P0(u)V = {0}.

(iii) ⇒ (iv). For v ∈ V , we write

v = v1 + v2 ∈ V1(u) ⊕ V2(u)

for its Peirce decomposition. Let � be an open neighbourhood of 0 ∈ C and
f : � −→ D a holomorphic map satisfying f (0) = u.

Let X be the unique vector field in p such that X(0) = u. For each t ∈ R,
write gt = exp(−tX). We have

gt (u) = u and g′t (u)(v1 + v2) = etv1 + e2t v2.

Observe that {gt ◦ f : t ∈ R} is a family of holomorphic maps from � to
V , uniformly bounded, and gt ◦ f (0) = u. By the Cauchy inequality (2.1),
{g′t (u)(f ′(0)) : t ∈ R} is bounded in V and hence f ′(0) = 0.
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(iv) ⇒ (i). By (iv), u is a complex extreme point of D and hence a complete
tripotent by (ii) ⇒ (iii). Let u+ λv ∈ D for all λ ∈ [−1, 1]. We show v = 0 to
complete the proof.

Let v = v1 + v2 ∈ P1(u)V ⊕ P2(u)V be the Peirce decomposition of v. By
Lemma 3.2.1, we have

u+ λv2 ∈ D and u+ λeitv1 + λv2 ∈ D (t ∈ R).

Now P2(u)V is a JB*-algebra as noted before and u is a complex extreme
point of its closed unit ball. By the result [14, lemma 4.1] for JB*-algebras,
u is an extreme point of the ball and hence v2 = 0. It follows that v1 = 0
also.

An immediate consequence of the above result is that JBW*-triples con-
tain many (complete) tripotents by the Krein–Milman theorem, although the
JB*-triple C0[0, 1] of complex continuous functions on [0, 1], vanishing at 0,
contains none except 0. In fact, we can say much more.

Corollary 3.2.4 Let V be a JBW*-triple. Then V is the norm-closed linear
span of the extreme points of its closed unit ball D.

Proof Pick any nonzero a in the open unit ball D. Evidently, the Möbius
transformation

ga(z) = a + B(a, a)1/2(I + z a)−1(z)

can be extended to a biholomorphic map g̃a on a neighbourhood ofD. Given any
extreme point u ∈ D, we have g̃a(αu) ∈ D for |α| = 1 and it is easily verified
that g̃a(αu) is a holomorphic extreme point. We can define a holomorphic map
f : � −→ V on a neighbourhood � of the open unit disc in C by

f (α) = g̃a(αu) (α ∈ �)

so that f (0) = a. By the mean value property of f , we have

a = 1

2π

∫ 2π

0
g̃a(eiθu)dθ,

which is in the norm-closed linear span of the extreme points of D.

The facial structure of the closed unit ball of a JBW*-triple and its predual
has been studied in detail in Edwards and Rüttiman [35]. We will not pursue this
linear aspect of JB*-triples. Instead, we are concerned with two holomorphic
maps which are fundamental in the geometry of the open unit ball D of a JB*-
triple V , namely, the Bergmann operator on V and the Möbius transformation
on D. The significance of the Bergmann operator can be seen from the fact
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that, in finite dimensions, the Bergmann metric h on D, which is a Hermitian
metric, is given by

hp(z,w) = h0(B(p, p)−1z,w) (p ∈ D),

where the metric at 0 is given by

h0(z,w) = Trace (z w)

(cf. [85, theorem 2.10]). In Corollary 3.2.4, we have already made use of the
Möbius transformation ga at a ∈ D, introduced in (2.48):

ga(z) = a + B(a, a)1/2(I + z a)−1(z) (z ∈ D),

which is related to the Bergman operator and g′a(0) = B(a, a)1/2.

Example 3.2.5 Let D be the open unit ball of a Hilbert space (V, 〈·, ·〉). Then

extD = {v ∈ V : ‖v‖ = 1}.
For each a ∈ D, the Bergmann operator B(a, a) is given by

B(a, a)(v) = v − 2{a, a, v} + {a, {a, v, a}, a}
= (1 − ‖a‖2)(v − 〈v, a〉a),

which is a self-adjoint operator on V .
Let u ∈ extD be such that a = ‖a‖u. Let V = V1(u) ⊕ V2(u) be the Peirce

decomposition induced by u. Then we have

B(a, a)(v) =
{

(1 − ‖a‖2)v (v ∈ V1(u))
(1 − ‖a‖2)2v (v ∈ V2(u)).

The inverse of B(a, a) can be easily computed, and

B(a, a)−1(z) = 1

1 − ‖a‖2

(
z+ 〈z, a〉 a

1 − ‖a‖2

)
(z ∈ V ).

Also, one can verify that

B(a, a)1/2(z) =
√

1 − ‖a‖2

(
z+ (

√
1 − ‖a‖2 − 1)〈z, a〉 a

‖a‖2

)
.

It follows that B(a, a)1/2(a) = (1 − ‖a‖2)a = a − {a, a, a} and

B(a, a)−1/2(z) = B(a, a)−1B(a, a)1/2(z)

= B(a, a)−1

(√
1 − ‖a‖2

(
z+ (

√
1 − ‖a‖2 − 1)〈z, a〉 a

‖a‖2

))
= 1√

1 − ‖a‖2

(
z+ 1 −

√
1 − ‖a‖2

‖a‖2
√

1 − ‖a‖2
〈z, a〉a

)
.
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In particular,

B(a, a)−1/2(a) = a

1 − ‖a‖2
.

Direct computation gives

(I + z a)−1z = z− z a(z) + (z a)2(z) − (z a)3(z) + · · ·
= z− 〈z, a〉z+ 〈z, a〉2z− 〈z, a〉3z+ · · ·
= z

1 + 〈z, a〉 (z ∈ D).

It follows that the Möbius transformation ga is given by

ga(z) = a + B(a, a)1/2(I + z a)−1(z)

= a +
√

1 − ‖a‖2

1 + 〈z, a〉
(
z+ (

√
1 − ‖a‖2 − 1)〈z, a〉 a

‖a‖2

)
= a + Ea(z) +

√
1 − ‖a‖2(I − Ea)(z)

1 + 〈z, a〉 (z ∈ D),

where Ea is the projection from V onto the subspace Ca.
Now let V = Cn. The Bergmann metric on D is given by

h0(z,w) = n+ 1

2
〈z,w〉

ha(z,w) = n+ 1

2
〈B(a, a)−1z,w〉 (a ∈ D, z,w ∈ Cn)

= n+ 1

2(1 − ‖a‖2)2
((1 − ‖a‖2)〈z,w〉 + 〈z, a〉〈a,w〉).

We have already discussed the case n = 1 in Example 2.5.5.

The Möbius transformations ga (a ∈ D) on the open unit ball D in a JB*-
triple V determine its automorphism group AutD. We first note that, using
the Hahn–Banach theorem, the Schwarz lemma for the open unit disc in C

can be readily extended to D; that is, given a homomorphic map h : D −→ D

satisfying h(0) = 0, we must have ‖h(z)‖ ≤ ‖z‖ for all z ∈ D.

Proposition 3.2.6 Let D be the open unit ball of a JB*-triple V . Then

AutD = {ϕ ◦ ga : a ∈ D, ϕ is a linear isometry on V }.
Proof Let g ∈ AutD and a = g−1(0). Let ϕ = g−ag−1. Then ϕ ∈ AutD and
ϕ(0) = 0. Since for all t ∈ R, the automorphisms ϕ(eit ·) and eitϕ(·) have the
same value and the same derivative at 0, they are equal, by Cartan’s uniqueness
theorem. It follows that ϕ is a linear isometry and we have g = ϕ−1g−a .
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Example 3.2.7 The bidisc U × U in C2 is not biholomorphic to the open ball

B = {(z,w) ∈ C2 : |z|2 + |w|2 < 1}.
We have

Aut (U × U ) = {g : g(z1, z2) = (g1(zσ1 ), g2(zσ2 )), g1, g2 ∈ AutU},
where σ is a permutation of {1, 2}. On the other hand,

AutB = {ϕ ◦ ga : ϕ ∈ U (2), a ∈ B}.
The isotropy group

(AutB)0 = {ϕ ∈ AutB : ϕ(0) = 0} = U (2)

is not abelian, whereas, by Example 2.5.5, we have the isotropy group

Aut (U × U )0 = {(eiα, eiβ ) : α, β ∈ R},
which is abelian.

In analysis, one often needs to estimate the norm of the Bergmann operator.
In the case of Hilbert spaces and abelian C*-algebras, the norm can be computed
exactly from the explicit expression of the operator.

Lemma 3.2.8 Let D be the open unit ball of a Hilbert space V and let a ∈ D.
Then we have

‖B(a, a)1/2‖2 = ‖B(a, a)‖ =
{

(1 − ‖a‖2)2 if dimV = 1
1 − ‖a‖2 if dimV ≥ 2.

Proof The first equality holds, since B(a, a) is self-adjoint. From Example
3.2.5, we have

B(a, a)(z) = (1 − ‖a‖2)(z− 〈z, a〉a) (z ∈ V ),

where

‖z− 〈z, a〉a‖2 = 〈z− 〈z, a〉a, z− 〈z, a〉a〉
= ‖z‖2 − 2|〈z, a〉|2 + |〈z, a〉|2‖a‖2

< ‖z‖2 − |〈z, a〉|2 ≤ ‖z‖2.

Hence ‖B(a, a)(z)‖ ≤ (1 − ‖a‖2)‖z‖.
If V = C, we have actually the equality |B(a, a)(z)| = (1 − |a|2)2|z|.
If dimV ≥ 2, we can pick a unit vector z0 ∈ V orthogonal to a, and therefore

‖B(a, a)‖ ≥ ‖B(a, a)z0‖ = ‖(1 − ‖a‖2)z0‖ = 1 − ‖a‖2,

which proves ‖B(a, a)‖ = 1 − ‖a‖2.
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If V is a JC*-triple contained in some L(H ), then the Bergmann operator
has the form

B(a, b)(x) = x − 2{a, b, x} + {a, {b, x, b}, a}
= x − ab∗x − xb∗a + ab∗xb∗a

= (1 − ab∗)x(1 − b∗a),

where 1 denotes the identity operator in L(H ). In particular, we have

B(a, a)(x) = (1 − aa∗)x(1 − a∗a)

and

B(a, a)1/2(x) = (1 − aa∗)1/2x(1 − a∗a)1/2 (x ∈ V )

This readily gives the estimate

‖B(a, a)1/2‖ ≤ ‖(1 − aa∗)1/2‖‖(1 − a∗a)1/2‖
= ‖1 − aa∗‖1/2‖1 − a∗a‖1/2 ≤ 1. (3.1)

One can compute the norm ‖1 − aa∗‖ via the Hilbert space H . For each
a ∈ V ⊂ L(H ), we define

α(a) = inf{‖aξ‖ : ξ ∈ H, ‖ξ‖ = 1} and

β(a) = inf{‖a∗ξ‖ : ξ ∈ H, ‖ξ‖ = 1}.
Lemma 3.2.9 Let D be the open unit ball of a JC*-triple V ⊂ L(H ) and let
a ∈ D. We have ‖B(a, a)1/2‖2 ≤ (1 − α(a)2)(1 − β(a)2).

Proof This follows from (3.1) and ‖(1 − aa∗)1/2‖2 = sup
‖ξ‖=1

〈(1 − aa∗)ξ, ξ 〉 =
1 − β(a)2 as well as ‖(1 − a∗a)1/2‖2 = 1 − α(a)2.

For JB*-algebras, one can obtain an estimate of ‖B(a, a)‖ independent of
Hilbert spaces. For a self-adjoint element b in a unital JB*-algebraA, the closed
subalgebra generated by b and the identity 1 is an unital abelian C*-algebra.
The spectrum σ (b) of b in the latter algebra is called the C*-spectrum of b.

Lemma 3.2.10 Let D be the open unit ball of a unital JB*-algebra A and let
a ∈ D. Then we have

‖B(a, a)1/2‖2 ≤ (1 − inf σ (aa∗))(1 − inf σ (a∗a)),

where σ (aa∗) and σ (a∗a) denote respectively the C*-spectra of aa∗ and a∗a.

Proof This can be seen easily from functional calculus, since the closed sub-
algebra of A generated by aa∗ and the identity 1 identifies with the algebra
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C(σ (aa∗)) of complex continuous functions on the spectrum σ (aa∗) ⊂ [0,∞),
where aa∗ identifies with the identity function id : σ (aa∗) → σ (aa∗). Hence
‖1 − aa∗‖ = 1 − inf σ (aa∗) and likewise ‖1 − a∗a‖ = 1 − inf σ (a∗a).

Example 3.2.11 On the open unit ball D of a JC*-triple V , the Möbius trans-
formation ga induced by a ∈ D has the form

ga(x) = a + B(a, a)1/2(1 + x a)−1(x)

= a + (1 − aa∗)1/2(1 + x a)−1(x)(1 − a∗a)1/2

= a + (1 − aa∗)1/2(1 − x a + (x a)2

− (x a)3 + · · · )(x)(1 − a∗a)1/2

= a + (1 − aa∗)1/2(x − xa∗x + xa∗xa∗x

− xa∗xa∗xa∗x + · · · )(1 − a∗a)1/2

= a + (1 − aa∗)1/2(1 − xa∗ + (xa∗)2 − (xa∗)3 + · · · )x(1 − a∗a)1/2

= a + (1 − aa∗)1/2(1 − xa∗)−1x(1 − a∗a)1/2.

Example 3.2.12 Let D be the open unit ball of an abelian C*-algebra, repre-
sented as a continuous function space C0(�) on some locally compact Haus-
dorff space �. Let a ∈ D. The Bergmann operator B(a, a) has the form

B(a, a)(f ) = f − 2{a, a, f } + {a, {a, f, a}, a}
= f − 2|a|2f + |a|2f |a|2
= (1 − |a|2)2f (f ∈ C0(�)),

where the last factorisation can be regarded as a convenient shorthand, since
C0(�) may not contain an identity. It follows immediately that

B(a, a)1/2(f ) = (1 − |a|2)f

and

‖B(a, a)1/2‖ = ‖1 − |a|2‖ = 1 − inf |a|2.

We also have

(I + z a)−1z = z− z a(z) + (z a)2(z) − (z a)3(z) + · · ·
= z− az2 + a2z3 − a3z4 + · · ·
= z

1 + az
(z ∈ D).
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Hence the Möbius transformation ga has the familiar form

ga(z) = a + B(a, a)1/2(1 + z a)−1(z)

= a + (1 − |a|2)z

1 + az

= a + z

1 + az
(z ∈ D).

We note that the linear fractional transformation z ∈ D �→ Fa(z) =
(I + z a)−1z ∈ C0(�) has the derivative

F ′
a(z)(v) = v

(1 + za)2
= B(z,−a)−1(v) (z ∈ D, v ∈ C0(�)),

and it follows that

g′a(z) = B(a, a)1/2B(z,−a)−1, (3.2)

which is in fact true for all JB*-triples (cf. [70, (2.18)]).

Returning to an arbitrary JB*-triple V , letD be the open unit ball and let a ∈
D. The Bergmann operator B(a, a) is invertible since it has positive spectrum.
Although B(a, a) need not be a hermitian operator on V [73, example 4.5],
its square root can be expressed as the exponential of a hermitian operator on
V . To see this, we make use of the formula g′a(0) = B(a, a)1/2 and write the
Möbius transformation ga as the exponential of a vector field X : D −→ V .

We first identify, via Theorem 3.1.12, the real closed subtriple R(a) gen-
erated by a with the JB-triple C0(s(a),R) of continuous functions on the
triple spectrum s(a). Denote by f (a) the element in R(a) corresponding to the
function f ∈ C0(s(a),R). Let α = tanh−1(a) ∈ R(a). Then R(α) = R(a). Let
X(·) = α − {·, α, ·} ∈ p be the unique vector field such that X(0) = α. By [70,
Proposition 4.6], ga = expX and the one-parameter group exp tX : D −→ D

satisfies exp tX(0) = tanh(tα) ∈ R(a). Since

d

dt
(exp tX(z)) = X(exp tX(z)) = α − {exp tX(z), α, exp tX(z)} (z ∈ D),

differentiation gives

d

dt
(exp tX)′(0) = −2{exp tX(0), α, (exp tX)′(0)}

= −2(exp tX(0) α)(exp tX(0)),

where (exp tX)′(0) : V −→ V is the identity map at t = 0. For this initial
condition, the solution of the equation is given by

(exp tX)′(0) = exp

(
−2

∫ t

0
(exp sX(0) α)ds

)
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and in particular,

B(a, a)1/2 = g′a(0) = (expX)′(0) = exp

(
−2

∫ 1

0
(exp sX(0) α)ds

)
.

(3.3)
As noted in the proof of Theorem 2.5.27, the box operator u v : V −→ V is
hermitian for u, v ∈ R(a) and hence the integral is a hermitian linear operator
on V , since the hermitian operators in L(V ) form a real closed subspace [10,
p. 47].

It follows from Bonsall and Duncan [10, p. 54] that the norm of
B(a, a)1/2 coincides with its spectral radius, and the same applies to the norm
‖B(a, a)−1/2‖.

By Lemma 2.5.21, the spectrum of B(a, a) is contained in (1 − S)(1 − S),
where sup S = ‖a a‖ = ‖a‖2. Therefore ‖B(a, a)‖ ≤ ‖B(a, a)1/2‖2 ≤ 1 and

‖B(a, a)−1/2‖ ≤ 1

1 − ‖a‖2
. (3.4)

If V ⊂ L(H ) is a JC*-triple, this inequality can be deduced directly from
the formula

B(a, a)−1/2(x) = (1 − aa∗)−1/2x(1 − a∗a)−1/2 (x ∈ V ).

In fact, (3.4) can be strengthened to an equality.

Proposition 3.2.13 For every a in the open unit ball D of a JB*-triple V , we
have

‖B(a, a)−1/2‖ = 1

1 − ‖a‖2
.

Proof Let ga be the Möbius transformation induced by a. We recall that
g−a(a) = 0 and g′−a(a) = B(a, a)−1/2.

Pick a functional h ∈ V ∗ satisfying

h(a) = ‖a‖ and ‖h‖ = 1.

Define a holomorphic function ϕ : D −→ U = {λ ∈ C : |λ| < 1} by

ϕ(z) = h(z) − ‖a‖
1 − ‖a‖h(z)

(z ∈ D).

Then we have

ϕ′(z)(v) = h(v)(1 − ‖a‖2)

(1 − ‖a‖h(z))2
.
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As noted before, the Carathéodory norm

‖z‖0 = sup{|f ′(0)(z)| : f ∈ H (D,U ), f (0) = 0}
coincides with the norm ‖z‖. Since ϕ ◦ g−1

−a(0) = 0, it follows that, for each
z ∈ D,

‖B(a, a)−1/2(z)‖ = ‖g′−a(a)(z)‖0

≥ |(ϕ ◦ g−1
−a)′(0)(g′−a(a)(z))|

= |ϕ′(a) ◦ g′−a(a)−1 ◦ g′−a(a)(z)|

= |ϕ′(a)(z)| = |h(z)|(1 − ‖a‖2)

(1 − ‖a‖h(a))2

= |h(z)|
1 − ‖a‖2

.

Hence

‖B(a, a)−1/2‖ = sup{‖B(a, a)−1/2(z)‖ : z ∈ D} ≥ 1

1 − ‖a‖2

and by (3.4), the last inequality becomes an equality.

Corollary 3.2.14 Let D be the open unit ball of a JB*-triple V . Then we have

‖g′(0)−1‖ = 1

1 − ‖a‖2

for each g ∈ AutD satisfying g(0) = a.

Proof By Proposition 3.2.6, every automorphism of D is the composite of a
Möbius transformation and a linear isometry. If g(0) = a, then g−1 = � ◦ g−a
for some linear isometry � on D. Hence

‖g′(0)−1‖ = ‖(g−1)′(a)‖ = ‖g′−a(a)‖ = ‖B(a, a)−1/2‖.

As examples of applications of Jordan methods in infinite-dimensional holo-
morphy, we now use the Bergmann operator and the Möbius transformation
to deduce some properties of holomorphic maps on the open unit balls of
JB*-triples.

First, the Schwarz–Pick lemma can easily be deduced for JB*-triples.

Lemma 3.2.15 Let f be a holomorphic self-map on the open unit ball D of a
JB*-triple. Then we have

‖g−f (w)(f (z))‖ ≤ ‖g−w(z)‖ (z,w ∈ D),

where ga denotes the Möbius transformation induced by a ∈ D.
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Proof Since g−f (w) ◦ f ◦ gw(0) = 0, the Schwarz lemma implies

‖g−f (w) ◦ f ◦ gw(g−w(z))‖ ≤ ‖g−w(z)‖ (z,w ∈ D),

which gives

‖g−f (w)(f (z))‖ ≤ ‖g−w(z)‖.

Theorem 3.2.16 Let D be the open unit ball of a JB*-triple V and let f :
D −→ V be a biholomorphic map onto f (D), which is convex. Given f (0) = 0
and that f ′(0) is the identity map, we have, for a ∈ D,

(i)
1

(1 + ‖a‖)2
≤ ‖f ′(a)‖ ≤ 1

(1 − ‖a‖)2
.

(ii)
(1 − ‖a‖)‖z‖

(1 + ‖a‖)‖B(a, a)1/2‖ ≤ ‖f ′(a)(z)‖ ≤ ‖z‖
(1 − ‖a‖)2

(z ∈ V ).

Proof We make use of the following distortion result in [46]:

1 − ‖a‖
1 + ‖a‖‖z‖a ≤ ‖f ′(a)(z)‖ ≤ 1 + ‖a‖

1 − ‖a‖‖z‖a,

where ‖ · ‖a is the Carathéodory norm which is invariant under the automor-
phisms of D by (2.39).

Let g−a be the Möbius transformation induced by −a. We deduce from
Proposition 3.2.13 that

‖f ′(a)(z)‖ ≤ 1 + ‖a‖
1 − ‖a‖‖z‖a =

1 + ‖a‖
1 − ‖a‖‖g

′
−a(a)(z)‖g−a (a)

= 1 + ‖a‖
1 − ‖a‖‖B(a, a)−1/2(z)‖0 ≤ 1 + ‖a‖

1 − ‖a‖
( ‖z‖

1 − ‖a‖2

)
= ‖z‖

(1 − ‖a‖)2
.

Likewise we have

‖f ′(a)(z)‖ ≥ 1 − ‖a‖
1 + ‖a‖‖B(a, a)−1/2(z)‖ (z ∈ V ),

which gives the lower bound in (i).
The lower bound in (ii) follows from

‖f ′(a)(z)‖ ≥ 1 − ‖a‖
1 + ‖a‖‖z‖a

= 1 − ‖a‖
1 + ‖a‖‖g

′
−a(a)(z)‖,
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where ‖z‖ = ‖B(a, a)1/2g′−a(a)(z)‖ ≤ ‖B(a, a)1/2‖‖g′−a(a)(z)‖ gives

‖f ′(a)(z)‖ ≥ (1 − ‖a‖)‖z‖
(1 + ‖a‖)‖B(a, a)1/2‖ .

We conclude this section with a brief discussion of the dynamics of a holo-
morphic map, namely, the behavior of the iterates f n of a holomorphic self-map
f on the open unit ball D of a JB*-triple V . We retain the same notation in the
remainder of the section. The objective is to seek invariant domains of f . This
can be achieved by means of the Bergmann operator.

Lemma 3.2.17 For a, b ∈ D, the norm ‖g−b(a)‖ for the Möbius transformation
g−b is related to the Bergmann operator B(a, b) by

1

1 − ‖g−b(a)‖2
= ‖B(a, a)−1/2B(a, b)B(b, b)−1/2‖.

Proof Since gg−b(a)(0) = g−b ◦ ga(0), the Cartan uniqueness theorem implies
that

gg−b(a) = ϕ ◦ g−b ◦ ga
for some linear isometry ϕ on D. It follows that

B(g−b(a), g−b(a))1/2 = gg−b (a)′(0)

= ϕ ◦ g′−b(a) ◦ g′a(0)

= ϕ ◦ g′−b(a) ◦ B(a, a)1/2

and hence

1

1 − ‖g−b(a)‖2
= ‖B(g−b(a), g−b(a))−1/2‖ = ‖B(a, a)−1/2g′−b(a)−1‖,

where

g′−b(a)−1 = B(a, b)B(b, b)−1/2

by (3.2), which completes the proof.

Theorem 3.2.18 Let D be the open unit ball of a JB*-triple V and let f :
D −→ D be a holomorphic map without fixed point. Let f be a compact map;
that is, f (D) is relatively compact in V . Then there exists a sequence (zk) in
D converging to a boundary point ξ ∈ ∂B with lim

k
f (zk) = ξ . Further, if the

sequence of operators

(1 − ‖zk‖2)B(zk, zk)
−1/2 : V −→ V
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converges uniformly to an operator T ∈ L(V ), then for any λ > 0, the set

D(ξ, λ) := {x ∈ D : ‖B(x, x)−1/2B(x, ξ )T ‖ < λ}
is f -invariant; that is, f (D(ξ, λ)) ⊂ D(ξ, λ).

Proof Choose an increasing sequence (αk) in (0, 1) with limit 1. Let fk = αkf .
Then fk mapsD strictly insideD and by Earle and Hamilton [34], fk has a fixed
point zk ∈ D. Since f (D) is relatively compact, by choosing a subsequence,
we may assume (zk) converges to some ξ ∈ D. If ξ ∈ D, then f (ξ ) = ξ , which
is impossible. Hence ξ ∈ ∂D and lim

k
f (zk) = ξ .

Let

T = lim
k

(1 − ‖zk‖2)B(zk, zk)
−1/2.

Then ‖T ‖ = 1, by Proposition 3.2.13. Let x ∈ D. By Lemma 3.2.15 and
Lemma 3.2.17, we have

‖B(fk(x), fk(x))−1/2B(fk(x), zk)B(zk, zk)
−1/2‖

≤ ‖B(x, x)−1/2B(x, zk)B(zk, zk)
−1/2‖

and hence

‖B(fk(x), fk(x))−1/2B(fk(x), zk)(1 − ‖zk‖2)B(zk, zk)
−1/2‖

≤ ‖B(x, x)−1/2B(x, zk)(1 − ‖zk‖2)B(zk, zk)
−1/2‖

for all k. Letting k →∞, we get

‖B(f (x), f (x))−1/2B(f (x), ξ )T ‖ ≤ ‖B(x, x)−1/2B(x, ξ )T ‖,
from which it follows immediately that f (D(ξ, λ)) ⊂ D(ξ, λ).

In the above theorem, we always have

‖B(x, x)−1/2B(x, ξ )T ‖ > 0, (3.5)

since ‖T ‖ = 1 and B(x, x)−1/2B(x, ξ ) is invertible by the remark after (3.2).
Also, for 0 < α < 1, we have

‖B(αξ, αξ )−1/2B(αξ, ξ )T ‖ ≤ (1 − α)2‖B(ξ, ξ )‖‖T ‖
1 − α2

≤ 1 − α

1 + α
,

which implies αξ ∈ D(ξ, λ) for λ > 1−α
1+α . In fact, it can be shown that D(ξ, λ)

is a convex domain. The invariant domain D(ξ, λ) is a key to the study of the
iterates of f . We illustrate this with a Hilbert ball, but refer to Mellon [89]
for details in the general case as well as relevant literature on iterations of
holomorphic maps.
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Let D be the open unit ball of a Hilbert space V in Theorem 3.2.18. Then

T (y) = lim
k

(1 − ‖zk‖2)B(zk, zk)
−1/2(y)

= lim
k

(√
1 − ‖zk‖2 y + (1 −

√
1 − ‖zk‖2)〈y, zk〉zk

‖zk‖2

)
= 〈y, ξ 〉ξ.

Hence

B(x, ξ )T (y) = 〈y, ξ 〉B(x, ξ )(ξ ) = 〈y, ξ 〉(1 − 〈x, ξ 〉)(ξ − x).

It follows that

‖B(x, x)−1/2B(x, ξ )T ‖ = |1 − 〈x, ξ 〉|‖B(x, x)−1/2(ξ − x)‖
= |1 − 〈x, ξ 〉|

1 − ‖x‖2
‖(1 − ‖x‖2)B(x, x)−1/2(ξ ) − x‖.

Let (xk) be a sequence in D converging to some ζ ∈ ∂B. Then

lim
k

(1 − ‖xk‖2)B(xk, xk)
−1/2(ξ ) = 〈ξ, ζ 〉ζ.

Hence

lim
k
‖(1 − ‖xk‖2)B(xk, xk)

−1/2(ξ ) − xk‖ = |1 − 〈ξ, ζ 〉| = lim
k
|1 − 〈xk, ξ 〉|.

It follows that, from some k onwards,

2‖B(xk, xk)
−1/2B(xk, ξ )T ‖

= 2|1 − 〈xk, ξ 〉|
1 − ‖xk‖2

‖(1 − ‖xk‖2)B(xk, xk)
−1/2(ξ ) − xk‖

≥ |1 − 〈xk, ξ 〉|2
1 − ‖xk‖2

≥ 1

2
‖B(xk, xk)

−1/2B(xk, ξ )T ‖.

For β > 0, we define

E(ξ, β) =
{
x ∈ D :

|1 − 〈x, ξ 〉|2
1 − ‖x‖2

< β

}
,

which can be viewed as the ellipsoid

E(ξ, β) =
{
x ∈ D :

|〈x, ξ 〉 − (1 − c)|2
c2

+ ‖x − 〈x, ξ 〉ξ‖2

c
< 1

}
,

where c = β

1+β < 1. This implies

E(ξ, β) ∩ ∂D = {ξ}.
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The above inequalities give

E(ξ, λ/2) ⊂ D(ξ, λ) ⊂ E(ξ, 2λ)

and in particular

D(ξ, λ) ∩ ∂D = {ξ}.
We have the following extension of the Denjoy–Wolff theorem for C to

Hilbert spaces.

Theorem 3.2.19 Let f : D −→ D be a fixed-point-free compact holomorphic
map on the open unit ball D of a Hilbert space. Then there exists a unique
boundary point ξ ∈ ∂D, called the Wolff point, such that

lim
n→∞ f

n(x) = ξ (x ∈ D),

where (f n) is the sequence of iterates of f . Moreover, this convergence is
locally uniform in the sense that the convergence is uniform on each open ball
B ⊂ D satisfying d(B, ∂D) > 0.

Proof Uniqueness of the Wolff point is obvious. We show its existence. Let
ξ ∈ ∂D be the boundary point in Theorem 3.2.18. Since f is a compact map,
one can show that every subsequence of (f n) admits a subsequence converging
to a function h : D −→ D locally uniformly. This is shown in the next lemma.

To complete the proof, it suffices to show that every subsequential limit
h of (f n) is the constant map h(·) = ξ . For this, one first shows that h is a
constant map. To highlight the role of the Bergmann operator, we suppress the
arguments for this, which have been given in Chu and Mellon [28]. We now
show h(·) = ξ .

Given y ∈ D with

h(y) = lim
k→∞

f nk (y),

we must have f nk (y) ∈ D(ξ, λy), since D(ξ, λy) is f -invariant, where

λy = ‖B(y, y)−1/2B(y, ξ )T ‖ > 0.

Since f has no fixed point in D, we must have h(y) ∈ ∂D. It follows that
h(y) ∈ D(ξ, λy) ∩ ∂D = {ξ}, which completes the proof.

Remark 3.2.20 The example in Stachura [107] shows that the preceding the-
orem is false without the compactness assumption on f , even if f is biholo-
morphic.



3.2 Holomorphic mappings 201

Lemma 3.2.21 Let f : D −→ D be a compact holomorphic map on the open
unit ball D of a Hilbert space. Then the sequence (f n) of iterates has a
subsequence converging locally uniformly to a function on D. The same result
holds for each subsequence of (f n).

Proof Choose a sequence (rn) in (0, 1) such that rn ↑ 1 and f (D) ∩ r1D 	= ∅.
We have

f (D) =
∞⋃
n=1

(
f (D) ∩ rnD

)
.

We first find a subsequence of (f n) converging uniformly on f (D) ∩ r1D. By
compactness of f (D) ∩ r1D ⊂ f (D), there is a countable set {zn} in f (D) ∩
r1D, which is dense in f (D) ∩ r1D.

Since f is compact, (f n) has a subsequence (f (n,1)) such that
(
f (n,1)(z1)

)
converges. Likewise, (f (n,1)) has a subsequence (f (n,2)) such that

(
f (n,2)(z2)

)
converges. Proceed to find subsequences

(
f (n,k)

)
n

which converge at z1, . . . , zk .
We show that the diagonal sequence

(
f (k,k)

)
converges uniformly on f (D) ∩

r1D. It suffices to show that it is uniformly Cauchy on f (D) ∩ r1D. Let ε > 0.
Since d(r1D, ∂D) = 1 − r1 > 0, the Cauchy inequality and the mean value
theorem give

‖h(z) − h(w)‖ ≤ ‖z− w‖
1 − r1

(z,w ∈ r1D) (3.6)

for each holomorphic map h : D −→ D. By compactness, there exist
zn1 , . . . , znl in {zn} such that

f (D) ∩ r1D ⊂
l⋃

i=1

D
(
zni ,

ε

3
(1 − r1)

)
,

where D(x, r) denotes the open ball centred at x, of radius r . There exists N
such that j, k > N implies∥∥f (j,j )(zni ) − f (k,k)(zni )

∥∥ < ε

3

for i = 1, . . . , l. Hence, for any z ∈ f (D) ∩ r1D, we have z ∈ D(zni ,
ε
3 (1 − r1)) for some i, and∥∥f (j,j )(z) − f (k,k)(z)

∥∥ ≤ ∥∥f (j,j )(z) − f (j,j )(zni )
∥∥+ ∥∥f (j,j )(zni ) − f (k,k)(zni )

∥∥
+ ∥∥f (k,k)(zni ) − f (k,k)(z)

∥∥
<
ε(1 − r1)

3(1 − r1)
+ ε

3
+ ε(1 − r1)

3(1 − r1)
= ε
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whenever j, k > N . This shows that
(
f (k,k)

)
is uniformly convergent onf (D) ∩

r1D.
We repeat the diagonal process as follows. Choose a subsequence (f n1 )

of (f n) converging uniformly on f (D) ∩ r1D. Then choose a subsequence
(f n2 ) of (f n1 ) converging uniformly on f (D) ∩ r2D, and so on. The diagonal
sequence (f nn) then converges uniformly on f (D) ∩ rkD for k = 1, 2, . . .

Finally, we show that (f nn+1) converges locally uniformly on D. Pick
x ∈ D and choose r, R > 0 such that r + R = 1 − ‖x‖ and r

R
< 1 − ‖f (x)‖.

Then D(x, r) and D(f (x), r/R) are contained in D. Using (3.6), we see that
d(D(x, r), ∂D) ≥ R > 0 implies

f
(
D(x, r)

) ⊂ f (D) ∩D(
f (x), r/R

) ⊂ f (D) ∩ rkD
for some k. It follows that (f nn ) converges uniformly on f

(
D(x, r)

)
and hence

(f nn+1) converges uniformly on D(x, r).
The last assertion can be proved by the same arguments.

3.3 Contractive projections on JB*-triples

Contractive projections on Banach spaces are important objects of study. The
Peirce projections induced by a tripotent in a JB*-triple are contractive. In this
section, we present a fundamental result which states that the category of JB*-
triples is stable under contractive projections. The proof, given in Kaup [72], is
an elegant combination of Jordan theory, geometry and complex analysis. This
result has many applications and subsumes several functional-analytic results
concerning contractive projections on C*-algebras.

Let V be a JB*-triple with open unit ball B and boundary

∂B = {z ∈ V : ‖z‖ = 1}.
As before, we identify a holomorphic vector field X on B as a holomorphic
map X : B −→ V . Let X be a holomorphic vector field on B such that X can
be extended holomorphically to a neighbourhood containing the closure B. It
can be seen thatX is complete if and only if, for every boundary point z0 ∈ ∂B
and every continuous real linear map ψ : V −→ R satisfying ψ(B) > ψ(z0),
we have ψ(X(z0)) ≥ 0.

Theorem 3.3.1 Let V be a JB*-triple with triple product {·, ·, ·} and let P :
V −→ V be a contractive projection; that is, ‖P ‖ ≤ 1 and P 2 = P . Then the
range P (V ) is a JB*-triple in the inherited norm from V and the triple product

{Px, Py, P z}
V

:= P {x, y, z} (x, y, z ∈ V ).
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Proof First, P (V ) is a Banach space in the inherited norm, since P has closed
range. To show that W = P (V ) has the structure of a JB*-triple, we need
only show that its open unit ball D = P (B) = B ∩W is homogeneous, by
Lemma 2.5.11.

Let z ∈ V and consider the complete analytic vector fieldX : B −→ V given
by

X(u) = z− {u, z, u} (u ∈ B),

where z = X(0). Define an analytic vector field Yz : D −→ V by

Yz(v) = P (z− {v, z, v}) (v ∈ D).

Let v0 ∈ ∂D and let ψ : V −→ R be a continuous real linear map satisfy-
ing ψ(D) > ψ(v0). Then v0 ∈ ∂B and ψ ◦ P (B) > ψ(v0) = ψ ◦ P (v0). By
completeness of X, we have ψ(Yz(v0)) = ψ ◦ P (X(v0)) ≥ 0. Hence Yz is a
complete vector field on D, by the above remark. The same argument implies
that the holomorphic vector field

YP (v) := Pz− P {v, P z, v} (v ∈ D)

on D is also complete.
Since Yz(0) = Pz = YP (0) and Y ′

z(0) = Y ′
P (0), where Y ′

z(v) = −2P {v, z, ·}
and Y ′

P (v) = −2P {v, P z, ·}, we must have Yz = YP , by Cartan’s uniqueness
theorem. It follows that

P {Px, z, Py} = P {Px, P z, Py} (x, y, z ∈ V ). (3.7)

Let autD be the Lie algebra of complete holomorphic vector fields on D.
Then the evaluation map X ∈ autD �→ X(0) ∈ W is surjective, since each
Pz ∈ W is the image of the complete vector field Yz. It follows from Lemma
2.5.10 that the open unit ball D is homogeneous and W is a JB*-triple, with
the triple product P {x, y, z}.
Corollary 3.3.2 Let A be a C*-algebra with identity 1 and let P : A −→ A be
a contractive projection such that P (1) = 1. Then the range P (A) is a unital
JB*-algebra with Jordan product

x ◦ y = 1

2
P (xy + yx)

and involution

x∗ = P ({1, x, 1}) (x ∈ P (A)).

If A is abelian, then (P (A), ◦, ∗) is an abelian C*-algebra.
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Proof By Definition 1.2.9, the JB*-triple P (A) is a unital Jordan algebra as the
a-homotope P (A)(a) of a = P (1) = 1, with Jordan product

x ◦a y = {x, a, y}P (A) = P ({x, 1, y}) = 1

2
P (xy + yx).

For x ∈ P (A), we have, from (3.7),

x∗∗ = P {1, x∗, 1} = P {1, P {1, x, 1}, 1} = P {1, {1, x, 1}, 1} = P (x) = x

and

‖x∗‖ ≤ ‖x‖ = ‖x∗∗‖ ≤ ‖x∗‖.
Hence P (A) is a JB*-algebra.

Finally, if A is abelian, then the product x ◦ y = P (xy) is associative and
we have

‖x‖3 = ‖{x, x, x}‖ = ‖(x ◦ x∗) ◦ x‖ ≤ ‖x ◦ x∗‖‖x‖ ≤ ‖x‖2‖x‖,
which implies that P (A) is a C*-algebra.

Remark 3.3.3 One can replace the contractive assumption in the above corol-
lary with a positive condition, since a positive linear map P on a unital C*-
algebra is continuous with norm ‖P ‖ = ‖P (1)‖.

One can also use Theorem 3.3.1 to show that the second dual V ∗∗ of a JB*-
triple V is JBW*-triple, since V ∗∗ is the range of a contractive projection on
an ultraproduct of V . We recall that a filter on a nonempty set S is a family F
of nonempty subsets of S such that

(i) A ∈ F and A ⊂ B ⇒ B ∈ F ;
(ii) A1, . . . , An ∈ F ⇒ A1 ∩ . . . ∩ An ∈ F .

A filter is called an ultrafilter if it is not properly contained in any other filter.
Let (Vα)α∈S be a family of Banach spaces and let U be an ultrafilter on S. Then
for any family (xα)α∈S of elements in a compact Hausdorff space �, the limit

lim
U
xα = x

exists in �, which means that, for every neighbourhood O of x, the set {α ∈
S : xα ∈ O} belongs to U . In particular, for any (vα) in the �∞-sum

⊕
α Vα , the

limit lim
U

‖vα‖ exists. Let

N = {(vα) ∈
⊕
α

Vα : lim
U

‖vα‖ = 0}.
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The quotient space

(Vα)U :=
⊕
α

Vα/N

is a Banach space in the quotient norm and is called the ultraproduct of the
Banach spaces (Vα)α . We note that

‖(vα)U‖ = lim
U

‖vα‖

for (vα)U ∈ (Vα)U . If each Vα = V , then the ultraproduct (V )U is called an
ultrapower of V . We refer to Heinrich [50, proposition 6.7] for the proof of the
following fundamental result.

Lemma 3.3.4 Given any Banach space V , there are an ultrafilter U and an
isometric embedding J : V ∗∗ −→ (V )U such that J (V ∗∗) is the range of a
contractive projection P : (V )U −→ V ∗∗ defined by

P (vα)U = lim
U
vα,

where the limit is taken in the weak* topological space V ∗∗ and Jv = (vα)U
with vα = v for v ∈ V .

Corollary 3.3.5 The second dual V ∗∗ of a JB*-triple V is a JBW*-triple in the
triple product

{u, v,w} = lim
U
{uα, vα,wα}

for Ju = (uα)U , J v = (vα)U and Jw = (wα)U , where J is the embedding in
Lemma 3.3.4 and the limit is taken in the weak* topological space V ∗∗. The
triple product of V ∗∗ restricts to the original triple product of V .

Proof By Example 3.1.4, an �∞-sum
⊕

α Vα of JB*-triples is a JB*-triple.
Since ‖{u, v,w}‖ ≤ 2‖u‖‖v‖‖w‖ by Remark 2.5.28, the closed subspace

N = {(vα) ∈
⊕
α

Vα : lim
U

‖vα‖ = 0}

is a subtriple of
⊕

α Vα . Hence, by Lemma 3.1.18, the ultrapower (V )U in
Lemma 3.3.4 is a JB*-triple with triple product

{(uα)U , (vα)U , (wα)U } = ({uα, vα,wα})U .
By Theorem 3.3.1, J (V ∗∗) is a JB*-triple in the triple product

P {(uα)U , (vα)U , (wα)U } = P ({uα, vα,wα})U = lim
U
{uα, vα,wα}

for (uα)U , (vα)U , (wα)U ∈ J (V ∗∗).
The last assertion is immediate from the description of J in Lemma 3.3.4.
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If V ⊂ L(H ) is a JC*-triple, then the embedding V ∗∗ ⊂ L(H )∗∗ shows
directly that V ∗∗ is a JW*-triple and that the triple product in V ∗∗ is separately
weak* continuous. In the case of a JB*-triple V , the triple product in V ∗∗ is
also separately weak*-continuous. This fact, proved in Barton and Timoney [7]
by a refinement of the ultrafilter U , has the consequence that a JBW*-triple W
has a unique predual W∗ ⊂ W ∗; that is, W∗ is the only closed subspace of W ∗

which is a predual of W in the canonical duality. We provide some details for
the latter.

Let W be a JBW*-triple with a predual N such that the triple product
{·, ·, ·} is separately continuous on W in the weak topology σ (W,N), called
the w*-topology for convenience in the following discussion. Every w*-closed
subtriple ofW has a predual and is a JBW*-triple by Corollary 2.5.29. Consider
N as a subspace of W ∗ via the natural embedding. Then N consists of func-
tionals f ∈ W ∗ which are w*-continuous on W . The Peirce projections Pj (e)
induced by a tripotent e ∈ W are w*-continuous. In particular, the e-homotope
W2(e) = P2(e)W is w*-closed and has a predual W2(e)∗ = N/W2(e)0, where

W2(e)0 = {f ∈ N : f (W2(e)) = {0}} = {f ∈ N : f ◦ P2(e) = 0}.
Therefore we have the identification

W2(e)∗ = {f ◦ P2(e) : f ∈ N} = {f ∈ N : f = f ◦ P2(e)}. (3.8)

The e-homotope W2(e) is a JBW*-algebra on which the involution a∗ =
{e, a, e} is w*-continuous. Hence the self-adjoint part

W2(e)sa = {a ∈ W2(e) : a∗ = a}
is w*-closed and has a predual. It follows that W2(e)sa is a JBW-algebra and
has a unique predual (W2(e)sa)∗ by Hanche-Olsen and Størmer [47, 4.4.16].
This enables us to apply properties of JBW-algebras to W2(e) via

W2(e) = W2(e)sa + iW2(e)sa.

Denote by W2(e)′sa the (real) dual space of W2(e)sa .
Given f ∈ W2(e)∗, define

f ∗(a) = f (a∗) (a ∈ W2(e)).

Then f + f ∗ and i(f − f ∗) are real-valued on W2(e)sa and

f = f + f ∗

2
+ i

f − f ∗

2i

with f+f ∗
2 |W2(e)sa ∈ W2(e)′sa and f−f ∗

2i |W2(e)sa ∈ W2(e)′sa . Conversely, given
g ∈ W2(e)′sa , we define its complexification gc ∈ W2(e)∗ by

gc(a + ib) = g(a) + ig(b) (a, b ∈ W2(e)sa)



3.3 Contractive projections on JB*-triples 207

so that gc|W2(e)sa = g. The mapping g ∈ W2(e)′sa �→ gc ∈ W2(e)∗ identifies
W2(e)′sa as a real subspace of W2(e)∗ and we have the canonical identifica-
tions

W2(e)∗ = W2(e)′sa + iW2(e)′sa

and (W2(e)sa)∗ ⊂ W2(e)′sa .
Let (W2(e)∗)h = {f ∈ W2(e)∗ : f = f ∗} which is a (norm) closed real sub-

space of W2(e)∗. Let (W2(e)∗)′h be the (real) dual space of (W2(e)∗)h. For each
f ∈ (W2(e))∗, we have f ∗ ∈ (W2(e))∗ by (3.8) and hence f + f ∗ ∈ (W2(e)∗)h.
It follows that

W2(e)∗ = (W2(e)∗)h + i(W2(e)∗)h and W2(e) = (W2(e)∗)′h + i(W2(e)∗)′h.

In the latter identification, W2(e)sa identifies as a subspace of (W2(e)∗)′h via the
map a ∈ W2(e)sa �→ ã ∈ (W2(e)∗)′h, where ã(f ) = f (a) for f ∈ (W2(e)∗)h.

Given b ∈ (W2(e)∗)′h ⊂ W2(e) and b = b1 + ib2 with b1, b2 ∈ W2(e)sa , and
given any f ∈ (W2(e)∗)h, we have f = f ∗ and f (b) ∈ R. This implies
f (ib2) = f (b) − f (b1) ∈ R and

f (ib2) = f ∗(ib2) = f (−ib2)) = −f (ib2) = −f (ib2),

which gives f (ib2) = 0. Hence g(ib2) = 0 for all g ∈ W2(e)∗ and b2 = 0.
Therefore b = b1 ∈ W2(e)sa and we have shown W2(e)sa = (W2(e)∗)′h. By the
uniqueness of predual, we have (W2(e)∗)h = (W2(e)sa)∗ and

W2(e)∗ = (W2(e)sa)∗ + i(W2(e)sa)∗. (3.9)

Remark 3.3.6 If e′ ∈ W is a tripotent and if ϕ : W2(e) −→ W2(e′) is a sur-
jective linear isometry such that ϕ(e) = e′, then ϕ is a triple isomorphism
by Theorem 3.1.7, and the restriction ϕ|W2(e)sa : W2(e)sa −→ W2(e′)sa is a
Jordan algebra isomorphism between JBW-algebras. By Hanche-Olsen and
Størmer [47, 4.5.6], ϕ|W2(e)sa is continuous in the weak* topologies of W2(e)sa
and W2(e′)sa . Hence ϕ is w*-continuous on W2(e) by (3.9).

Let z ∈ W and let W (z) be the w*-closed subtriple generated by z in the
JBW*-tripleW . ThenW (z) is an abelian JBW*-triple and has a complete tripo-
tent v. By Lemma 1.2.38, W (z) = W (z)2(v), the Peirce 2-space of v ∈ W (z),
which is an associative JBW*-algebra, and hence an abelian von Neumann
algebra, in the homotope product ab = {a, v, b} and involution a∗ = {v, a, v}.
In particular, z has a polar decomposition

z = u(z)|z|
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whereu(z) is a partial isometry inW (z)2(u) andu(z)∗u(z) is the range projection
of |z|. In the von Neumann algebra W (z)2(v), we have

u(z)z∗u(z) = u(z)|z|u(z)∗u(z) = u(z)|z| = z.

Hence u(z) is a tripotent inW and satisfies {u(z), z, u(z)} = z. We call u(z) the
support tripotent of z. Actually we can also find a complete tripotent e ∈ W
satisfying {e, z, e} = z.

Lemma 3.3.7 Let W be a JBW*-triple with a predual N and separately
σ (W,N)-continuous triple product. Given any z ∈ W , there is a complete
tripotent e ∈ W such that {e, z, e} = z.

Proof If W is an abelian JBW*-triple, we can take any complete tripotent
e ∈ W since, by Lemma 1.2.38, we have W = W2(e), the Peirce 2-space, in
this case.

Consider the case where W is not abelian. Let M be a maximal abelian
w*-closed subtriple of W containing z. Then M is an abelian JBW*-triple. Let
e ∈ M be a complete tripotent ofM . Then, as before, we have {e, z, e} = z and
M ⊂ W2(e). We show e is a complete tripotent in W , that is, W0(e) = {0}. If
there exists x ∈ W0(e)\{0}, then the w*-closed subtriple W (x) generated by x
is abelian and is contained in W0(e). The Peirce multiplication rules imply

M W (x) := {a b : a ∈ M,b ∈ W (x)} = {0}.

Hence M is properly contained in the abelian w*-closed subtriple M +W (x)
generated by M +W (x). By maximality of M , we have W = M +W (x) and
W is abelian. This is impossible, and therefore W0(e) = {0}.

Given a family {eα}α∈A of mutually orthogonal tripotents in the JBW*-triple
W , let F be the directed set of finite subsets of A, ordered by inclusion. For
F ∈ F , let u

F
=

∑
α∈F

eα which is a tripotent by orthogonality. The net (u
F
)
F∈F is

an increasing net; that is, F ⊂ F1 implies u
F
≤ u

F1
in the partial ordering ≤ of

tripotents introduced in Definition 1.2.42. By w*-compactness of the unit ball,
there is a subnet (vβ)β∈B of (u

F
) w*-converging to some e ∈ W . The subnet

(vβ)β∈B is increasing and for each F ∈ F , we have u
F
≤ vβ for some β ∈ B.

For each β0 ∈ B, we have the w*-convergence

{e, vβo , e} = lim
β
{vβ, vβ0 , e} = {vβ0 , vβ0 , e}

= lim
β
{vβ0 , vβ0 , vβ} = {vβ0 , vβ0 , vβ0} = vβ0 ,
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since vβ0 ≤ vβ eventually. Hence

{e, e, e} = lim
β
{e, vβ, e} = lim

β
vβ = e.

Therefore e is a tripotent and vβ ∈ P2(e)W = W2(e) for all β ∈ B. It follows
that u

F
∈ W2(e) for all F ∈ F and (u

F
) is an increasing net of projections in

the JBW*-algebra W2(e), or rather, in the JBW-algebra W2(e)sa . By (3.9), the
weak* topology σ (W2(e)sa, (W2(e)sa)∗) on W2(e)sa coincides with the relative
w*-topology σ (W2(e),W2(e)∗). By Hanche-Olsen and Størmer [47, 4.2.9], the
net (u

F
) weak* converges to a limit in W2(e)sa and this limit must be e. We

write ∑
α∈A

eα = e = lim
F
u
F
.

Lemma 3.3.8 Let W be a JBW*-triple with a predual N and separately
σ (W,N)-continuous triple product. Let f ∈ W ∗. The following conditions are
equivalent:

(i) f ∈ N .
(ii) f ◦ P2(e) ∈ W2(e)∗; equivalently, f |W2(e) ∈ W2(e)∗, for every tripotent

e ∈ W .

(iii) f is completely additive; that is, f

(∑
α

eα

)
=

∑
α

f (eα) for every

family (eα) of orthogonal tripotents in W .

Proof (i) ⇒ (ii). This follows from (3.8).
(ii) ⇒ (iii). By the remark before this lemma, e = ∑

α eα is a tripo-
tent and is the σ (W2(e)sa, (W2(e)sa)∗)-limit of the increasing net (

∑
α∈F eα)

F

of projections in the JBW-algebra (P2(e)W )sa . Since f ◦ P2(e) ∈ W2(e)∗ =
(W2(e)sa)∗ + i(W2(e)sa)∗, we have

f

(∑
α

eα

)
= f ◦ P2(e)

(∑
α

eα

)
= lim

F

∑
α∈F

f ◦ P2(e)(eα) =
∑
α

f (eα).

(iii) ⇒ (i). Let e ∈ W be any tripotent and consider the JBW*-algebra
W2(e) = P2(e)W . For any orthogonal family (pα) of projections in W2(e),
condition (iii) implies that f

(∑
α pα

) = ∑
α f (pα); that is, f is completely

additive on the JBW*-algebraW2(e). Analogously to the case of von Neumann
algebras and as noted in Horn [57, 3.18], it can be shown that f |W2(e) is
σ (W2(e),W2(e)∗)-continuous; that is, f ◦ P2(e) ∈ W2(e)∗.

To show f ∈ N , it suffices to show f restricts to a w*-continuous function
on the closed unit ball D of W , by the Krein–Smulyan theorem.

Let (zβ) be a net in D w*-converging to z ∈ D. We need to show f (z) =
limβ f (zβ). Let ε > 0. By the Bishop–Phelps theorem [9], there exist g ∈ W ∗
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and a ∈ D such that ‖g‖ = g(a) and ‖g − f ‖ < ε/4. By Lemma 3.3.7, there
is a complete tripotent e ∈ W such that a = {e, a, e}. By w*-continuity of
f ◦ P2(e), we have

|f ◦ P2(e)(zβ − z)| < ε/2

from some β onwards. Since ‖g ◦ P2(e)‖ = ‖g‖, we have g ◦ P2(e) = g by
Lemma 3.3.14 below. It follows that, from some β onwards, we have

|f (zβ − z)| ≤ |f ◦ P2(e)(zβ − z)| + |f ◦ P1(e)(zβ − z)|
≤ ε

2
+ |(f − g) ◦ P1(e)(zβ − z)| + |g ◦ P1(e)(zβ − z)|

≤ ε

2
+ ε

2
= ε,

where ‖zβ − z‖ ≤ 2 and g ◦ P1(e) = 0.

Up to this point, the above lemma requires the condition of separateσ (W,N)-
continuity of the triple product. However, using Lemma 3.3.8 and Remark 3.3.6,
together with separate weak* continuity of the triple product on the second dual
V ∗∗ of a JB*-tripleV , one can now follow the arguments in Barton and Timoney
[7] to show that every JBW*-triple W has a unique predual W∗ and hence it is
unambiguous to speak of the weak* topology σ (W,W∗) on W . We show next
that uniqueness of the predual of W actually implies that the triple product on
W is always separately weak* continuous. Consequently, one can replace N in
Lemma 3.3.8 byW∗ and also omit the assumption of separate w*-continuity of
the triple product.

Theorem 3.3.9 Let W be a JBW*-triple. Then the triple product in W is
separately weak* continuous.

Proof The uniqueness of the predual of W enables us to apply the fact that
surjective linear isometries on W are weak* continuous. Let a ∈ W . Then the
isometries exp it(a a) : W −→ W are weak* continuous for t ∈ R. Therefore
the box operator

ia a = d

dt

∣∣∣∣
t=0

exp it(a a) = lim
t→0

1

t
(exp it(a a) − I )

is weak* continuous, where the limit is in operator norm and I is the iden-
tity map on W . For any b ∈ W , weak*-continuity of the box operators
(a + b) (a + b) and (a + ib) (a + ib) implies that of a b. In particular,
the Peirce projections on W are weak* continuous. To complete the proof, it
suffices to show weak* continuity of the quadratic operator Qa for a ∈ W .
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Let f ∈ W∗ ⊂ W ∗. Then weak* continuity implies that f achieves its norm
at an extreme point e of the closed unit ball of W . By Theorem 3.2.3, e is a
(complete) tripotent in W . By Lemma 3.3.14 below, we have f = f ◦ P2(e).
The quadratic map Qe restricts to the involution on the JBW*-algebra P2(e)W
and is weak* continuous on P2(e)W . It follows that Qe is weak* continuous
on W , since it is the composite map Qe|P2(e)W ◦ P2(e).

Next, the composite map Qe ◦Qa is weak* continuous, since

Qe ◦Qa = 2(e a)2 − e {a, e, a}.
Hence f ◦Qa = f ◦ P2(e) ◦Qa = f ◦Qe ◦ (Qe ◦Qa) is weak* continuous.
Since f ∈ W∗ was arbitrary, we conclude that Qa is weak* continuous.

A linear functional f on a JBW-algebra A is called normal if it preserves
bounded increasing nets in A. By [47, 4.5.6], the normal functionals on A are
exactly the σ (A,A∗)-continuous functionals on A, which form the predual A∗
of A. A weak* continuous linear functional on a JBW*-triple W is sometimes
called a normal functional. In this context, normality is synonymous with
complete additivity.

It is well known that the predual of a von Neumann algebra is weakly
sequentially complete [101]. The proof of this fact in Akemann [1] carries over
to preduals of JBW*-algebras.

Proposition 3.3.10 Let W be a JBW*-triple. Then its predual W∗ is weakly
sequentially complete.

Proof Let (fn) be a weakly Cauchy sequence in W∗ ⊂ W ∗. Then the sequence
is bounded and hence weak* converges to some f ∈ W ∗. For each tripotent
e ∈ W , the sequence (fn|P2(e)W ) is weakly Cauchy in the predual (P2(e)W )∗
of the JBW*-algebra P2(e)W and therefore weakly converges to some h ∈
(P2(e)W )∗. It follows that f |P2(e)W = h. Hence f ∈ W∗ by Lemma 3.3.8 and
(fn) converges to f weakly.

Let W be a JBW*-triple. Given an element a ∈ W , we denote by J (a) the
smallest weak* closed triple ideal of W containing a. A tripotent u ∈ W is
called abelian if J (u) is an abelian Jordan triple system as defined in Definition
1.2.12. We call u a minimal tripotent if P2(u)W = C u.

Definition 3.3.11 A JBW*-tripleW is said to be of type I if it admits an abelian
tripotent u such that W = J (u).

A JBW*-triple W is called a factor if it does not contain any weak* closed
triple ideal other than {0} and W . We note that, however, a factor can contain a
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non-trivial norm-closed triple ideal. For example, the factor L(H ) of bounded
operators on a Hilbert spaceH contains the norm-closed idealK(H ) of compact
operators on H . A minimal tripotent u in a JBW*-triple is clearly abelian. It
follows that a factor must be of type I if it contains a minimal tripotent.

The structures of JBW*-triples can be described concretely. Type I JBW*-
triples have been classified in Horn [56], where the following two fundamental
structure theorems are proved.

Theorem 3.3.12 A type I factor is triple isomorphic to one of the six types of
Cartan factor in Example 2.5.31.

Theorem 3.3.13 A type I JBW*-triple is triple isomorphic to an �∞-sum⊕
α

C(�α,Cα),

where �α is a hyerstonean space, Cα is a Cartan factor and C(�α,Cα) is the
complex Banach space of Cα-valued continuous functions on �α , which is a
JBW*-triple in the pointwise triple product

{f, g, h}(ω) = {f (ω), g(ω), h(ω)} (f, g, h ∈ C(�α,Cα), ω ∈ �α).

The preceding theorems play a useful role in the theory of JB*-triples. We
will show that a JB*-triple embeds as a norm-closed subtriple of a type I
JBW*-triple. For this, we need some preliminary results.

Lemma 3.3.14 Let u be a tripotent in a JB*-triple V with Peirce projections
P0(u) and P2(u). Then for each f ∈ V ∗, we have

(i) ‖f ◦ P0(u) + f ◦ P2(u)‖ = ‖f ◦ P0(u)‖ + ‖f ◦ P2(u)‖;
(ii) ‖f ◦ P2(u)‖ = ‖f ‖ implies f ◦ P2(u) = f .

Proof (i) Since the Peirce projections are contractive, we have

‖P0(u)x‖ = ‖P0(u)(P0(u)x + P2(u)x)‖ ≤ ‖P0(u)x + P2(u)x‖
and likewise ‖P2(u)x‖ ≤ ‖P0(u)x + P2(u)x‖ for all x ∈ V . Let ε > 0. Pick
x0 ∈ P0(u)V and x2 ∈ P2(u)V such that ‖x0‖, ‖x2‖ ≤ 1 and

f ◦ P0(u)(x0) + ε ≥ ‖f ◦ P0(u)‖, f ◦ P2(u)(x2) + ε ≥ ‖f ◦ P2(u)‖.
Then we have

(f ◦ P0(u) + f ◦ P2(u))(x0 + x2) = f ◦ P0(u)(x0) + f ◦ P2(u)(x2)

≥ ‖f ◦ P0(u)‖ + ‖f ◦ P2(u)‖ − 2ε.
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By Corollary 3.1.21, ‖x0 + x2‖ = max{‖x0‖, ‖x2‖} ≤ 1, and it follows that

‖f ◦ P0(u) + f ◦ P2(u)‖ ≥ ‖f ◦ P0(u)‖ + ‖f ◦ P2(u)‖ − 2ε,

which proves (i).
(ii) Since P0(u) + P2(u) is contractive, we have f ◦ P0(u) = 0 by (i). To see

that f ◦ P1(u) = 0, we show f (x) = 0 for all x ∈ P1(u)V . We may assume
‖f ‖ = 1 ≥ ‖x‖ and f (x) ≥ 0. Let 1 > ε > 0 and pick z ∈ P2(u)V such that
‖z‖ = 1 and f (z) ≥ 1 − ε. We have

‖z+ tx‖ ≥ f (z+ tx) ≥ 1 − ε + tf (x) (t ∈ R).

Since {z, x, z} = 0 by the Peirce multiplication rule, we have

‖{z+ tx, z+ tx, z+ tx}‖ ≤ ‖{z, z, z}‖ + 2|t |‖z z(x)‖ +O(|t |2)

and iterating gives the inequality

‖(z+ tx)3n‖ ≤ ‖z3n‖ + 2|t |‖x‖ +O(|t |2)

for the odd powers. It follows that

|(1 − ε)3n + 3ntf (x)(1 − ε)3n−1 +O(t2)|
= |(1 − ε + tf (x))3n | ≤ ‖z+ tx‖3n

= ‖(z+ tx)3n‖ ≤ 1 + 2nt‖x‖ +O(|t |2).

Since ε > 0 was arbitrary, we have

f (x) +O(|t |) ≤
(

2

3

)n

‖x‖ +O(|t |)

for all n and |t | > 0. Hence f (x) = 0 and the proof is complete.

We continue to use the partial ordering ≤ introduced in Definition 1.2.42 for
tripotents.

Lemma 3.3.15 Let W be a JBW*-triple and let f be an extreme point of the
closed unit ball of the predual of W . Then there is a unique minimal tripotent
u ∈ W such that f (u) = 1.

Proof The Hahn–Banach theorem implies that the set F = {w ∈ W : ‖w‖ =
1 = f (w)} is a non-empty weak* closed face of the closed unit ball of W .
Hence F contains an extreme point w of the closed unit ball. By Theorem
3.2.3, w is a tripotent. The w-homotope P2(w)W is a JBW*-algebra and the
restriction f |P2(w)W is a normal state of P2(w)W since

‖f ‖ = 1 = f (w).
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We show that f |P2(w)W is an extreme point of the closed unit ball B of the
predual of P2(w)W .

Let f |P2(w)W = 1
2 (g + h) for g, h ∈ B. Then

f = f ◦ P2(w) = 1

2
g ◦ P2(w) + 1

2
h ◦ P2(w)

since ‖f ◦ P2(w)‖ = 1 = ‖f ‖. Hence f = g ◦ P2(w) = h ◦ P2(w). It follows
that there is a unique minimal projection u in P2(w)W such that f (u) =
f |P2(w)W (u) = 1. Plainly u is a tripotent in W . It is also minimal, since

P2(u)W = P2(u)P2(w)W = Cu.

To see that u is unique, let v ∈ W be a minimal tripotent satisfying f (v) = 1.
We have P2(u)v = αu and 1 = f (v) = f ◦ P2(u)(v) = α. Hence P2(u)v = u

or u ≤ v. Likewise P2(v)u = v and therefore v = u.

We call the above minimal tripotent u the support tripotent of f and note
that

f (·) = f {u, ·, u}, {u, ·, u} = f (·)u. (3.10)

Indeed, ‖f ◦ P2(u)‖ = 1 implies f = f ◦ P2(u). Given P2(u)x = αu, we have
{u, x, u} = {u3, x, u3} = {u, P2(u)x, u} = αu and f (x) = f (P2(u)(x)) =
αf (u) = α.

Lemma 3.3.16 Let J be a weak* closed triple ideal in a JBW*-triple W . Then
there is a weak* closed triple ideal J in W such that J J = {0} and
W = J ⊕ J .

Proof Let u be a complete tripotent in the JBW*-triple J . Then u is a tripotent
in W . Let Pj (u) : W −→ W be the Peirce projections. For x = x1 + x2 ∈
P1(u)W + P2(u)W , we have jxj = 2{u, u, x} ∈ J and hence

J = P1(u)W + P2(u)W.

Let J = P0(u)W which is a weak* closed subtriple of W . We have
J P2(u)W = {0}. For y ∈ J and z ∈ P1(u)W , we have {z, z, y} ∈
P0(u)W ∩ J = {0}. Hence J J = {0} and it follows that {W,J , J } =
{J ⊕ J , J , J } ⊂ J ; that is, J is a triple ideal in W .

Remark 3.3.17 In the preceding lemma, it is easy to see that J = {w ∈ W :
w J = {0}} since the latter set contains J and has intersection {0} with J .

Lemma 3.3.18 Let u be a minimal tripotent in a JBW*-triple W . Then the
smallest weak* closed triple ideal J (u) in W containing u is a type I factor.
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If v ∈ W is another minimal tripotent, then either J (u) = J (v) or
J (u) J (v) = {0}.
Proof If J is a nonzero proper weak* closed triple ideal in J (u), then Lemma
3.3.16 implies J (u) = J ⊕ J for some nonzero proper weak* closed triple
ideal J with J J = {0}. Hence u = u1 + u2 ∈ J ⊕ J and u1, u2 must
be tripotents, contradicting minimality of u. Therefore J (u) is a factor which
is of type I. The second assertion is an immediate consequence.

Let W be a JBW*-triple. It follows from Lemma 3.3.16, Lemma 3.3.18 and
Corollary 3.1.21 that W can be decomposed into an �∞-sum

W =
(⊕

u

J (u)

)
⊕

(⊕
u

J (u)

)
(3.11)

of two weak* closed triple ideals, where the first summand sums over all
minimal tripotents u in W and is called the atomic part of W . By Theorem
3.3.12, it is triple isomorphic to an �∞-sum of Cartan factors. The second
summand does not contain any minimal tripotent.

Theorem 3.3.19 A JB*-triple V is triple isomorphic to a closed subtriple of
an �∞-sum of Cartan factors.

Proof By (3.11), the second dual V ∗∗ is an �∞-sum

V ∗∗ = Va ⊕ Va

of two weak* closed triple ideals in which Va is an �∞-sum of Cartan factors.
Let P : V ∗∗ −→ Va be the canonical contractive projection and̂: V −→ V ∗∗

the canonical embedding. Both maps are triple homomorphisms and therefore
P (V̂ ) is a closed subtriple of Va . If P (̂v) = 0, then v̂ ∈ Va . For each extreme
point f in the closed unit ball of V ∗ with support tripotent uf ∈ Va , we have

f (̂v) = f {uf , v̂, uf } = 0.

Hence v̂ = 0 and P ◦̂ : V −→ P (V̂ ) is a triple isomorphism.

Remark 3.3.20 The above proof reveals that V̂ ⊂ Va and indeed, if V is a
C*-algebra, then̂ : V −→ Va is just the atomic representation of V . For each
minimal tripotent u ∈ V ∗∗, let Pu : V ∗∗ −→ J (u) be the canonical projection.
Then the map Pu ◦̂ : V −→ J (u) is called a factor representation of V which
generalizes the notion of a factor representation of a C*-algebra.

An immediate consequence of Theorem 3.3.19 is that the inequality

‖{x, y, z}‖ ≤ ‖x‖‖y‖‖z‖
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holds for all elements x, y and z in a JB*-triple, since this is so in all Cartan
factors.

Finally, to describe the structure of an arbitrary JBW*-triple, we need to
recall some definitions first. A von Neumann algebra A is said to be continuous
if it does not contain a nonzero projection p such that pAp is abelian. If
β : A −→ A is a linear *-antiautomorphism of period 2, we let

H (A, β) = {a ∈ A : β(a) = a},
which is a weak* closed subtriple of A since β is weak* continuous. We can
now state the following structure theorem, which has been proved in Horn and
Neher [58].

Theorem 3.3.21 . A JBW*-triple is triple isomorphic to an �∞-sum⊕
α

C(�α,Cα) ⊕R⊕H (A, β)

where R is a weak* closed right ideal of a continuous von Neumann algebra
and H (A, β) is as defined earlier.

Example 3.3.22 A complemented subspace E of a Banach space V is said to
be 1-complemented if there is a contractive projection from V onto E. Weak*
closed triple ideals in JBW*-triples are 1-complemented. Looking at each
Cartan factor in Example 2.5.31, we observe that the predual of a Cartan factor
is 1-complemented in the predual of a JBW*-algebra (see also Example 1.2.8).
Using the preceding structure theorem, it is not difficult to see that the predual
W∗ of a JBW*-triple W is 1-complemented in the predual of a JBW*-algebra
and W∗ is also a complemented subspace of the predual A∗ of a von Neumann
algebra A. Moreover, if W does not contain as a subtriple the exceptional
Cartan factorsM1,2(O) andH3(O), thenW∗ is 1-complemented in A∗ for some
von Neumann algebra A. Consequently, a JBW*-triple W is isomorphic as a
Banach space to a complemented subspace of a von Neumann algebra, and W
is triple isomorphic to a 1-complemented subtriple of a von Neumann algebra
if and only if W does not contain the exceptional Cartan factors. We refer to
Chu and Iochum [25] for more details.

Example 3.3.23 A linear projection P : W −→ W on a JBW*-triple is called
a structural projection if it satisfies

P {a, Pb, c} = {Pa, b, P c} (a, b, c ∈ W ).

Such a projection is contractive and weak* continuous. In fact, it has been
shown in Edwards et al. [36] that a subtriple ofW is a weak* closed inner ideal
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if and only if it is the range of a unique structural projection on W , and if W is
a von Neumann algebra, then the structural projections on W are of the form

P : w ∈ W �→ pwq ∈ W,
where p, q ∈ W are projections with equal central support.

3.4 Isometries between JB-triples

Non-surjective linear isometries between Banach spaces often occur in appli-
cations. This section discusses the case of JB*-triples and the larger class of
JB-triples. We begin by extending Theorem 3.1.20 to triple monomorphisms.

Theorem 3.4.1 Let γ : V −→ W be a Jordan triple monomorphism between
two JB*-triples, V and W . Then γ is a linear isometry. The same conclusion
holds if V and W are JB-triples.

Proof Let a ∈ V \{0} and let V (a) be the JB*-subtriple generated by a in V .
Then ϕ(V (a)) is the closed subtriple W (γ (a)) generated by γ (a) in W . The
restriction γ : V (a) −→ W (γ (a)) is a triple isomorphism between JB*-triples
and hence an isometry by Theorem 3.1.20.

If V andW are JB-triples, then by considering the real closed subtriple R(a)
generated a and the restriction of γ to R(a), and applying Theorem 3.1.20, one
also concludes that ‖γ (a)‖ = ‖a‖.

We have seen from Theorem 3.1.7 that the converse of Theorem 3.4.1 holds
if γ is surjective. Does a non-surjective linear isometry between JB*-triples
still preserve the triple product? The answer is negative and in fact, it is easy
to find a simple counterexample. Here is one.

Example 3.4.2 Let γ : C −→ M2(C) be defined by

γ (a) =
(

0 a
2

a 0

)
.

Then γ is a linear isometry and γ (C) is not a subtriple of M2(C). Also, γ (1) is
not unitary in M2(C) and γ (C) contains no nonzero positive matrix.

Nevertheless, in view of the fact that the norm and the triple structure
determine each other in JB*-triples, it would be interesting to see how a
non-surjective isometry is related to the underlying Jordan structure. This
is the question concerning us. We are going to show that a linear isometry
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ϕ : V −→ W between JB-triples is, none the less, locally a triple monomor-
phism; that is, it preserves the triple product after a reduction by a tripotent
in the second dual W ′′. This interesting phenomenon is in contrast to the fact
that even a surjective linear isometry between JB-triples need not preserve the
triple product globally, as noted in Example 3.1.10 (see also Example 3.4.10).
We first prove some basic results which will be needed later.

A JB-triple V is always considered as a closed subtriple of its second dual
V

′′
via the canonical embedding.

Lemma 3.4.3 Let f be a continuous linear functional on a JB*-triple V such
that ‖f ‖ = 1 = f (u) for some u ∈ V ∗∗. Then we have the Cauchy–Schwarz
inequality

|f {x, y, u}| ≤ f {x, x, u}f {y, y, u}
for all x, y ∈ V .

Proof Define a sesquilinear form 〈·, ·〉 : V 2 −→ C by

〈x, y〉 = f {x, y, u} (x, y ∈ V ).

The inequality will follow once it is shown that the form is Hermitian and
positive semidefinite.

For each x ∈ V , the box operator x x is hermitian with non-negative spec-
trum σ (x x). The numerical range N (x x) is the convex hull of σ (x x)
and therefore resides in [0,∞). The functional a ∈ L(V ) �→ f (a(u)) ∈ C has
unit norm and value 1 at the identity 1 ∈ L(V ). It follows that

〈x, x〉 = f (x x(u)) ≥ 0

for all x ∈ V . Expanding the real number

f {x + y, x + y, u} − f {x − y, x − y, u},
we find that Imf {x, y, u} = −Imf {y, x, u}. Repeating this with f {x +
iy, x + iy, u} − f {x − iy, x − iy, u}, we get Re f {x, y, u} = Re f {y, x, u}.
Hence f {x, y, u} = f {y, x, u} and 〈·, ·〉 is Hermitian.

Let Wτ be a real form of a JB*-triple W ; that is, Wτ is a JB-triple as defined
in Definition 3.1.8. We call Wτ a JBW-triple or a real JBW*-triple if W is a
JBW*-triple. Using the conjugation τ , many properties of the JBW*-triple W
can be carried over to Wτ . For instance, it can be shown that Wτ has a unique
predual and that {u ∈ W : τ (u) = u = {u, u, u} } is the set of tripotents in Wτ

[37]. In fact, τ : W −→ W is weak* continuous and its predual σ : W∗ −→ W∗
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is a conjugate linear isometry such that the predual Wτ
∗ of Wτ is given by

Wτ
∗ = {ϕ ∈ W∗ : σ (ϕ) = ϕ} and W∗ = Wτ

∗ ⊕ iWτ
∗ .

Now let V τ be a JB-triple which is a real form of a JB*-triple V . Then its
(real) dual space (V τ )′ identifies with the fixed point set

(V τ )′ = {ϕ ∈ V ∗ : τ ∗(ϕ) = ϕ}
and the second dual (V τ )′′ = (V ∗∗)τ

∗∗
is a JBW-triple. Let ϕ ∈ (V τ )′ be an

extreme point of the closed unit ball of (V τ )′. Since τ ∗ has period 2, it is
easily seen that ϕ is also an extreme point of the closed unit ball of V ∗. By
Lemma 3.3.15, ϕ has a support uϕ which is the unique minimal tripotent in
V ∗∗ satisfying ϕ(uϕ) = 1. It is evident that τ ∗∗(uϕ) is also a minimal tripotent
in V ∗∗. Since

ϕ(τ ∗∗(uϕ)) = (τ ∗ϕ)(uϕ) = ϕ(uϕ) = 1,

we must have τ ∗∗uϕ = uϕ by uniqueness; that is, uϕ belongs to the JBW-triple
(V τ )′′ and we also have the Cauchy–Schwarz inequality

|ϕ{x, y, uϕ}| ≤ ϕ{x, x, uϕ}ϕ{y, y, uϕ}
for all x, y ∈ V τ .

Lemma 3.4.4 Let V be a JB-triple and let ϕ be an extreme point of the closed
unit ball of the dual V ′, with support tripotent u ∈ V ′′. Let

Nϕ = {b ∈ V ′′ : ϕ{b, b, u} = 0}.
Then Nϕ = P0(u)V ′′, which is the Peirce 0-space of the minimal tripotent u.

Proof Let x ∈ P0(u)V ′′. By the Peirce multiplication rules in Theorem 1.2.44,
we have {x, x, u} = 0 and hence x ∈ Nϕ .

Conversely, let b ∈ Nϕ . By the Cauchy–Schwarz inequality, we have
ϕ{u, b, u} = 0 and hence minimality of u implies P2(u)(b) = 0 by (3.10),
and also {u, b, u} = 0. It remains to show b1 := P1(u)(b) = 0. Since

ϕ{u, b1, b} = ϕ{u, b1 + P0(u)(b), b} = ϕ{u, b, b} = 0,

we have ϕ{u, b1, b1} = 0, again by the Cauchy–Schwarz inequality. The Peirce
multiplication rule implies {u, b1, b1} ∈ P2(u)V ′′ and therefore {u, b1, b1} = 0
by (3.10).

We now show that (u b1)2 = 0. Let x ∈ V ′′ with Peirce decomposition x =
x0 + x1 + x2. We have u b1(x2) = 0 by the Peirce multiplication rule. The
Cauchy–Schwarz inequality gives ϕ{u, b1, x1} = 0 and it follows from (3.10)
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that {u, b1, x1} = 0, since {u, b1, x1} is in the Peirce 2-space of u. Applying a
similar argument to

ϕ{u, b1, {u, b1, x0}} = ϕ{{u, b1, u}, b1, x0} = 0,

we obtain (u b1)2(x0) = 0. It follows from the identity (1.18) that

0 = 2(u b1)2 = Qu(b1) b1 +QuQb1 = QuQb1 .

Hence Q{b1,u,b1} = Qb1QuQb1 = 0 and {b1, u, b1} = 0. Applying the identity
(1.19),

2Q(b1, u)(u b1) = Q(Qb1 (u), u) + (u u)Qb1 = (u u)Qb1 ,

to b1, we get

0 = 2{b1, {u, b1, b1}, u} = {u, u, {b1, b1, b1}} = 1

2
{b1, b1, b1},

which yields b1 = 0.

Remark 3.4.5 The space Nϕ is called the left kernel of ϕ.

Now we are ready to discuss isometries between JB-triples. In what follows,
C0(S,R) denotes the JB-triple of real continuous functions on a locally compact
Hausdorff space S, vanishing at infinity.

We denote by extV1 the set of extreme points of the closed unit ball of a
Banach space V .

Theorem 3.4.6 Let W be a JB-triple with second dual V ′′ and let  :
C0(S,R) −→ W be a linear isometry, which need not be surjective. Then
either  is a triple monomorphism or there is a tripotent u ∈ W ′′ such that

{u,  {f, g, h}, u} = {u, { f,  g,  h}, u}
for all f, g, h ∈ C0(S,R) and

{u,  (·), u} : C0(S,R) −→ W ′′

is an isometry.

Proof Let E =  (C0(S,R)) be the range of  . Then the dual map  ′ : E′ →
C0(S,R)′ of  : C0(S,R) → E is a surjective linear isometry. We also denote
by  ′ the dual map of  : C0(S,R) −→ W , since no confusion is likely. Let

Q = {ϕ ∈ extW ′
1 : ϕ|E ∈ extE′

1}.
Then Q is non-empty, since each extreme point ψ ∈ extE′

1 extends to an
extreme point ϕ ∈ extW ′

1.
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Let ϕ ∈ Q with ψ = ϕ|E ∈ extE′
1. Then  ′ϕ =  ′ψ is an extreme point

of the closed unit ball of C0(S,R)′ and hence there exists xϕ ∈ S such that
 ′ψ = αδxϕ with |α| = 1, where δxϕ is a point evaluation. Let uϕ ∈ W ′′ be the
support tripotent of ϕ. By (3.10), we have

{uϕ, b, uϕ} = ϕ(b)uϕ (b ∈ W ′′).

From ϕ ◦  (f ) = ( ′ϕ)(f ) = ( ′ψ)(f ) = αf (xϕ), we obtain, in W ′′,

{uϕ,  (f ), uϕ} = αf (xϕ)uϕ (f ∈ C0(S,R))

and {uϕ,  (·), uϕ} is a triple homomorphism. In particular,

αf 3(xϕ)uϕ = {uϕ,  f, uϕ}3 = {uϕ, { f, P2(uϕ)( f ),  f }, uϕ}
= αf (xϕ){uϕ, { f, uϕ,  f }, uϕ}

and hence ϕ{uϕ, { f, uϕ,  f }, uϕ} = (αf (xϕ))2 or

ϕ{ f, uϕ,  f } = f (xϕ)2. (3.12)

We prove that

{uϕ,  (f 3), uϕ} = {uϕ, ( f )3, uϕ} (f ∈ C0(S,R)).

It suffices to show that

ϕ{uϕ, ( f )3, uϕ} = αf 3(xϕ).

We first show that

{uϕ, uϕ,  h} = uϕ

for h ∈ C0(S,R) satisfying ‖h‖ = 1 and h(xϕ) = α. We have, by the Cauchy–
Schwarz inequality,

1 = |ϕ( h)|2 = |ϕ{uϕ,  h, uϕ}|2
≤ ϕ{uϕ, uϕ, uϕ}ϕ{ h, h, uϕ} ≤ ‖ h‖2 = ‖h‖2 = 1,

giving ϕ{ h, h, uϕ} = 1. Let

Nϕ = {b ∈ W ′′ : ϕ{b, b, uϕ} = 0}
be the left kernel of ϕ. Then we have

Nϕ = P0(uϕ)(W ′′) (3.13)

by Lemma 3.4.4. We show  h− uϕ ∈ Nϕ . Indeed, we have

ϕ{ h− uϕ,  h− uϕ, uϕ}
= ϕ{ h, h, uϕ} − ϕ{uϕ,  h, uϕ} + ϕ{uϕ, uϕ, uϕ} − ϕ{ h, uϕ, uϕ} = 0,
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where ϕ{ h, uϕ, uϕ} = ϕ{uϕ,  h, uϕ} = 1. Hence, by (3.13), we have
{uϕ, uϕ,  h− uϕ} = 0 and {uϕ, uϕ,  h} = uϕ .

We next show that ϕ{ g,  g, uϕ} = 0 whenever g ∈ C0(S,R) satisfies
g(xϕ) = 0. We may assume, by Urysohn’s lemma, that g vanishes on a neigh-
bourhood of xϕ , in which case, we can choose k ∈ C0(S,R) such that ‖k‖ = 1,
k(xϕ) = α and kg = 0. Then ‖k + g‖ = 1 and (k + g)(xϕ) = α. Therefore,
by the preceding argument, we have  (k + g) +Nϕ = uϕ +Nϕ =  k +Nϕ ,
which yields  g ∈ Nϕ ; that is, ϕ{ g,  g, uϕ} = 0.

Now letf ∈ C0(S,R). Pickh ∈ C0(S,R) with ‖h‖ = 1 andh(xϕ) = α. Then
(f − αf (xϕ)h)(xϕ) = 0 and therefore we have  f − αf (xϕ) h ∈ Nϕ and by
(3.13) again,

{uϕ, uϕ,  f − αf (xϕ) h} = 0,

giving

{uϕ, uϕ,  f } = αf (xϕ){uϕ, uϕ,  h} = αf (xϕ)uϕ.

Moreover, for any g ∈ C0(S,R), we have

αf (xϕ){uϕ,  g, uϕ} = {uϕ,  g, {uϕ, uϕ,  f }}
= {{uϕ,  g, uϕ}, uϕ,  f }−{uϕ, { g, uϕ, uϕ},  f }+{uϕ, uϕ, {uϕ,  g,  f }}
= αg(xϕ){uϕ, uϕ,  f }−αg(xϕ){uϕ, uϕ,  f }+{uϕ, uϕ, {uϕ,  g,  f }}
= {uϕ, uϕ, {uϕ,  g,  f }} (3.14)

and hence

ϕ{uϕ,  g,  f } = ϕ({uϕ, uϕ, {uϕ,  g,  f }}) = αf (xϕ)ϕ{uϕ,  g, uϕ}. (3.15)

Therefore we have

ϕ{uϕ, ( f )3, uϕ} = ϕ{uϕ, uϕ, { f,  f,  f }}
= ϕ({{uϕ, uϕ,  f },  f,  f } − { f, {uϕ, uϕ,  f },  f }
+ { f,  f, {uϕ, uϕ,  f }})

= 2αf (xϕ)ϕ{uϕ,  f,  f } − αf (xϕ)ϕ{ f, uϕ,  f }
= αf 3(xϕ)

using (3.12). It follows that

{uϕ,  (f 3), uϕ} = αf 3(xϕ)uϕ = {uϕ, ( f )3, uϕ}.
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Although polarization in terms of cubes is unavailable in real Jordan triples,
one can still extend the previous identity to

{uϕ,  {f, g, h}, uϕ} = {uϕ, { f,  g,  h}, uϕ} (f, g, h ∈ C0(S,R)).
(3.16)

To achieve this, it suffices to establish (3.16) for the case f = h. Since

2{ f,  g,  f } = ( f +  g)3 + ( g −  f )3 − 2( g)3 − 2{ g,  f,  f },

we need only show

{uϕ,  {g, f, f }, uϕ} = {uϕ, { g,  f,  f }, uϕ}

for f, g ∈ C0(S,R). Indeed, using (1.18), we have

{uϕ, { g,  f,  f }, uϕ}
= 2{uϕ,  g, {uϕ,  f,  f }} − {{uϕ,  g, uϕ},  f,  f }
= 2f (xϕ)2{uϕ,  g, uϕ} − αg(xϕ){uϕ,  f,  f }
= 2αf (xϕ)2g(xϕ) − αg(xϕ)f (xϕ)2

= αf (xϕ)2g(xϕ) = {uϕ,  {g, f, f }, uϕ}.

We next show that

{uϕ, uϕ,  {f, g, h} } = {uϕ, uϕ, { f,  g,  h} } (f, g, h ∈ C0(S,R)).
(3.17)

We first deduce from (1.18), (3.14) and (3.15) that

{uϕ,  f,  g} = {{uϕ, uϕ, uϕ},  f,  g}
= 2{uϕ, uϕ, {uϕ,  f,  g}} − {uϕ, {uϕ,  g,  f }, uϕ}
= 2f (xϕ)g(xϕ)uϕ − g(xϕ)f (xϕ)uϕ

= f (xϕ)g(xϕ)uϕ.

Therefore

{uϕ, uϕ,  {f, g, f } } = αf (xϕ)2g(xϕ)uϕ

= { f,  g, {uϕ, uϕ,  f } }
= { f,  g, uϕ}, uϕ,  f } − {uϕ, { g,  f, uϕ},  f } + {uϕ, uϕ, { f,  g,  f }}
= αf (xϕ)g(xϕ)f (xϕ) − αg(xϕ)f (xϕ)2 + {uϕ, uϕ, { f,  g,  f }}
= {uϕ, uϕ, { f,  g,  f }}.
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Consider the partial ordering≤ for tripotents inW ′′, introduced in Definition
1.2.42. We have two cases :

(i) the lattice supremum u =
∨
ϕ∈Q

uϕ is a tripotent in W ′′ ;

(ii) the closed unit ball W ′
1 of W ′ is itself the smallest norm closed face of W ′

1

containing all ϕ ∈ Q (cf. [37, theorem 3.7]).

Case (i) LetW = Zτ be the real form of a JB*-triple Z. ThenW ′′ is a real form
of the JBW*-triple Z∗∗. Consider u as a tripotent in Z∗∗. The u-homotope
(P2(u)Z∗∗, ◦u) is a JBW*-algebra and P2(u)W ′′ is a weak* closed real
∗-subalgebra of P2(u)Z∗∗. It follows that the self-adjoint part

P2(u)W ′′
sa = {w ∈ P2(u)W ′′ : w = w∗ = {u,w, u}}

is a JBW-algebra. Each uϕ is a minimal projection in P2(u)W ′′
sa and we have

u uϕ = uϕ u = uϕ uϕ.

Let f, g, h ∈ C0(S,R) and let

c =  {f, g, h} − { f,  g,  h} ∈ W ⊂ W ′′.

Then we have {u, c, u} ∈ P2(u)W ′′ and

{uϕ, {u, c, u}, uϕ} = {u, {uϕ, {u, c, u}, uϕ}, u} = {uϕ, c, uϕ} = 0.

Also, (3.17) implies

{uϕ, uϕ, {u, c, u}} = {u, uϕ, {u, c, u}}
= {u, {uϕ, u, c}, u} = {u, {uϕ, uϕ, c}, u} = 0.

It follows that

uϕ ◦u {u, c, u} = {uϕ, u, {u, c, u}} = {uϕ, uϕ, {u, c, u}} = 0

and

{uϕ, {u, c, u}, uϕ} = 2(uϕ ◦u {u, c, u}) ◦u uϕ − u2
ϕ ◦u {u, c, u} = 0.

By Lemma 1.1.7, uϕ and {u, c, u} operator commute in the JBW*-algebra
P2(u)Z∗∗. Likewise, one can show that uϕ operator commutes with {u, c, u}∗ =
{u, {u, c, u}, u}. Let

{u, c, u}1 = 1

2
({u, c, u} + {u, c, u}∗) and

{u, c, u}−1 = 1

2i
({u, c, u} − {u, c, u}∗).
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Then {u, c, u}±1 ∈ P2(u)W ′′
sa and

{u, c, u} = {u, c, u}1 + i{u, c, u}−1,

where {u, c, u}±1 operator commutes with uϕ .
It follows that, for j = ±1, the element {u, c, u}j operator commutes with

uϕ + uψ for all ϕ,ψ ∈ Q and hence the JBW-subalgebra W ({u, c, u}j , uϕ +
uψ ) generated by {u, c, u}j and uϕ + uψ in P2(u)W ′′

sa is associative.
The lattice supremum uϕ ∨ uψ in P2(u)W ′′

sa is the range projection r(uϕ +
uψ ) of uϕ + uψ and is the strong limit of a sequence {pn(uϕ + uψ )} of
polynomials without constant term [47, lemma 4.2.6]. By associativity of
W ({u, c, u}j , uϕ + uψ ) and {u, c, u} ◦u (uϕ + uψ ) = 0, we conclude that

{uϕ ∨ uψ, {u, c, u}j , uϕ ∨ uψ } = {u, c, u} ◦u r(uϕ + uψ ) = 0.

By induction, we have

{uϕ1 ∨ · · · ∨ uϕk , {u, c, u}j , uϕ1 ∨ · · · ∨ uϕk } = 0

for any finite collection ϕ1, . . . , ϕk in Q. By taking finite suprema, we can
express u as the supremum of an increasing net {vα} of projections vα in
P2(u)W ′′

sa with {vα, {u, c, u}j , vα} = 0. Since u is the strong limit of {vα}, we
obtain

{u, {u, c, u}j , u} = 0 (j = ±1)

and hence {u, {u, c, u}, u} = 0, which enables us to conclude that

{u,  {f, g, h}, u} = {u, { f,  g,  h}, u}.
Finally, for anyf ∈ C0(S,R), pick x ∈ S with ‖f ‖ = |f (x)|. Letψ ∈ extE′

1

with  ′ψ = δx , and let ϕ ∈ extW ′
1 be an extension of ψ . Then ϕ ∈ Q and

 ′ϕ = δx . Hence

‖ f ‖ ≥ ‖{u,  f, u}‖ ≥ ‖{uϕ, {uϕ, {u,  f, u}, uϕ}, uϕ}‖
= ‖{uϕ,  f, uϕ}‖
= ‖f (x)uϕ‖ = |f (x)| = ‖f ‖,

which gives ‖{u,  f, u}‖ = ‖f ‖.

Case (ii) By Example 3.3.22, Z∗∗ can be embedded as a 1-complemented
subtriple of a JBW*-algebra B which has an identity. Let u′ =

∨
ϕ∈Q

uϕ be the
supremum in B. Then

F (u′) = {η ∈ B∗ : ‖η‖ = 1 = η(u′)}
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is a norm-closed face of the closed unit ball of the predual B∗ and F (u′) ∩W ′
1

is a norm-closed face of the closed unit ball W ′
1, containing all ϕ ∈ Q. Hence

F (u′) ∩W ′
1 = W ′

1 and each extreme point ρ ∈ extW ′
1 belongs to F (u′).

We can repeat the previous arguments in P2(u′)B to show that

{u′,  {f, g, h}, u′} = {u′, { f,  g,  h}, u′} (f, g, h ∈ C0(S,R)).

It follows that, for each ρ ∈ extW ′
1, its support tripotent uρ satisfies

{uρ,  {f, g, h}, uρ} = {u′, {uρ, {u′,  {f, g, h}, u′}, uρ, }u′}
= {u′, {uρ, {u′, { f,  g,  h}, u′}, uρ, }u′}
= {uρ, { f,  g,  h}, uρ}.

Since ρ ∈ extW ′
1 is arbitrary, we have

 {f, g, h} = { f,  g,  h} (f, g, h ∈ C0(S,R)).

Remark 3.4.7 If  is surjective in Theorem 3.4.6, then it is a triple
isomorphism, since surjectivity implies Q = extW ′

1 and ρ( {f, g, h}) =
ρ{ f,  g,  h} for all ρ ∈ extW ′

1.

Theorem 3.4.8 Let V and W be JB-triples and let γ : V −→ W be a linear
isometry which may not be surjective. Then for each a ∈ V , there is a tripotent
u ∈ W ′′ such that

{u, γ {x, y, z}, u} = {u, {γ (x), γ (y), γ (z)}, u}
for all x, y, z in the closed subtriple R(a) generated by a, and {u, γ (·), u} :
R(a) −→ W

′′
is an isometry.

Proof This follows immediately from Theorem 3.4.6, sinceR(a) is of the form
C0(S,R), and if γ is a triple monomorphism on R(a), we can take u ∈ W ′′ to
be a complete tripotent satisfying {u, γ (a), u} = γ (a), by Lemma 3.3.7.

Remark 3.4.9 We stress that the above result is a local one in that the tripotent
u depends on the element a. This is illustrated by the following example.

Example 3.4.10 Let S be the closed unit disc in the complex plane C and
let σ : z ∈ S �→ z ∈ S be the complex conjugation. Consider the real abelian
C*-algebra

Cσ (S) = {f ∈ C(S) : f ◦ σ = f }
as in (2.19), which contains complex continuous functions on S. Let M2(R) be
the real C*-algebra of 2 × 2 real matrices and let C(S,M2(R)) be the real C*-
algebra of M2(R)-valued continuous functions on S. Define a linear isometry
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γ : Cσ (S) −→ C(S,M2(R)) by

γ (f ) =
⎛⎝Re f Im f

0 0

⎞⎠ (f ∈ Cσ (S)),

where Re f and Im f denote the real and imaginary parts of f , respectively.
Then γ preserves the cubes f 3, but not the triple product.

Further, there is no tripotent u ∈ C(S,M2(R))′′ satisfying both conditions

{u, γ {f, g, f }, u} = {u, {γ (f ), γ (g), γ (f )}, u} and ‖{u, γ (f ), u}‖ = ‖f ‖
for all f, g ∈ Cσ (S). Indeed, if there were such a tripotent u, consider the
functions g = 1 ∈ Cσ (S) and f ∈ Cσ (S) given by

f (z) = i Im z (z ∈ S).

Then we would have

{u, γ {f, g, f }, u} = {u,
(
f 2 0
0 0

)
, u}

= {u, {γ (f ), γ (g), γ (f )}, u} =
(

0 0
0 0

)
.

On the other hand, f 2 ∈ Cσ (S) and we would have

‖f 2‖ = ‖{u, γ (f 2), u}‖ = ‖{u,
(
f 2 0
0 0

)
, u}‖ = 0,

which is impossible.
We also note that the complexification γc of γ is not an isometry since

‖g + if ‖ = 2 	= √
2 = ‖γc(g + if )‖.

3.5 Hilbert spaces

In this section, we study ternary structures in Hilbert spaces. We have already
seen that every Hilbert space V has a natural ternary structure given by the
Jordan triple product

{x, y, z} = 1

2
〈x, y〉z+ 1

2
〈z, y〉x (x, y, z),

which plays an important role in geometry. One can also define other ternary
products on a Hilbert space and study the induced ternary structures. Our main
concern, however, is the structures of JH-triples, since they correspond to a class
of Riemannian symmetric spaces including the Hermitian symmetric spaces.
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Given a Hilbert space V which is also a Jordan triple system, we call its
inner product 〈·, ·〉 associative, as in (2.31), if

〈(a b)x, y〉 = 〈x, (b a)y〉 (a, b, x, y ∈ V ).

Proposition 3.5.1 Every finite-dimensional JB-triple carries the structure of a
continuous JH-triple. Every finite-dimensional JB*-triple carries the structure
of a JH*-triple.

Proof We note that a closed subtriple of a JH-triple is also a JH-triple in the
inherited inner product. Since JB-triples are real closed subtriples of JB*-
triples, we need only consider finite-dimensional JB*-triples. LetH be a finite-
dimensional complex Hilbert space andL(H ) the JB*-triple of linear operators
on H .

Define the canonical inner product 〈·, ·〉 on L(H ) by the trace:

〈x, y〉 = Trace (xy∗) (x, y ∈ L(H )).

Then L(H ) is a Hilbert space in the inner product norm ‖ · ‖2 and 〈·, ·〉 is
associative:

〈(a b)x, y〉 = 1

2
Trace (ab∗xy∗ + xb∗ay∗)

= 1

2
Trace (xy∗ab∗ + xb∗ay∗)

= 〈x, (b a)y〉 (a, b, x, y ∈ L(H )).

For a, b, x ∈ L(H ), we have ‖a b(x)‖2 ≤ ‖a b‖‖x‖2 ≤ ‖a‖‖b‖‖x‖2 ≤
‖a‖2‖b‖2‖x‖2. It follows that L(H ) and all finite-dimensional JC*-triples are
JH*-triples.

It remains to consider the two exceptional Cartan factors. As in Example
2.4.32, the JB*-algebra H3(O) can be equipped with an associative inner prod-
uct defined by

〈a, b〉 = Trace (a b)

and hence H3(O) is a JH*-triple in the canonical Jordan triple product.
Finally, the JB*-tripleM12(O) is a closed subtriple ofH3(O) and is therefore

a JH*-triple.

Example 3.5.2 Let M2(R) be the real Hilbert space of 2 × 2 real matrices,
with the usual inner product

〈a, b〉 = Trace (ab∗) (a, b ∈ M2(R)),
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where b∗ is the transpose of the matrix b. AlthoughM2(R) is indeed a JH-triple
in the triple product

{a, b, c} = 1

2
(ab∗c + cb∗a),

it is not a JH-triple in the Jordan triple product

{a, b, c}1 = 1

2
(abc + cba).

In fact, we have

〈{a, b, x}1, x〉 = 0 	= 1 = 〈x, {b, a, x}1〉
if

x =
(

2 0
1 0

)
, a =

(
1 0
0 0

)
, b =

(
0 0
1 1

)
.

Example 3.5.3 Let V and W be Hilbert spaces over the same involutive real
division algebra F = R,C or H. With real scalar multiplication, the vector
spaceL(V,W ) of continuous F-linear operators between V andW forms a real
Banach space in the operator norm ‖ · ‖. An operator T ∈ L(V,W ) is said to
be of Hilbert–Schmidt class if the series

‖T ‖2 :=
(∑

α

‖T (eα)‖2

)1/2

is convergent for an orthonormal basis {eα} ofV , and hence for any orthonormal
basis, in which case the Hilbert–Schmidt norm ‖T ‖2 does not depend on the
choice of basis. With this norm, the Hilbert–Schmidt operators form a real
Hilbert space L2(V,W ) with inner product

〈T , S〉2 = Re Trace (S∗T ) (T , S ∈ L2(V,W )).

We write L2(V ) for L2(V, V ). Although L2(V ) is not closed in L(V ) in the
operator-norm topology, it is a weak* dense two-sided ideal in L(V ).

With the canonical Jordan triple product

{R, S, T } := 1

2
(RS∗T + T S∗R)

the Hilbert spaceL2(V,W ) is a continuous JH-triple in which the inner product
is associative. In fact, for any k > 0, with the inner product

k〈T , S〉2 = kRe Trace (S∗T )

and the canonical triple product just mentioned, L2(V,W ) is also a JH-triple.
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If V is a complex Hilbert space, then L2(V ) is a JH*-triple in the canonical
Jordan triple product and the complex inner product 〈T , S〉 = Trace (S∗T ).

The preceding example shows that a triple isomorphism between two JH-
triples need not be an isometry.

One can embed a Hilbert space (V, 〈·, ·〉) over F into L2(V ) in many ways.
We choose to do so in the following way. Given two vectors u, v ∈ V , we define
the rank one operator v ⊗ u ∈ L2(V ) by

(v ⊗ u)(x) = 〈x, u〉v (x ∈ V ).

One sees easily that u⊗ v is the adjoint of v ⊗ u and ‖v ⊗ u‖2 = ‖v‖‖u‖. Fix
a vector eγ in an orthonormal basis {eα} of V and define the embedding

v ∈ V �→ v ⊗ eγ ∈ L2(V ),

where

〈u⊗ eγ , v ⊗ eγ 〉2 = Re Trace ((u⊗ eγ )(v ⊗ eγ )∗)

= Re Trace ((u⊗ eγ )(eγ ⊗ v))

= Re Trace (u⊗ v)

= Re
∑
α

〈u⊗ v(eα), eα〉

= Re
∑
α

〈u, eα〉〈eα, v〉 = Re〈u, v〉.

If we regard v ⊗ eγ as a matrix represented with respect to the basis {eα}, then
v occupies the γ th column of this matrix which has zero entries elsewhere. In
L2(V ), we have

(u⊗ eγ )(v ⊗ eγ )∗(w ⊗ eγ ) = 〈w, v〉(u⊗ eγ ) (u, v,w ∈ V ).

Hence the real Hilbert space (V,Re〈·, ·〉), equipped with the triple product
2{u, v,w} = 〈u, v〉w + 〈w, v〉u, embeds as a closed subtriple of the JH-triple
L2(V ). If V is a complex Hilbert space, then it is a JB*-triple as well as a
JH*-triple in the same triple product and the same norm. We note, however,
that the JH*-triple (L2(V ), ‖ · ‖2) is not a JB*-triple since ‖T 3‖2 need not equal
‖T ‖3

2 in L2(V ).

Example 3.5.4 The triple spin factor Spn(H ) introduced in Theorem 2.5.9 is a
JB*-triple which is also a JH*-triple in the same triple product but in a different,
albeit equivalent, norm. Indeed, Spn(H ) is linearly ∗-isomorphic to a complex
Hilbert space (V, 〈·, ·〉) with a conjugation ∗ : V −→ V satisfying

〈a∗, b∗〉 = 〈b, a〉 (a, b ∈ V ).
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Equip V with the Jordan triple product

{a, b, c} = 1

2
(〈a, b〉c + 〈c, b〉a − 〈a, c∗〉b∗).

Then V is a JH*-triple and Spn(H ) is triple isomorphic to V . We call V a
complex triple spin factor.

We define a real triple spin factor to be a real Hilbert space (V, 〈·, ·〉) equipped
with an involutive linear isometry j : V −→ V and the triple product

{a, b, c} = 1

2
(〈a, jb〉c + 〈c, jb〉a − 〈a, c〉jb).

A real triple spin factor is a JH-triple with an associative inner product. In the
spin factor (H ⊕ R, ◦) introduced after Theorem 2.3.14, the Hilbert space H ,
with the identity map as an involutive isometry, is a real triple spin factor in the
canonical triple product {a, b, a} = 2(a ◦ b) ◦ a − a2 ◦ b, scaled by 1/2.

We recall that Jordan Hilbert triples are Jordan triple systems as well as
Hilbert spaces on which the inner derivations

d(a, b) = a b − b a

are skew-symmetric and, by Lemma 2.4.18, automatically continuous. Jordan
Hilbert triples correspond to a class of orthogonal involutive Lie algebras (cf.
Lemma 2.4.16). Continuity of the box operators a b on Jordan Hilbert triples
follows from associativity of the inner product.

Lemma 3.5.5 Let V be a Jordan Hilbert triple. The following conditions are
equivalent:

(i) The inner product in V is associative.
(ii) For all a, b ∈ V , the box operator a b is continuous with adjoint

(a b)∗ = b a.

Further, these conditions imply that the bilinear map

(a, b) ∈ V × V �→ a b ∈ L(V )

is continuous. In other words, there is a constant c > 0 such that

‖a b‖ ≤ c‖a‖‖b‖ (a, b ∈ V ).

In particular, a real Jordan Hilbert triple with an associative inner product is
a continuous JH-triple.

Proof It suffices to show that (i) ⇒ (ii). Let a, b ∈ V . Since

〈(a b)x, y〉 = 〈x, (b a)y〉 (x, y ∈ V ),
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the box operator a b is weakly continuous and hence norm continuous. More-
over, (a b)∗ = b a.

To show continuity of the bilinear map, we observe that, for a, x ∈ V ,
the linear map Q(a, x) : V −→ V is bounded since, as before, it is weakly
continuous by associativity of the inner product:

〈Q(a, x)(b), y〉 = 〈{a, b, x}, y〉 = 〈{a, y, x}, b〉 (y ∈ V ).

Hence, for each a ∈ V , we can define a linear map

Q(a, ·) : x ∈ V �→ Q(a, x) ∈ L(V ).

We show thatQ(a, ·) is continuous onV . Let (xn) be a sequence inV converging
to 0 and let the sequence (Q(a, xn)) converge to some T ∈ L(V ). For any
u, v ∈ V , we have

〈T u, v〉 = lim
n
〈Q(a, xn)u, v〉 = lim

n
〈{a, u, xn}, v〉 = lim

n
〈xn, {u, a, v}〉 = 0,

which implies that T = 0 and therefore Q(a, ·) is continuous by the closed
graph theorem. It follows that ‖Q(a, x)‖ ≤ ‖Q(a, ·)‖‖x‖ for all x ∈ V and

‖Q(a, x)‖ = ‖Q(x, a)‖ ≤ ‖Q(x, ·)‖‖a‖ ≤ ‖Q(x, ·)‖
for all x ∈ V and ‖a‖ ≤ 1.

By the uniform boundedness principle, we have

sup{‖Q(a, ·)‖ : ‖a‖ ≤ 1} ≤ c

for some c > 0 which gives ‖Q(a, x)‖ ≤ c‖a‖‖x‖ for all a, x ∈ V , and in turn

‖{a, b, x}‖ = ‖Q(a, x)b‖ ≤ ‖Q(a, x)‖‖b‖ ≤ c‖a‖‖x‖‖b‖ (a, b, x ∈ V )

or equivalently, ‖a b‖ ≤ c‖a‖‖b‖ for all a, b ∈ V .

Lemma 3.5.6 Let V be a complex Hilbert space as well as a Hermitian Jordan
triple. The following conditions are equivalent:

(i) The inner product in V is associative; that is, V is a JH*-triple.
(ii) The box operator a a : V −→ V is continuous and self-adjoint for

each a ∈ V .

Proof To see (ii) ⇒ (i), we observe that

2a b = (a + b) (a + b) + i((a + ib) (a + ib))

is continuous for all a, b ∈ V . The equation

((a + ib) (a + ib))∗ = (a + ib) (a + ib)
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implies

(a b)∗ − (b a)∗ = −(a b) + (b a)

which, together with the self-adjointness of (a + b) (a + b), yields
(a b)∗ = b a.

A Jordan Hilbert triple V is called Hermitian if V is a complex Hilbert space
and a Hermitian Jordan triple. The inner product in a Hermitian Jordan Hilbert
triple is always associative, since we have

〈(a b)(x + αy), x + αy〉 = 〈x + αy, (b a)(x + αy)〉
for α = 1, i. Hence the Hermitian Jordan Hilbert triples are exactly the JH*-
triples. This may suggest that the hermitification of a JH-triple V would have
an associative inner product and hence would be a JH*-triple. That, in fact, is
not the case unless the inner product of V is already associative.

Lemma 3.5.7 Let V be a JH-triple. The following conditions are equivalent:

(i) The inner product in V is associative.
(ii) The box operator a a : V −→ V is symmetric for each a ∈ V .

(iii) The inner product in the hemitification (Vc, {·, ·, ·}h) of V is associative.
(iv) The hermitification (Vc, {·, ·, ·}h) of V is a JH*-triple.
(v) The inner product in the complexification (Vc, {·, ·, ·}c) of V is

associative.
(vi) The real restriction of the complexification (Vc, {·, ·, ·}c) is a JH-triple.

Proof (ii) ⇒ (i). Let a, b ∈ V . Since the box operators a a, b b and
(a + b) (a + b) are symmetric, the operator a b + b a is symmetric. It fol-
lows that 2(a b)∗ = (a b + b a + d(a, b))∗ = a b + b a + d(b, a) =
2b a.

(i) ⇒ (iii). Given a, x, y ∈ Vc, with the Hermitian triple product {·, ·, ·}h
defined in (1.24), it is straightforward to verify that

〈{a, a, x}h, y〉c = 〈x, {a, a, y}h〉c
by associativity of the inner product 〈·, ·〉.

(iv) ⇒ (i). Let a, b, x, y ∈ V . The identities

Re〈{a, b, x + y}h, x + y〉c = Re〈x + y, {b, a, x + y}h〉c
and

Re〈{a, ib, x + iy}h, x + iy〉c = Re〈x + iy, {ib, a, x + iy}h〉c
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together yield

〈{a, b, x}, y〉 = 〈x, {b, a, y}〉.
(i) ⇒ (v). Straightforward.
(vi) ⇒ (i). Let a, b, x, y ∈ V . The identity

Re〈{a ⊕ ia, b ⊕ ib, x ⊕ iy}c, x ⊕ iy〉c
= Re〈x ⊕ iy, {b ⊕ ib, a ⊕ ia, x ⊕ iy}c〉c

yields

〈{a, b, x}, y〉 − 〈{a, b, y}, x〉 = 〈y, {b, a, x}〉 − 〈x, {b, a, y}〉
which, together with the identity

〈d(a, b)x, y〉 = 〈x, d(b, a)y〉,
yields

〈{a, b, x}, y〉 = 〈y, {b, a, x}〉.

Example 3.5.8 Let V be a Hilbert space of at least two dimensions over
F = R,C or H. The real Hilbert space L2(V ) is a Jordan triple in the triple
product

{a, b, c} = 1

2
(abc + cba)

but is not a JH-triple since M2(R) in Example 3.5.2 can be embedded in L2(V )
as a closed subtriple and M2(R) is not a JH-triple in this triple product.

However, any closed commutative subalgebra A of L2(V ) is a continuous
JH-triple in the triple product, but the inner product inA need not be associative,
where

〈{a, b, x}, y〉 = Re Trace (y∗{a, b, x}) and

〈x, {b, a, y}〉 = Re Trace (x∗{a, b, y})
for a, b, x, y ∈ A. Consider, for instance, the commutative algebra

A =
{(

α β

0 α

)
: α, β ∈ R

}
.

We have 〈a a(a), a3〉 = 11 	= 7 = 〈a, a a(a3)〉 for a =
(

1 1
0 1

)
.

To avoid confusion, two elements a and b in a Jordan Hilbert triple V such
that a b = b a = 0 will be called triple orthogonal to each other. If the
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inner product in V is associative, it is readily seen that two triple orthogonal
tripotents are also orthogonal with respect to the inner product. Given a subset
S of a Jordan Hilbert triple, we denote its complements with respect to the two
notions of orthogonality by

S⊥ = {v ∈ V : 〈v, S〉 = {0}}
S = {v ∈ V : v S = {0}},

which will be called respectively the orthogonal complement and the (triple)
annihilator of S. We note that the annihilator S is a subtriple of V by the
triple identity

{a, b, a} v(x) = 2{a, b, {a, v, x}} − {a, {b, v, x}, a} = 0

(a, b ∈ S , v ∈ S, x ∈ V ).

Lemma 3.5.9 Let V be a Jordan Hilbert triple with an associative inner
product and let I be a triple ideal in V . Then its orthogonal complement I⊥ is
a closed ideal of V and I⊥ ⊂ I . If the annihilator V vanishes, then I is
the closed linear span of {I, I, I } and I⊥ = I .

Proof The first assertion follows from

〈 {I⊥, V , V } + {V, I⊥, V }, I 〉
= 〈 I⊥, {I, V , V }〉 + 〈{V, I, V }, I⊥〉
⊂ 〈I⊥, I 〉 + 〈I, I⊥〉 = {0}

by associativity of the inner product.
Let a ∈ I⊥ and b ∈ I . Then

〈{a, b, x}, y〉 = 〈a, {y, x, b}〉 ∈ 〈a, I 〉 = {0} (x, y ∈ V )

implies a ∈ I .
Let V = {0} for the rest of the proof. To show that I is the closed linear

span of {I, I, I }, it suffices to establish

{I, I, I }⊥ ⊂ I⊥.

We note that {I⊥, I, I } = {0} since

〈{I⊥, I, I }, V 〉 = 〈I⊥, {V, I, I }〉 ⊂ 〈I⊥, I 〉 = {0}.
Similarly, {I⊥, I, I⊥} = 0. It follows from V = I ⊕ I⊥ that

{V, I, V } = {I , I, I } + {I⊥, I, I } + {I , I, I⊥} + {I⊥, I, I⊥} ⊂ {I , I , I } ⊂ I .
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Let a ∈ {I, I, I }⊥ and write a = b + c with b ∈ I and c ∈ I⊥. Then

〈{b, V, V }, V 〉 = 〈{b, V, I }, V 〉 + 〈{b, V, I⊥}, V 〉
= 〈a − c, {V, I , V }〉 + 〈b, {V, I⊥, V }〉
⊂ 〈a, {I , I , I }〉 + 〈c, I 〉 + 〈b, I⊥〉 = {0}.

Hence we have b ∈ V and b = 0, that is, a ∈ I⊥.
Finally, if a ∈ I , then

〈a, {I, I, I }〉 = 〈{a, I, I }, I 〉 = {0}
and therefore a ∈ I⊥.

Let V be a Jordan triple system. An element a ∈ V is called an absolute zero
divisor if the quadratic operator Qa = 0. Let

V 0 = {a ∈ V : Qa = 0}
denote the set of absolute zero divisors of V and let

V = {a ∈ V : a x = 0, ∀x ∈ V }
be the annihilator of V . Given a ∈ V 0, we have

(a x)2 = (x a)2 = 0

for all x ∈ V . This follows from the identity (1.18):

2(a x)2 = Qa(x) x +QaQx

and also 2(x a)2 = x Qa(x) +QxQa by (1.17). The annihilator V of a
JH-triple V is always contained in V 0, as will be shown.

By (2.30), a JH-triple V has an orthogonal decomposition

V = Z(V ) ⊕ Z(V )⊥,

where Z(V ) = {a ∈ V : a x = x a, ∀x ∈ V } is a closed abelian subtriple
of V .

Lemma 3.5.10 For a JH-triple V , we have V ⊂ V 0 ∩ Z(V ) and V is a
closed triple ideal in V .

Proof Let a ∈ V and x ∈ V . ThenQa = 0 sinceQa(v) = a v(a). We have
(x a)2 = 0 by the previous remark. Hence d(a, x)2 = (a x − x a)2 = 0.
Since the inner derivation d(a, x) is a normal operator, we have d(a, x) = 0,
that is, a x = x a. This proves a ∈ Z(V ). The last assertion follows from
{V, V , V } = {V , V, V } = {0}.
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We now derive some useful characterisations of absolute zero divisors in
Jordan Hilbert triples.

Lemma 3.5.11 Let V be a Jordan Hilbert triple with an associative inner
product. Let a ∈ V . The following conditions are equivalent:

(i) Qa = 0.
(ii) (a x)2 = 0 for all x ∈ V .

(iii) (x a)2 = 0 for all x ∈ V .
(iv) a a = 0.
(v) a3 = 0.

Proof (ii) ⇒ (iv) and (iii) ⇒ (iv). Since the inner product is associative, the
box operator a a is symmetric and therefore (a a)2 = 0 implies a a = 0.

(iv) ⇔ (v). We need only show that a3 = 0 implies a a = 0. Observe first
that a3 = 0 implies Qa(a a) = 0, from the identity

{a, x, {a, a, a}} = {a, {x, a, a}, a} (x ∈ V ).

The identity (1.17) gives

2{a, a, {x, a, a}} = {a, {a, x, a}, a} + {a, {a, a, a}, x} (x ∈ V )

and hence 2(a a)2 = Q2
a . It follows that 2(a a)3 = Q2

a(a a) = 0. There-
fore a a = 0 since a a is symmetric by associativity of the inner product.

(iv) ⇒ (i). Let x ∈ V . We have, from the Jordan triple identity,

{x, a, {a, x, a}} = {{x, a, a}, x, a} − {a, {a, x, x}, a} + {a, x, {x, a, a}}
= −{a, {a, x, x}, a}.

Therefore

‖{a, x, a}‖2 = 〈{a, x, a}, {a, x, a}〉 = 〈{x, a{a, x, a}}, a〉
= −〈{a, {a, x, x}, a}, a〉 = −〈a, {{a, x, x}, a, a}〉 = 0.

Proposition 3.5.12 Let V be a Jordan Hilbert triple with an associative inner
product. Then we have V 0 = V .

Proof We first show that the absolute zero divisors V 0 form a closed subspace
of V . Let a, b ∈ V 0. Since the inner product is associative, we have (a b)∗ =
b a. From Lemma 3.5.11 and the triple identity (1.26), we obtain

[a b, b a] = {a, b, b} a − b {a, a, b} = 0.

It follows that a b is a normal operator on the Hilbert space V . Since
(a b)2 = 0 by the remark before Lemma 3.5.10, we have a b = 0 = b a
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and hence (a + b) (a + b) = 0. This implies a + b ∈ V 0 by Lemma 3.5.11.
Hence V 0 is a closed subspace of V .

We now show that V 0 is a triple ideal of V , using an argument in Neher [92,
p. 155]. Let a ∈ V 0 and x, y ∈ V . Then {z, a, z} ∈ V 0 for all z ∈ V , and hence
{x, a, y} ∈ V 0. Also, the identity

Q(B(x, y)a, B(x, y)a) = B(x, y)QaB(y, x)

for the Bergmann operator B(x, y) in Theorem 1.2.18 implies B(x, y)a ∈ V 0.
It follows from the fact that V 0 is a subspace of V and

B(x, y)a = a − 2{x, y, a} +QxQy(a)

that {x, y, a} ∈ V 0, proving that V 0 is a triple ideal of V .
Finally, we prove that a x = 0 for a ∈ V 0 and all x ∈ V . Since a b = 0

for all b ∈ V 0 as shown before, we need only show that a x = 0 for all x in
the orthogonal complement (V 0)⊥ of V 0. For any y, z ∈ V , the associativity of
the inner product gives

〈{a, x, y}, z〉 = 〈{y, {x, a, z}〉 = 〈{a, z, y}, x〉 = 0

since V 0 is an ideal and x ∈ (V 0)⊥. Hence a x = 0.

Let V be a Jordan triple as well as a Hilbert space. If a, b ∈ V satisfies

〈(a b)x, y〉 = 〈x, (b a)y〉
for all x, y ∈ V , then a b is weakly continuous and hence a b ∈ L(V ).

Lemma 3.5.13 Let V be a Jordan triple and a Hilbert space. Let

Vσ = {a ∈ V : a x ∈ L(V ) and (a x)∗ = x a for all x ∈ V }
= {a ∈ V : 〈(a x)y, z〉 = 〈y, (x a)z〉 for all x, y, z ∈ V }.

Then Vσ is a subtriple of V and the inherited inner product on Vσ is associative.

Proof Let a, x ∈ Vσ and b, z,w ∈ V . Using the identity

2{a, {x, a, b}, z} = {{a, x, a}, b, z} + {{a, b, a}, x, z}
we deduce that

〈({a, x, a} b)z,w〉 = 2〈(a {x, a, b})z,w〉 − 〈({a, b, a} x)z,w〉
= 2〈z, ({x, a, b} a)w〉 − 〈z, (x {a, b, a})w〉
= 〈z, (b {a, x, a})w〉

by the identity (1.17). Hence {a, x, a} ∈ Vσ and Vσ is a subtriple of V .
The last assertion is obvious.
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If V is a continuous JH-triple in Lemma 3.5.13, then

Vσ = {a ∈ V : (a x)∗ = x a for all x ∈ V }
is closed by continuity of the triple product and is the largest subtriple of V
in which every element a induces a symmetric operator a b + b a for each
b ∈ V . We call Vσ the associative part of V .

Example 3.5.14 The JH-triple A in Example 3.5.8 has the orthogonal decom-
position

A =
{(

α 0
0 α

)
: α ∈ R

}
⊕

{(
0 β

0 0

)
: β ∈ R

}
,

where the first summand is the associative part Aσ of A.

We have a precise relationship between the annihilator V and the zero
divisors V 0 of a JH-triple V .

Proposition 3.5.15 Let V be a JH-triple. Then we have V = V 0 ∩ Vσ ∩
Z(V ).

Proof By Lemma 3.5.10, we have V ⊂ V 0 ∩ Vσ ∩ Z(V ). If a ∈ V 0 ∩ Vσ ∩
Z(V ), then (a x)∗ = x a = a x for all x ∈ V and therefore a x = 0,
since (a x)2 = 0 by the remark before Lemma 3.5.10.

If V is a Hermitian Jordan Hilbert triple, then Z(V ) is contained in the
annihilator V since a v = 0 for a ∈ Z(V ) and v ∈ V . Indeed, we have
−ia v = a iv = iv a = ia v. It follows that V = V 0 = Z(V ).

The arguments in the proof of Lemma 3.5.11 imply that for a ∈ Vσ , the
condition a3 = 0 is equivalent to Qa(V ) = {0} which, in turn, is equivalent
to Qa|Vσ = 0. The following lemma shows that non-degeneracy of Vσ is
equivalent to anisotropy as well as vanishing of the annihilator Vσ = {a ∈
Vσ : a x|Vσ = 0,∀x ∈ Vσ }.
Lemma 3.5.16 Let V be a JH-triple. Then

Vσ = V 0 ∩ Vσ = {a ∈ Vσ : Qa = 0} = {a ∈ Vσ : a3 = 0},
which is a triple ideal of Vσ .

Proof We have already established the last equality. Let a ∈ Vσ . Then a3 = 0
and hence a ∈ V 0 by the earlier remark. Since the inner product of Vσ is
associative, the arguments in the proof of Proposition 3.5.12 can be used to
show that V 0 ∩ Vσ is a triple ideal in Vσ . These arguments can also be used to
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show V 0 ∩ Vσ ⊂ Vσ by considering

V = V 0 ∩ Vσ ⊕ (V 0 ∩ Vσ )⊥.

The only additional argument is that showing (V 0 ∩ Vσ ) V 0 ∩ Vσ = {0}
because continuity of the triple product is not assumed and hence the clo-
sure V 0 ∩ Vσ is involved. Nevertheless, given a ∈ V 0 ∩ Vσ and b ∈ V 0 ∩ Vσ
with b = limn bn and bn ∈ V 0 ∩ Vσ , we have

〈a b(x), y〉 = 〈{a, y, x}, b〉 = lim
n
〈{a, y, x}, bn〉 = lim

n
〈a bn(x), y〉 = 0

(x, y ∈ V )

since a bn = 0, as in the proof of Proposition 3.5.12. One can show, as before,
a z|V σ

= 0 for z ∈ (V 0 ∩ Vσ )⊥.

Let V be a continuous JH-triple. Then its associative part Vσ is a continuous
JH-triple with an associative inner product. The triple product vanishes on
its annihilator V and therefore the nontrivial part of V is the orthogonal
complement (V )⊥. The annihilator V is a closed triple ideal in Vσ and
induces the orthogonal decomposition

Vσ = V ⊕ (Vσ ∩ (V )⊥), (3.18)

where, by Lemma 3.5.9, Vσ ∩ (V )⊥ is a closed triple ideal of Vσ and in
particular a subtriple of V .

Hence we have the orthogonal decomposition

V = V ⊕ (Vσ ∩ (V )⊥) ⊕ V ⊥
σ

and we reduce the study of V to that of the latter two nontrivial summands.
The JH-triple Vσ ∩ (V )⊥ is weakly semisimple. It inherits an associative

inner product and therefore its structure can be described completely by the
results in Kaup [71] and Neher [92]. The inner product in the orthogonal
complement V ⊥

σ is not associative. We will discuss the ternary structure of V ⊥
σ

later. Let us first extend the spectral theory for finite-dimensional Jordan triples
in Theorem 1.2.34 to the associative part Vσ . The spectral decomposition of
elements in Vσ involves signed tripotents.

Definition 3.5.17 Let V be a Jordan triple system. A signed tripotent in V is
an element e ∈ V such that

{e, e, e} = e or {e, e, e} = −e.
If e 	= 0, then e is also called a positive tripotent in the first case, whereas in
the second case, e is called a negative tripotent.
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Lemma 3.5.18 Let V be a Jordan Hilbert triple with an associative inner
product. Let e, f ∈ V be two signed tripotents of opposite sign. Then e f = 0.

Proof Say f is a negative tripotent. Then it induces a Peirce decomposition

V = V0(f ) ⊕ V1(f ) ⊕ V2(f )

where the Peirce k-space

Vk(f ) =
{
v ∈ v : (f f )(v) = − k

2
v

}
is the range of the Peirce k-projection Pk(f ) which has the same form as that
for a positive tripotent.

By associativity of the inner product, we see readily that

〈Pk(u)(x), y〉 = 〈x, Pk(u)(y)〉 (x, y ∈ V )

for each Peirce k-projection Pk(u) of a signed tripotent u.
Let ek = Pk(f )e and fk = Pk(e)f for k = 0, 1, 2. Then we have

〈f, {e, e, f }〉 =
〈
f0 + f1 + f2,

1

2
f1 + f2

〉
= 1

2
〈f1, f1〉 + 〈f2, f2〉 ≥ 0

and also

〈f, {e, e, f }〉 = 〈{f, f, e}, e〉
=

〈
−1

2
e1 − e2, e0 + e1 + e2

〉
= −1

2
〈e1, e1〉 − 〈e2, e2〉 ≤ 0.

Hence f1 = f2 = 0 and f = f0 ∈ P0(e)(V ), which gives e f = 0 by
Theorem 1.2.44.

Let Vσ be the associative part of a continuous JH-triple V and let a ∈ Vσ
with a3 	= 0. As in the case of JB*-triples, we consider the closed subtriple
R(a) of Vσ generated by a. Let R be the real closed linear span of R(a) R(a)
in L(V ). Then R|R(a) is a real Banach subalgebra of L(R(a)) and is abelian by
power associativity. Let

A = R(a) ⊕R|R(a)

and define a product in A by

(u⊕ h)(v ⊕ k) = (h(v) + k(u)) ⊕ (u v|V (a) + hk).
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By Lemma 3.5.5, there is a constant c > 0 such that ‖u v‖ ≤ c‖u‖‖v‖ for
all u, v ∈ Vσ . By scaling the inner product of Vσ , which would not change
R(a) nor orthogonality in Vσ , we may assume c = 1, so that A is a real abelian
Banach algebra. As before (cf. proof for Theorem 3.1.12), there is a real algebra
homomorphism χ : A −→ C such that χ (a) 	= 0. For each b ∈ R(a), the box
operator b b : V −→ V is symmetric and therefore has real spectrum. We
infer that the quasi-spectrum of b2 = b b|R(a) in A is real, for the same reason
as given in the proof of Lemma 2.5.20 and Theorem 3.1.12. It follows from
χ (b2) = χ (b)2 that χ (b) ∈ R ∪ iR. Hence we have χ (R(a)) = R or χ (R(a)) =
iR, which implies dimR(a)/χ |−1

R(a)(0) = 1. Therefore we have the orthogonal
decomposition

R(a) = χ |−1
R(a)(0) ⊕ Rz

for some z ∈ R(a) with χ (z) = 1. Since χ is an algebra homomorphism on A,
the kernel χ |−1

R(a)(0) is a triple ideal in R(a), and it follows from Lemma 3.5.9
that Rz is a triple ideal of R(a) and in particular, {z, z, z} ∈ Rz. Hence R(a)
contains a signed tripotent.

Proposition 3.5.19 Let Vσ be the associative part of a continuous JH-triple of
V . Then for each a ∈ Vσ with a3 	= 0, we have an orthogonal decomposition

R(a) =
∞⊕
n=1

Ren

where each en is a signed tripotent.

Proof We first observe that z3 	= 0 for all z ∈ R(a). Otherwise we would have
z z = 0 for some z ∈ R(a), by Lemma 3.5.11, and power associativity would
imply nilpotency of a a, which is impossible, since a a is symmetric and
a3 	= 0.

By the above remark, R(a) contains a signed tripotent e such that Re is a
triple ideal in R(a). Let {eα} be a maximal orthogonal family of such signed
tripotents. We must haveR(a) = ⊕

α Reα . Indeed, if there is an element z in the
orthogonal complement (

⊕
α Reα)⊥ ∩ R(a) which is a subtriple of R(a), then

repeating the argument in the remark yields a signed tripotent in the orthogonal
complement, contradicting maximality.

It follows that there is an orthogonal sequence (en) of signed tripotents in
R(a) such that a = ∑

n λnen with λn ∈ R. Since R(a) is generated by odd
powers of a, we conclude that

R(a) =
∞⊕
n=1

Ren.
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The lemma that follows implies that the signed tripotents en in Proposi-
tion 3.5.19 can be chosen to be primitive. A signed tripotent in a Jordan Hilbert
triple is called primitive if it cannot be decomposed into a sum of two triple
orthogonal signed tripotents.

Lemma 3.5.20 Let e be a signed tripotent in a Jordan Hilbert triple with an
associative inner product. Then e is the sum of at most a finite number of
primitive signed tripotents.

Proof If e is not primitive, then it can be decomposed as a sum of two triple
orthogonal signed tripotents, e1 and e2. By orthogonality, we have

‖e‖2 = ‖e1‖2 + ‖e2‖2.

By Lemma 3.5.5, we have

‖e‖2 = ‖{e, e, e}‖2 ≤ c‖e‖6

for some c > 0. Hence e can be decomposed into a sum of at most finitely
many mutually triple orthogonal signed primitive tripotents.

To study V ⊥
σ , we begin by showing that the associative part Vσ is invariant

under inner derivations. To see this, we first note that

〈{c, x, y}, z〉 = 〈x, {c, z, y}〉 (c ∈ Vσ and x, y, z ∈ V ),

which follows from 〈{c, x, y}, z〉 = 〈y, {x, c, z}〉 = 〈{c, z, y}, x〉.
Lemma 3.5.21 Let V be a JH-triple with the associative part Vσ . Then
d(a, b)Vσ ⊂ Vσ for all a, b ∈ V .

Proof Let c ∈ Vσ . We need to show d(a, b)c ∈ Vσ . Let y, z ∈ V . Then we have

{d(a, b)c, x, y} = d(a, b){c, x, y} − {c, d(a, b)x, y} − {c, x, d(a, b)y}
for each x ∈ V . Hence

〈d(a, b)c x(y), z〉
= 〈d(a, b){c, x, y}, z〉 − 〈{c, d(a, b)x, y}, z〉 − 〈{c, x, d(a, b)y}, z〉
= 〈{c, x, y}, d(b, a)z〉 − 〈{c, z, y}, d(a, b)x〉 − 〈d(a, b)y, {x, c, z}〉
= −〈y, {x, c, d(a, b)z}〉 − 〈y, {d(a, b)x, c, z}〉 + 〈y, d(a, b){x, c, z}〉
= 〈y, x d(a, b)c(z)〉.

This proves d(a, b)c ∈ Vσ .

To discuss the structure of the complement V ⊥
σ of Vσ , we introduce another

ternary structure related to JH-triples.
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A Hilbert ternary algebra is a real Hilbert space (V, 〈· , ·〉) equipped with a
trilinear map [·, ·, ·] : V 3 −→ V , called a ternary product, for which the ternary
and inner products are related by

〈[a, b, x], y〉 = 〈x, [b, a, y]〉 = 〈a, [y, x, b]〉 (a, b, x, y ∈ V ).

In other words, the inner product is associative with respect to the ternary
product [·, ·, ·].

Given a Hilbert ternary algebra V with ternary product [·, ·, ·] and a, b ∈ V ,
we can also define the box operator a b : x ∈ V �→ [a, b, x] ∈ V . Applying
the arguments in the proof of Lemma 3.5.5, one can show that the ternary
product is continuous.

Given subsets X, Y and Z of a Hilbert ternary algebra V , we define

[X, Y,Z] = {[x, y, z] : x ∈ X, y ∈ Y, z ∈ Z}.

A subspace J of V is called a ternary subalgebra if [J, J, J ] ⊂ J , and is called
a ternary ideal if [J, V, V ] + [V, J, V ] + [V, V, J ] ⊂ J . A closed ternary
subalgebra is also called a Hilbert ternary subalgebra.

Analogous to Lemma 3.5.9, the orthogonal complement J⊥ of a ternary ideal
J in a Hilbert ternary algebra is also a ternary ideal (cf. Lemma 3.5.27).

A Hilbert ternary algebra need not be a Jordan triple, but a JH-triple with an
associative inner product is a Hilbert ternary algebra in the given triple product.

Example 3.5.22 On the real Hilbert space (L2(V,W ), 〈·, ·〉2) of Hilbert–
Schmidt operators, we define a ternary product by

[a, b, c]2 = ab∗c (a, b, c ∈ L2(V,W )),

which is called the canonical ternary product. We define the symmetrized
ternary product by

{a, b, c}2 = 1

2
([a, b, c]2 + [c, b, a]2) (a, b, c ∈ L2(V,W )).

With each of these two ternary products, L2(V,W ) is a Hilbert ternary algebra.
We note that {·, ·, ·}2 is the canonical triple product in L2(V,W ) introduced
before and (L2(V,W ), {·, ·, ·}2) is a JH-triple with an associative inner product.

Definition 3.5.23 A Hilbert ternary algebra (V, {·, ·, ·}) is called abelian if

[a, b, [x, y, z]] = [[a, b, x], y, z]

for all a, b, x, y, z ∈ V .
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The ternary algebra (L2(V,W ), [·, ·, ·]2) in Example 3.5.22 is abelian. In an
abelian Hilbert ternary algebra V , we have

〈[a, b, [x, y, z]], w〉 = 〈[x, y, z], [b, a,w]〉
= 〈z, [y, x, [b, a,w]]〉
= 〈z, [[y, x, b], a,w]]〉
= 〈{a, [y, x, b], z], w〉,

which gives

[a, b, [x, y, z]] = [a, [y, x, b], z], (3.19)

but it is not always true that [a, b, [x, y, z]] = [a, [b, x, y], z]! For instance,

if a =
(

1 0
0 0

)
and b =

(
0 1
0 0

)
, then [b, b, [a, a, b]2]2 	=

[b, [b, a, a]2, b]2 in L2(R2).
In an abelian Hilbert ternary algebra V , we have [a, a, [a, a, x]] =

[[a, a, a], a, x] for a, x ∈ V . Hence [a, a, a] = 0 implies (a a)2 = 0 and
therefore a a = 0, since a a is a symmetric operator on V . Extending the
construction of the symmetrised product {·, ·, ·}2 in Example 3.5.22, we show
that every abelian Hilbert ternary algebra carries a natural JH-triple structure.

Proposition 3.5.24 Let (V, 〈·, ·〉, [·, ·, ·]) be an abelian Hilbert ternary algebra.
Then (V, 〈·, ·〉) is a JH-triple in the symmetrized ternary product

{x, y, z}s := 1

2
([x, y, z] + [z, y, x])

for which the inner product 〈·, ·〉 is associative.

Proof It is clear that the triple product {·, ·, ·}s is symmetric in the outer
variables and that the inner product is associative with respect to {·, ·, ·}s .
The main triple identity for {·, ·, ·}s follows from the abelian condition
and (3.19).

In the previous construction, we have {a, ·, a}s = [a, ·, a], and one infers
readily from Lemma 3.5.11 that, in an abelian Hilbert ternary algebra V ,
[a, a, a] = 0 if and only if [a, x, a] = 0 for all x ∈ V . This fact can also be
easily established directly. If we define the concepts of non-degeneracy and
anisotropy in terms of the ternary product for Hilbert ternary algebras as we
did for Jordan triple systems, then the previous remark implies that these two
notions are identical for abelian Hilbert ternary algebras.

As a converse to Proposition 3.5.24, we show that every JH-triple also has
an inherent Hilbert ternary algebraic structure.
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Proposition 3.5.25 Let (V, 〈·, ·〉, {·, ·, ·}) be a JH-triple. Then (V, 〈·, ·〉) is a
Hilbert ternary algebra in the ternary product [·, ·, ·]d defined by

[a, b, x]d = d(a, b)x (a, b, x ∈ V ).

Proof We need to show that the inner product is associative with respect to the
ternary product [·, ·, ·]d . By skew-symmetry of the inner derivation d(a, b), we
have

〈[a, b, x]d , y〉 = 〈x, [b, a, y]d〉
for all a, b, x, y ∈ V . Using the identity

d(a, b)x = d(a, x)b + d(x, b)a

we deduce that

〈a, [y, x, b]d〉 = 〈a, d(y, x)b〉
= 〈a, d(y, b)x〉 + 〈a, d(b, x)y〉
= 〈d(b, y)a, x〉 + 〈d(x, b)a, y〉
= 〈d(b, a)y, x〉 + 〈d(a, y)b, x〉 + 〈d(x, a)b, y〉 + 〈d(a, b)x, y〉
= 2〈d(b, a)y, x〉 + 〈b, d(y, a)x〉 + 〈b, d(a, x)y〉
= 2〈d(b, a)y, x〉 + 〈b, d(y, x)a〉
= 2〈d(b, a)y, x〉 − 〈d(y, x)b, a〉,

which gives 〈a, [y, x, b]d〉 = 〈[b, a, y]d , x〉.
Definition 3.5.26 Given a JH-triple (V, 〈·, ·〉, {·, ·, ·}), the Hilbert ternary alge-
bra (V, 〈·, ·〉, [·, ·, ·]d ) defined in Proposition 3.5.25 is called the derived Hilbert
ternary algebra of V and is denoted by [V ].

We note that the Hilbert ternary algebra [V ] is never abelian unless V is flat
or V = {0}. We also note that [V ] is isotropic in the sense that [a, a, a] = 0 for
all a ∈ V . One can strengthen Lemma 3.5.21 to assert that the associative part
Vσ is a ternary ideal of [V ] for a continuous JH-triple V .

Lemma 3.5.27 Let V be a JH-triple. Then the closure Vσ of the associative
part Vσ is a ternary ideal of the derived Hilbert ternary algebra [V ]. The
orthogonal complement V ⊥

σ is also a ternary ideal of [V ].

Proof We note that the inner derivation d(a, b) = −d(b, a) is continuous. In
view of Lemma 3.5.21, it suffices to show [V, Vσ , V ]d ⊂ Vσ , since

[Vσ , V, V ]d = −[V, Vσ , V ]d .
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Let a ∈ Vσ and b, c ∈ V . We need to show [b, a, c]d = d(b, a)c ∈ Vσ . Assume
first that b = b1 + b2 with b1 ∈ Vσ and b2 ∈ V ⊥

σ . By Lemma 3.5.21, we have
d(b1, a)c ∈ Vσ , since

d(b1, a)c = d(b1, c)a + d(c, a)b1.

We show d(b2, a)c = 0. For each v ∈ V , we have

〈d(b2, a)c, v〉 = 〈[b2, a, c]d , v〉 = 〈b2, [v, c, a]d〉 = 0

since [v, c, a]d ∈ Vσ by Lemma 3.5.21. Hence d(b2, a)c = 0 and
d(b, a)c ∈ Vσ .

Now V = Vσ ⊕ V ⊥
σ and continuity of the inner derivation implies d(b, a)c ∈

Vσ for any b ∈ V .
The fact that V ⊥

σ is also a ternary ideal of [V ] follows from

〈 [V ⊥
σ , V , V ]d + [V, V ⊥

σ , V ]d + [V, V, V ⊥
σ ]d, Vσ 〉

= 〈V ⊥
σ , [Vσ , V, V ]d + [V, Vσ , V ]d + [V, V, Vσ ]d 〉

⊂ 〈V ⊥
σ , Vσ 〉 = {0}.

Lemma 3.5.28 Let V be a JH-triple and let [V ] be the derived Hilbert ternary
algebra. If J is a triple ideal in V , then J is a ternary ideal in [V ].

Proof Let a ∈ J and x, y ∈ V . Then we have [a, x, y]d = {a, x, y} −
{x, a, y} ∈ J and likewise [x, y, a]d ∈ J . Also, [x, a, y]d = {x, a, y} −
{a, x, y} ∈ J .

Let W be a Hilbert ternary algebra. The ternary annihilator of W is defined
to be the closed ternary ideal

AnnW = {a ∈ W : [a,W,W ] = {0}} = {a ∈ W : [W,W, a] = {0}}.
Lemma 3.5.29 Let V be a JH-triple and [V ] the derived Hilbert ternary
algebra. Then we have Ann [V ] = Z(V ).

Proof Indeed, a ∈ Z(V ) if and only if the inner derivation d(a, x) = 0 for
all x ∈ V .

We now describe the structure of V ⊥
σ , which is a Hilbert ternary algebra in

the derived ternary product [a, b, c]d = d(a, b)c.

Lemma 3.5.30 Let V be a JH-triple. Then V ⊥
σ ∩ Z(V ) is the ternary annihi-

lator of the Hilbert ternary algebra (V ⊥
σ , [·, ·, ·]d ), that is,

V ⊥
σ ∩ Z(V ) = {a ∈ V ⊥

σ : [a, V ⊥
σ , V

⊥
σ ]d = {0}}.
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Proof It suffices to show that the two conditions a ∈ V ⊥
σ and [a, V ⊥

σ , V
⊥
σ ]d =

{0} imply a ∈ Z(V ). Assume the former conditions. We show [a, V, V ]d = {0}.
We have

〈[a, V, V ]d, V 〉
= 〈[a, V ⊥

σ , V
⊥
σ ]d , V 〉 + 〈[a, V ⊥

σ , V
⊥⊥
σ ]d, V 〉 + 〈[a, V ⊥⊥

σ , V ⊥
σ ]d , V 〉

+ 〈[a, V ⊥⊥
σ , V ⊥⊥

σ ]d, V 〉
= 〈[a, V ⊥

σ , Vs]d , V 〉 + 〈[a, Vσ , V ⊥
σ ]d , V 〉 + 〈[a, Vs, Vs]d , V 〉

= 〈a, [V, Vσ , V
⊥
σ ]d〉 + 〈a, [V, V ⊥

σ , Vs]d〉 + 〈a, [V, Vs, Vs]d〉
⊂ 〈a, Vσ 〉 = {0}

which completes the proof.

We have the decomposition

V ⊥
σ = (V ⊥

σ ∩ Z(V )) ⊕ (V ⊥
σ ∩ Z(V )⊥),

where [a, b, c]d = 0 for all a, b, c ∈ V ⊥
σ ∩ Z(V ) and the ternary annihilator of

of the Hilbert ternary algebra (V ⊥
σ ∩ Z(V )⊥, [·, ·, ·]d ) is zero.

In the terminology of Castellon and Cuenca [19], a Hilbert ternary algebra is
a real H*-triple system with identity involution and contains a nonzero minimal
closed ternary ideal. Using the fact that the orthogonal complement of a ternary
ideal is also a ternary ideal, it is not difficult to see that a Hilbert ternary
algebra with zero annihilator; in particular, the summand V ⊥

σ ∩ Z(V )⊥, is an
orthogonal sum of minimal closed ternary ideals (cf. [19, theorem 1.6]).

Notes

We have only included the most basic properties of JB*-triples in this chapter. A
useful survey, albeit without proofs, of recent results in JB*-triples, among other
applications of Jordan theory, can be found in Iordănescu [60]. Earlier surveys
have been given in Chu and Mellon [29] and Russo [100]. A survey including
JB*-algebras can be found in the article ‘Jordan structures in analysis’ by
Rodriguez-Palacios [Jordan Algebras (Oberwolfach 1992) 97–186, de Gruyter,
Berlin, 1994]. Real forms of JB*-triples were introduced and studied in Isidrc
et al. [61] and Kaup [74]. Other than this, the results in the first section can be
found in Kaup [69] and [70] in some form or another.

Contractivity of Peirce projections has been shown in Friedman and Russo
[40]. Theorem 3.2.3 has been proved in Braun, Kaup, and Upmeier [14]. The
proof of Corollary 3.2.4 follows the arguments in Harris [49, corollary 8]. In
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the case of JC*-triples, the formula for the Möbius transformation in Example
3.2.11 has been given in Harris [49] and Potapov [95].

The estimate of the norm of the positive and negative square roots of the
Bergmann operator B(a, a) is important in applications. The norm of the neg-
ative square root was obtained in Kaup [73], as well as the formula (3.3) and
an explicit expression for the integral there. The alternative computation of the
norm ‖B(a, a)−1/2‖ in Proposition 3.2.13 is an extension of a computation in
Hamada et al. [45] for JC*-triples. Lemma 3.2.8 was first observed in Chu
et al. [24], as well as other estimates of the norm ‖B(a, a)1/2‖. The distortion
results given in Theorem 3.2.16 were obtained in Chu et al. [24]. Iteration of
holomorphic maps has been widely studied. The iteration results in Theorem
3.2.19 and Lemma 3.2.21 for compact holomorphic maps on a Hilbert ball
have been shown in Chu and Mellon [28]. Mellon [89] considered compact
holomorphic maps on open unit balls of JB*-triples and obtained the results in
Lemma 3.2.17 and Theorem 3.2.18. The holomorphic invariance of ellipsoids
in a Hilbert ball was shown in Goeble [44].

Peirce projections play a fundamental role in the strucutre theory of JB*-
triples. Contractive projections are important in the study of operator algebras
and Banach spaces. Ranges of contractive projections on C*-algebras have
been studied by Friedman and Russo, among others. They proved in [41] a
special case of Theorem 3.3.1, namely, the same result for JC*-triples, using
a functional-analytic method. A result relevant to Theorem 3.3.1 can also be
found in Stacho [106]. The application of Theorem 3.3.1 to showing that the
second dual of a JB*-triple is also a JB*-triple is due to Dineen [32]. The
terminology of a structural projection originates from the notion of a structural
transformation for Jordan pairs given in Loos [86].

The notion of a type I JBW*-triple, as well as the classification of type I
JBW*-triples given in Theorem 3.3.12 and Theorem 3.3.13, is due to Horn
[56]. Lemma 3.3.8 and Lemma 3.3.16, as well as Theorem 3.3.9, are proved in
Horn [57]. Lemma 3.3.14 has been proved in Friedman and Russo [40], where
the decomposition of a JBW*-triple into the direct sum of the atomic part and
a weak* closed triple ideal was also shown. Theorem 3.3.19 has been proved
in Friedman and Russo [42].

The Cauchy–Schwarz inequality for JB*-triples has been proved in Barton
and Friedman [6]. The results in Theorem 3.4.6 and Theorem 3.4.8 describing
the structure of non-surjective linear isometries on real JB*-triples are new.
They extend the results in Chu and Mackey [27] for JB*-triples. Example
3.4.10 has been given in Apazoglou [4].

The concept of a real or complex ternary algebra was first introduced by
Hestenes [53] to develop a spectral theory for non-hermitian matrices and



250 Jordan Structures in Geometry and Analysis

operators. An isotropic abelian Hilbert ternary algebra is, in the definition of
Hestenes, a real ternary algebra. Abelian Hilbert ternary algebras are exactly
the associative real H*-triple systems with identity involution defined in Castel-
lon and Cuenca [19]. It has been shown in Castellon and Cuenca [19] that a
simple abelian Hilbert ternary algebra V , where V is said to be simple if it
has a nontrivial ternary product and does not contain a nonzero proper closed
ternary ideal, is ternary isomorphic to the ternary algebra of Hilbert–Schmidt
operators between Hilbert spaces over R,C or H. The results on JH-triples in
the last section are new.
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[103] I. Satake, Algebraic Structures of Symmetric Domains (Princeton: Princeton

Univ. Press, 1980).
[104] R.D. Schafer, An Introduction to Nonassociative Algebras (London: Academic

Press, 1966).
[105] T.A. Springer, Jordan Algebras and Algebraic Groups, Ergebnisse der Math. und

ihrer Grenzgebiete 75 (Heidelberg: Springer-Verlag, 1973).
[106] L.L. Stacho, A projection principle concerning biholomorphic automorphisms,

Acta. Sci. Math. 44 (1982) 99–124.
[107] A. Stachura, Iterates of holomorphic self-maps of the unit ball in Hilbert space,

Proc. Amer. Math. Soc. 93 (1985) 88–90.
[108] J. Tits, Une classe d’algèbres de Lie en relation avec les algèbres de Jordan,
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Banach Lie group, 76
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Banach manifold, 66
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Cartan factor, 168
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Cartan’s uniqueness theorem, 88
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Cauchy–Schwarz inequality, 218
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centre, 103
centre of a Jordan algebra, 4
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compact holomorphic map, 197
compact Jordan triple, 142
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complete tripotent, 33, 185
complete vector field, 75
completely additive, 209
completely positive definite, 83
complex extreme point, 184
complex manifold, 67
complex structure, 144
complex triple spin factor, 151, 231
complexification, 17, 65
conjugation, 176
connection, 85
continuous inner derivation, 122
continuous JH-triple, 136
continuous von Neumann algebra,

216
continuously differentiable, 62
contractive projection, 202
coset space, 82
covariant tensor, 82

D(p, r), 90
Denjoy–Wolff theorem, 200
derivation, 40
derivative, 62
derived Hilbert ternary algebra, 246
diffeomorphism, 69
differentiable function, 62
differentiable structure, 68
differential, 70
dimension of manifold, 67
dual involution, 44
dual symmetric part, 44

ellipsoid, 199
Euclidean Jordan algebra, 104
exceptional Cartan factor, 168
exceptional domains, 151
exceptional Jordan algebra, 2
exp, 76
exponential map, 56, 78
extD, 184
extreme point, 184

factor, 211
factor representation, 215
finite rank projection, 112
flat Jordan triple system, 21
formally real Jordan algebra, 11

G(M), isometry group of M , 87
Ga(M), 89

g(V ), 121
g∗(V ), 121
geodesic, 86
G-invariant Riemannian metric, 129
graded Lie algebra, 42

H, 5
H3(O), 6
H3(O), 19
H*-triple system, 248
hermitian element in Banach algebra, 156
Hermitian Jordan Banach triple, 172
Hermitian Jordan triple, 13
Hermitian metric, 145
hermitian operator, 156
Hermitian structure, 144
Hermitian symmetric space, 145
Hermitian type Cartan factor, 168
Hermitian type Jordan algebra, 12
hermitification, 17
Hilbert manifold, 67
Hilbert space over H, 51
Hilbert ternary algebra, 244
Hilbert–Schmidt class, 229
holomorphic extreme point, 184
holomorphic function, 63
holomorphic invariant domain, 198
homogeneous domain, 153
homogeneous polynomial, 63
homogeneous space, 82
homomorphism of Lie algebra, 40
homotope of Jordan triple system, 20
hyperbolic metric, 149

ideal of Jordan algebra, 12
ideal of Lie algebra, 40
idempotent, 7
identity component, 127
immersion, 70
infinite rank projection, 112
inner derivation, 41, 135
inner derivation pair, 49
inner ideal, 39, 216
integral curve, 75
inverse function theorem, 66
invertible element, 107
involution of Jordan pair, 17
involution of Lie algebra, 42
involutive isometry, 101
involutive Lie algebra, 42
isolated fixed point, 101
isometry group of manifold, 87
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isometry of normed vector space, 87
isotropic, 246
isotropy representation, 48, 125
isotropy subgroup, 125

J*-algebra, 169
J*-triple, 172
Jacobi identity, 39, 74
JB*-algebra, 173
JB*-triple, 164
JB-algebra, 102
JB-triple, 176
JBW*-algebra, 173
JBW*-triple, 167
JBW-algebra, 103
JBW-factor, 103
JBW-triple, 218
JC*-triple, 169
JH*-triple, 143
JH-algebra, 104
JH-triple, 136
Jordan algebra, 1
Jordan C*-algebra, 173
Jordan equivalent projections, 112
Jordan Hilbert triple, 135
Jordan homomorphism, 12
Jordan isomorphism, 12
Jordan pair, 17
Jordan symmetric space, 140
Jordan triple, 13
Jordan triple system, 13
JW*-triple, 169

k, 1-eigenspace, 42
Killing field, 89
Killing form, 41

L(H ), 81
L(V ), 51
L(H,K), 18
L2(V ), 229
L2(V,W ), 229
L(V ), 44
left invariant vector field, 77
left multiplication, 2
Levi–Civita connection, 86
Lie algebra, 39
Lie algebra of Lie group, 55, 77
Lie brackets, 39
linear isometry, 87
local chart, 66

local coordinates, 67
local flow, 75
locally uniform action, 93
Lorentz cone, 105

Mm(C), 18
Mmn(C), 18
M12(O), 18
main involution, 46
main triple identity, 14
manifold modelled on Banach space, 67
maximal idempotent, 10
maximal tripotent, 33
mean value theorem, 63
minimal projection, 112
minimal tripotent, 211
Möbius transformation, 148, 165, 188, 192
model space for manifold, 67

negative tripotent, 240
nilpotent, 7
non-degenerate Jordan triple system, 25
non-degenerate TKK Lie algebra, 46
non-degenerate trace form, 25
normal functional, 211
normal neighbourhood, 87
normed Jordan triple system, 121
normed Lie algebra, 121
numerical range, 156

O, 4
O, 5
octonions, 4
one-parameter group, 76
one-parameter subgroup, 78
open mapping theorem, 83
operator commute, 4
orthogonal idempotents, 7
orthogonal Lie algebra, 125
orthogonal tripotents, 28

p, (−1)-eigenspace, 42
paracompact, 84
Peirce k-projection, 32
Peirce k-space, 9, 32
Peirce decomposition, 9, 32, 38
Peirce multiplication rules, 36
Peirce symmetry, 185
Poincaré distance, 148
Poincaré metric, 148
polarisation identity, 16
positive definite, 25
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positive Jordan triple system, 28
positive quaternion, 6
positive tripotent, 240
power series, 64
primitive idempotent, 10
primitive signed tripotent, 243
principal inner ideal, 39
principle of analytic continuation, 66
projection, 107

quadratic algebra, 6
quadratic operator, 2, 22
quasi-normed TKK Lie algebra, 121
quaternion algebra, 5
quaternion Hilbert space, 51
quaternion unitary, 52

range projection, 116
rank of projection, 112
rank-one operator, 230
real C*-algebra, 103
real form, 176
real JB*-triple, 176
real JBW*-triple, 218
real manifold, 67
real restriction of Hilbert space, 67
real ternary algebra, 249
real triple spin factor, 231
rectangular type Cartan factor, 168
reduced Lie algebra, 48
Riemann mapping theorem, 151
Riemannian connection, 86
Riemannian distance, 85
Riemannian manifold, 84
Riemannian metric, 83
Riemannian symmetric pair, 129
Riemannian symmetric space, 101
right invariant vector field, 77

s-identity, 7
Schwarz–Pick lemma, 148, 195
self-adjoint part, 174
semidirect product, 88
semisimple Jordan triple system, 26
semisimple Lie algebra, 41
signed tripotent, 240
simple Hilbert ternary algebra, 250
simple Jordan algebra, 12
smooth (Banach) manifold, 68
smooth curve, 69

smooth function, 62
solvable Lie algebra, 41
special Jordan algebra, 2
spectral decomposition, 31
spin factor, 13, 106
standard Hermitian form, 51
structural projection, 216
submanifold, 72
submersion, 70
subtriple, 13
support tripotent of a functional, 214
support tripotent of an element, 208
symmetric cone, 105
symmetric domain, 150
symmetric part of Banach space, 171
symmetric part of TKK Lie algebra, 44
symmetric R-space, 142
symmetric space, 101
symmetrised ternary product, 245
symmetrised triple spectrum, 180
symmetry sp at p, 101
symmetry in A, 112
symmetry sa , 151
symplectic group, 54
symplectic inner product, 51
symplectic type Cartan factor, 168

tangent bundle, 73
tangent map, 73
tangent space, 69
tangent vector, 69
ternary annihilator, 247
ternary ideal, 244
ternary product, 244
ternary structure, 227
ternary subalgebra, 244
Tits–Kantor–Koecher construction, 39
Tits–Kantor–Koecher Lie algebra, 43
TKK Lie algebra, 43
topological boundary ∂A, 90
torsion-free, 86
trace form, 25
triple annihilator, 235
triple homomorphism, 13
triple ideal, 38
triple identity, 14
triple isomorphism, 13, 175
triple monomorphism, 13, 217
triple orthogonal, 234
triple product, 13
triple spectrum, 31, 180
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triple spin factor, 168, 230
tripotent, 28
type 1 Cartan factor, 168
type 2 Cartan factor, 168
type 3 Cartan factor, 168
type 4 Cartan factor, 168
type 5 Cartan factor, 168
type 6 Cartan factor, 168
type I JBW*-triple, 211
type I JBW-factor, 113

U (H ), unitary group, 81
u(H ), Lie algebra of U (H ), 81
ultraproduct of Banach spaces, 205
unit extension of an algebra, 1

unital algebra, 1
unitary tripotent, 33

V ′, dual of a real Banach space V , 176
V00, 49
vector field, 73
vector field along a curve, 85
von Neumann algebra, 106, 113

w*-topology, 206
weak* topology, 210
weakly semisimple, 26
weakly sequentially complete, 211

x3, the triple product {x, x, x}, 16
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